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NON-EUCLIDEAN GEOMETRY: HISTORICAL AND 
EXPOSITORY. 


By GEORGE BRUCE HALSTED, A. M. (Princeton); Ph. D. (Johns Hopkins); Member of the London Mathematical 
Society ; and Professor of Mathematics in the University of Texas, Austin, Texas. 


{Continued from December Number. | 


PROPOSITION XXXI. Now I say there will be, of the aforesaid common per- 
pendiculars in two distinct points, no determinate limit, such that under a smaller 
and smaller acute angie made at the point A, it would not always be possible to at- 
tain (in hypothesis of ucute angle) to such a common perpendicular in two distinct 
points as ts less than any assignable length R. 

Proor. For in so far as the thing were otherwise ; if from the point K 
(resume Fig. 30.) in BX assigned at any however great distance from the point 
B, a perpendicular KL is erected, to which from point A 
(by Kuclid I. 12) the perpendicular AZ is supposed let 
fall, AL ought to be greater than the length R. 

The reason is; because a higher point Q being 
assumed in this BX, from which is erected to BX the per- 
pendicular QF’, to which (by the same Euclid I. 12) a per- 
pendicular AF is let fall, this again must anyhow not be 
less than the length R. 

But AL (from Corollary to preceding Proposition) 
will be greater than QF. Therefore KZ would be greater 
than the aforesaid length &. And so ever proceeding higher. 


But now, if this however great AB is supposed divided (as in Proposition 
XXV) into portions AK, equal to the length R, and from these points K perpen- 
diculars are erected, which meet AX in points H, D, M ; the angles at these 
points, toward the parts of the point Z, will neither be right nor obtuse ; lest in 
some quadrilateral, as suppose KMLK, the four angles together should be equal 
to or greater than four rights, contrary to the hypothesis of acute angle, accord- 
ing to which we are proceeding. Therefore all such angles will be acute toward 
the parts of the point J ; and therefore in like manner all at these points obtuse 
toward the parts of the point A. Wherefore (from Corollary I to Proposition 
ITT) of the aforesaid perpendiculars the least will indeed be KL more remote 
from the base AB, the greatest KM nearer this base. 

And of the remaining the nearer will be ever greater than the more remote. 

Therefore (from the preceding Proposition XXV, and its Corollary) the 
four angles together of the quadrilateral KHLK more remote from base AB will 
be greater than the four angles together of all the remaining quadrilaterals nearer 
to this base. Wherefore (as in Proposition XXV) the hypothesis of acute angle 
would be destroyed. 

Therefore it holds, that of the aforesaid common perpendiculars in two 
distinct points there will be no determinate limit, such that under a smaller and 
smaller acute angle made at the point A, it would not always be possible to at- 
tain (in hypothesis of acute angle) to such a common perpendicular in two dis- 
tinct points as may be less than any assigned length R. 

Quod erat demonstrandum, 


{To be Continued. | 


SOPHUS LIE’S TRANSFORMATION GROUPS. 


A SERIES OF ELEMENTARY, EXPOSITORY ARTICLES. 


By EDGAR ODELL LOVETT, Princeton, New Jersey. 


IV. 


PRooF oF LIE’s THEOREM THAT A ONE PARAMETER GROUP CONTAINS BUT ONE 
INFINITESIMAL TRANSFORMATION AND ITS CONVERSE THEOREM. EXAMPLES. 

13. In the preceding paragraphs it has been shown by methods of proof 
due to Lie that every one parameter group with inverse transformations contains 
an infinitesimal transformation and conversely, every infinitesimal transforma- 
tion generates a one parameter group. It is the purpose of this paragraph 
to present the proof of the theorem that the indefinite article ‘‘a’’ in these theor- 
ems can be replaced by the definite modifier ‘‘one and but one.’’ The theorem 


3 


is necessary to a rigorous grounding of the fundamental details of the theory of 
the group of one parameter ; the proof is less simple than the proofs of the pre- 
vious theorems because it makes use of an elementary theorem of the theory of 
functions. 

Consider again the G, 


G1, = P(X, Y, @), Y¥i= 4, Y, @). (1) 


We have found that every G, contains an infinitesimal transformation ; hence we 
may assume the existence of an infinitesimal transformation, say 


a’==at+§E(a, y)dt+...... , yY=ytna, yot+...... , (2) 


belonging to the G,, (1). 

Let 7, be the transformation of the group (1) corresponding to the valuea 
of the parameter and carrying the point (a, y) into the position (a,, y,). Let J 
be the infinitesimal transformation (2) of the group (1) and let it change the 
point (x,, y,) into the point (z,, y,) given by the equations 


I Uy ==X,+E(x,, y,)Ot+ ..... 5 Yor=Y, +41. y, Ott ... . (3) 


The transformation equivalent to the product 7,J transforms the point 
(x, y) into the point (,, y,) and is found by eliminating (7,, y,) from the equa- 
tions (3) by means of the equations (1). This elimination partially effected gives 


T= Glu, y, A)+E(@,, y,)Ott...... ; 
S=T l=T a0 (4) 
Y2=4 (2, Y, ayv+n(%,, y,)Ott+ sere ’ 


where the x, and y, allowed to remain are to be expressed in terms of x, y, and 
a by means of the equations (1). 

The equations (4) represent the transformation S which is equivalent to 
the successive application of 7, and J. Since 7, and J belong to the group (1), 
their product S belongs, by definition, to the group (1). Since J is an infinites- 
imal, the product, S, of T, and J differs by an infinitesimal from 7, and accord- 
ingly the parameter of S has a value, a+0a, differing by an infinitesimal from 
the parameter, a, of T,, where da is an infinitesimal quantity of the same nature 
as Ot in the equations (2). Further, we have proved that if a is the parameter 
of a transformation of a given group and a, the parameter of a second transfor- 
mation of the same group, the parameter a of their product is a function of a and 
a, alone. The parameter of 7, is a, that of J is dt, and that of S, the product of 
T, and J, is a+0a ; hence a+ da is a function of a and dt alone, 2. e. da depends 
on a and ét alone. 

The transformation Ta;sq which is equivalent to S and is amember of the 
group (1) has the form 


Ly = P(X, Y, a + 0a), Y2=4(, Y, a+da), (5) 


4 
or developed in powers of 0a, 


0 
= 9%, Y, a) + PG I Oba + 
(6) 


Yo=H(a, Y, a) + Er bh Oo + 


Comparing these expressions (6) for bay Yo with the forms given by the 
equations (4) we have 


d uy YU, a 
E(x,, Y,)Ot+...-.. Ph Oeq4 bee eas 


(7) 
WMr,, Y1)Ot+t...... == 


oe e@ @ @ *' @ 


In these equations (7), x, and y, are definite functions of x, y, and a, and 
conversely, x and y are definite functions of z,, y,, and a, given by the equations 
(1) ; daand ot are infinitesimals and, as is shown above, da is a function of a 
and ot ; the equations are true for all values of x, y, and a. 

If in the equations (1) # and y are given any definite numerical values, x, 
and y,; depend only ona. Hence if x and y are given any definite namerical 
values in the equations (7), these equations will express relations in dt, da and 
aalone. These relations must of course agree with the one that expresses da in 
terms of a and dt. Now we can choose the numbers 2, and y, so that the first 
coefficients of one of the two relations, namely the quaatities 


Op(a, y, a 
E(@1, Y1)s Py. 8) (8) 
or the quantities 
OP(x, Y, a 
M21, Yr); f da ) (9) 


do not vanish.* 
Then the first or second equation (7) gives the relation between da, d¢ and 
a in the form 


*TIt is obvious that both of the quantities F(7,, y,) 7(%,, y,) cannot vanish 
identically, else we should have no transformation. We may assume then that 


E(,, y,) does not vanish. It is clear then that OPE he 9) cannot, in general, 


vanish ; for if it should vanish identically for all values of « and y, P(x, y, a) would 
be free from a and hence x would not be transformed at all, a. e. &(%,, y,) would 
be identically zero ; but the latter is contrary to hypothesis. 


u,dt+u,dt? +...... =v ,ba+v,6a? +...... ; (10) 


in which w,, Ug, ....-. 5 U1, Voy ve eeee depend upon a. w,, v, are both differ- 
ent from zero since they replace the quantities (8) or the quantities (9). 

Now it is a theorem of the theory of functions that when two quantities da 
and dt are related as in (10), da may be developed in a power series of 5¢, whose 
first coefficient is not zero, 1. e. 


da=w , dt +w, dt? +...... ; 


where w, is not identically zero. The w,; are certain functions of a. Substitut- 
ing this value of da in the equations (7), conceiving x; and y, as variables again, 
we have 


; 
E(x4, Yz)dt+t. wees. PPE I Dy 86-4 00,812 + Le eaes Ytewees. 
(11) 
ra 4 
n(%,, Y,)OE+.....- PE Dey, 8t400,818 + seeeee eee . 


Dividing through by 6 and passing to the limit 60, these become 


w,(a), 


. O@(x. Y, a 
0, y= EO 


(12) 


Ou 
MX, y= Ow, (a), 


The equations (1) solved for x and y give 
G==A(%1, 91, 4), Y=M(%, Y;, a). (13) 
If these values of x and y be put in the equations (12) we have 
E(G1,) Yi, )=X(2,, 91, wu, (a), 
Ln Yr=F@,, Yi, 2)W, (a). 


(14) 


The equations (14) must be true for all valoes of z,, y, and a. Their 
left members do not contain a, hence their right members do not really contain 
a, but only in appearance, v. e. the functions X and Y have the form 


A(x,, Yi) 


By, Y1) 
(a) a, (15) 


X(4 4; Y145 aj= w(a) 


’ Y(a,, Y4; a )= 


If we give now to the quantity a in the equations (14) a definite value*a, 
the functions X and Y are changed into functions of x, and y, alone, 


*For example, a solution of the equation w(a)—1=—0 would be such a value 
of a that would reduce the functions X and Y to functions of z, and y, alone. 


X(41, Ya; aj=ENX(@,, Y1)s YC, V1) a)=Y(,, Y1). (16) 


w,(a) becomes w,(a), which is a constant, since q is a definite number. 
Then, excepting this constant factor, the defining functions &(«,, y,) and 
n(x,, ¥,) of the infinitesimal transformation are completely determined, that is, if 
we call this constant k, we have 


EX, YR X21, 91), My, YE VO, 91). (17) 


This result obtains for every infinitesimal transformation (2) of the G, (1). 
Any two infinitesimal transformations of the group (1), say’ 


a’a=aa+ebt+ 22... , y==ytnet+...... 
and (18) 
wet E0t+ ..... » Yoytydt+...... 


can differ in their terms of the first order only by a constant factor, since 
E=hk:, yok. 


LiE calls two such infinitesimal transformations, whose terms of the first 
order differ only by a constant factor, dependent infinitesimal transformations 
since they are essentially the same, for, inasinuch as ot was taken as an arbitrary 
infinitely small quantity, kd¢t has the same meaning as ot. 

In this manner LiE arrives at the theorem: A one parameter group of the 
plane with inverse transformations contains one infinitesimal transformation and no 
more ; or, more accurately expressed, all infinitesimal transformations of a one par- 
ameter group agree in their terms of the first order excepting a constant factor.* 

14. The factor w,(a) may be gotten rid of in the equations (12) by intro- 
ducing a new parameter in the group (1) in place of a. Ifa, is the value of the 
parameter a which gives the identical transformation of the group (1), the new 


parameter, t, 18 given by 
a 
{ o> { da (19) 


\9 
a, W,(a) 


and the equations of the group become 
ry=O(x, y, 6), y= V(x, y, t. (20) 


Since a=a, makes t=—0 in (19), it is clear that in the form (20) the identical trans- 
formation, *,—=%, /,—y. 18 given by the value of the parameter t—0O. Hence the 
equations (12) may be written 


*See Lir—Vorlesungen iiher Differentialgleichungen mit bekannten infinites- 
imalen Transformationen, bearbeitet und herausgegeben von Dr. Georg Schef- 
fers, Leipzig, 1891, pp. 38 et seq. 


~! 


dg(ir, y, a) da _df(x, y. t) 
| Cr) a oa ee 
(21) 
Of(v,y. a) da OW (a, y, t) 
| MWY aa ae 
, dx di 
or Fry, Wy) Wry, Wy) i ’ (22) 


since x,, y, are the functions (1) of a or the functions (20) of t. 
Hence the equations (20), which are equivalent to the original equations 
(1) of the group, are the integral equations of the simultaneous system 


dx, dy, 


F(a y, 4) i m1, Yy) 


==dt, (23) 


with the initial conditions «,=-=2, y,=—y, t=0. 
Since this simultaneous system and its integral equations are completely 
determined when the first members 


Wor ti(a, yt, y=ytntr, y)St, 


of the infinitesimal transformation of the group are given, Like has the theorem— 
a one parameter group of the plane is completely defined by its infinitesimal trans- 
formation ; or otherwise expressed, every infinitesimal transformation belongs to one 
one parameter group of the plane and no more. 

This theorem and the preceding one are incorporated in the following sec- 
ond fundamental theoren of Lix’s theory of the group of one parameter. 

THEOREM: Livery one parameter group of the plane whose transformations 
are inverse In pairs contains one infinitesimal transformation and no more. HKvery 
infinitesimal transformation of the plane belongs to one one parameter group and to 
one only. The latter’s transformations are inverse in pairs. 

The reader may find it to his advantage to work through the following ex- 
amples carefully. They are in illustration of the theorems of the last two notes 
of this series and are drawn from Lir’s lectures on differential equations. 

1°. Ifthe given inflnitesimal transformation has the form 


vysuteot, y,=y+yt, 
then =(a, y=r, 1, y)=y, 
and the simultaneous system !s 


Ax, dy, 
vy Uy 


=<dt, 


The integration of this simultaneous system gives 


loge, —logr=logy, —logy==t, 
a yp -—ply» pl 
or wyeer, yy a=aely. 


These equations represent a one parameter group as may be readily veri- 
fied directly. Any transformation of the group changes all abscissas and ordin- 
ates in the same ratio, 7. e. the entire plane is proportionately increased or dim- 
inished from the origin of codrdinates. t==0 gives the infinitesimal transforma- 
tion of the group. By the exponential theorem we have 


Ot Ot? 
ef ==14 --- + ——4+...... 
1! ! 
hence the infinitesimal transformation of the group is 


Ot Ot2 Ot Ot? 
t= t+ 7 + ort wee ee x, y,—U+ + D1 + .... YY; 


which agrees, in its terms of the first order, with the original infinitesimal trans- 
formation. 


2°. The equations 
~ _ rY 


ye ee 2 boat _ 
vy] xv +wyt, QS 
pr rerye 


represent a one parameter group, as appears in the following manner by making 
use again of the fundamental theorem of note III. We have clearly 


v ve +aryt w 
t,y,—=r7y and ~t— —=— 4, 
) U4 vy Y 


These equations have the form of those in the theorem named if we put 
Owe, ysery, Wa, y=xr/y. 


t—O corresponds to the identical transformation of the group, hence the 
infinitesimal transformation has the parameter t—dt. Since 


Vv ttn] 1 +1 dt=0(1 + pot + ...., ), 


the infinitesimal transformation of the group is represented by tne equations 


1 ¥ 
U, e+ ay0t+...... , yy 3 2 Ol+...... . 


Hence, F(a, yJ=2y, @, yb" , 
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and the finite equations of the group will appear again by integrating the simul- 


taneous system 


dies fry —dt. 
Y4 Yy 


o°. a, and y,, the roots u of the quadratic equation 
(u—x)(u—y) + t=0, 


expressed in terms of x, y and ¢, define a G,. 
The equation may be written 


ur=—(e+y)ju+aey+t=0. 
Then by an elementary theorem of the theory of algebraic equations, 
Ly rYy~=@7y, 
YY, vy +t. 


These are two equations of the form 


O(x,, Y,)=O(4, Y), Wa, Y,)—-t=W, Y), 


and hence represent a group. 


By actually solving the equations it may readily be shown that thatt he in- 


finitesimal transformation of the group is given by the equations 


Ot 
Uy w+ —3T meee » Yyeyto— at... 
4°, The equations 
vy -—t 
r,==a-+t, n= 


representa G,. In this case 


] 
S(a, y)=, (a, y)=— — 


The finite equations are integral equations of the simultaneous system 


dx — by dys —=<dt. 
1 1+y, 


The reader will have no trouble in verifying these results. 


Princeton University, 6 January, 1898. 
. YU, 
{To be Continued. | 
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DEPARTMENTS. 


ooo 


SOLUTIONS OF PROBLEMS. 


ARITHMETIC. 


84. Proposed by SYLVESTER ROBBINS, North Branch, New Jersey. 


Show how to find sides, integral, fractional, and irrational, for twenty-four triangles, 
each one containing 330 square yards. 


Partial solution by B. F. FINKEL, A. M., M. Sc., Professor of Mathematics in Drury College, Springfield,Mo. 
This is properly a problem of Diophantine Analysis, and should have been 
published under that department. 
Let a, b, c, a>b>c, be three integers having no common divisor, and let 
them represent the sides of the triangle. Then the area of a triangle in terms of 
its sides is 


A=})/2202b? —Za!. 


Solving this equation for a, we have, 


— 
me ee 27°? er —4 A. 


Let 1/b?c? —4A ?=be—2 Av. Then be=(A /v)\(w? +1) where v can be any 
number su far as making the quantity under the radical a perfect square is con- 
cerned. 

- a=yp b? +e? +2A/v(v?—1). 

If the area of a triangle is expressed by an integer the following principles 
can be easily proved: 

(1) The sides can not all be even. 

(2) The sides can not all be odd. 

(3) No two sides can be even. 

CoROLLARY 1. Hence, of the three sides one must be even and the other 
two odd. 

CoroLLtArRy 2. The perimeter of the triangle is expressed by an even 
number. 

If weassume b and cto represent odd integers, and since be=(A/v)(v? +1), 
we may find values of band ¢ by giving v such values as will make (A /v)(v? +1) 
an odd integer. Then by taking such factors of this integer for values of b and c 
as will render yb? +¢2 +2( A /v)(v? +1), a perfect square, we get integral values 
required. For example, if y==2, b=3838, and c=25, gives a==52. But this does 
not furnish a ready means of writing out integral values. 

If any one will furnish us a more expeditious method we shall be pleased 
to publish it in the next issue of the MonrHtry. 
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85. Proposed by E. W. MORRELL, A. M., Professor of Mathematics, Montpelier Seminary, Montpelier, Vt. 


In turning a one-horse chaise within a ring of a certain diameter, it was observed 
that the outer wheel made two turns, while the inner wheel made but one. The wheels 
were each 4 feet high; and supposing them fixed at the distance of 5 feet on the axletree, 
what was the circumference of the track described by the outer wheel? From Greenleaf’s 
National Arithmetic. 


Solution by EDWIN R. ROBBINS, Master of Mathematics, Lawrenceville School, Lawrenceville, N. J. 


Let r=radius, then 27r==circumference of inner track. 
r+d=radius, then 27(r+5)—circumference of outer track. 
From problem, 2(277r)=27(r+5), whence r==5. 

Hence, outer track==207—62.83184-4 feet. 


Also solved by J. SCHEFFER, G. B. M. ZERR. F. R. HONEY, CHARLES C. CROSS, LEE WILCOX, 
and P. S. BERG. 


86. Proposed by EDGAR H. JOHNSON, Professor of Mathematics, Emory College, Oxford, Ga. 
1.142857 ; 1, ==.09 ; ,,==.076923 ; 1,==.058823594117647, 


Observe that if the numbers forming the first half of the repetend be added respect- 
ively to the numbers forming the second half of the repetend, the sum is in every case 9. 
What is the general law of which these are special cases? 


I. Solution by 0. W. ANTHONY, M. Sc. Instructor in Mathematics in Boys’ High School, New York City. 


l R 1 l 1 ; 
pee + —— —— —— 
Put ; i0° 1 + 10" + ioeat jo2rt ete. |, where f is the sequence 
of digits in the repetend and u the number of digits. 
Call &, the first half of the repetend expressed in whole numbers, and R, 


the second half. 


Then R,+R,==-999...... ==102"—1, 
Also R=10?"Ff, 4-R,, ==10:"F, —fh, +10"—1, =(10"—1)(Rk, 41). 
1 10" —1)(F, +1) 10” or lent ] 
yo 10” 7 10"—1" ORAL 
This gives the law of formation when the first part of the repetend is f#,. 
3 
Then, if R, 142, 2 12+) 7 
143 


To find all repetends of six figures obeying the law, we proceed as follows : 


103 +1 1001 13x11x7 
oss R,+1. Rk +i R41” We must select such values for &, 


as will give + integral values. 


If R,=-76, r=18. 
If R,=-142, r=7. 
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If A,-=90, ¢—11. 
Then 5==.142857...... 
{= .090909..... 
fg =--076928 22... 
3.==.012987...... 
gl == .010989. 0... 
pig ==.0069938...... 
To find eight figured repetends obeying the law, we have, 
_ 10001 
~~ R410 
To find ten figured repetends we have, 
100001 
~ RL? 
and soon. In the last instance we may take as an illustration, 
R,=10, then «=9091, and 5915; =.0001099989..... 
The problem reduces to resolving numbers into prime factors. 


II. Solution by J. SCHEFFER, A. M., Hagerstown, Md. 


There are some very peculiar properties connected with circulating decim- 
als, the one pointed cut in the propounded question being one of them. Of all 
the prime numbers 2 and 5 are the only ones that do not produce circulating de- 
cimals when divided into 1. When 1 is divided by a prime number N, 2 and 5 
excepted, the resulting circulator contains either N—1 circulating decimals or a 
factor of N—1. In the former case the period is called full. Ofall the prime 
numbers less than 100 7, 17, 19, 28, 29, 47, 59, 61, and 97 produce full periods, 
the periods containing respectively 6, 16, 18, 22, 28, 46, 58, 60, and 96 circulat- 
ing decimals. All these have the property that the sum of any figure in the first 
half of the period and the corresponding figure in the second half is equal to 9. 
This remarkable property may be found thus: 

Let N represent the prime number, a the first half of the period, and b the 
second, and let the period contain 2n figures. We have, 


1 a a b ( )( 1 1 ) 
ee ee _ m 
Wo= qowt oat yoamb oo a.l0"+b)\ sos + aga t ve 
a.10" +b 1 a N—-1 
= qpem ap BU = ont yo OF 
b 4, 4 4 bh n _ N—1 
1Q2m™ 103m Osmo a N.10” ° 
The first part of this equation is 
b.10™+a b.10™+a =( mn )( 1 1 ) 
= Foam {05m + ra = 6.10 +a Tosm 7 ipam * see ee 
b.10™+a 1 6b. 10™ +a 1 N=1 


10™ JOm yp yom {Gem N10"? 
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oy Lom ta _q_ 1 1_ a.10™+4b 
102"™_—], N 102” j 
(a+b)10™+ (a+b) 


~ =1, or, (a+b)(10"+1)=10°"—1, or, 


By transposition 102m] 
a+b=10"—1, but the number 10™—1 must necessarily contain m 9’s only. 

If the period is not a full period, but the period contains an even number 
of figures, the above law still holds good. 

Another property of circulation is that when the number that produces the 
circulator is multiplied by the period, the resulting product consists of 9’s only. 


1 1 
d 2 . ; , , = —_— " 
For, designating the period by A, we have ny A + WN 10m 
lom—1 LAN. but 10”—1 contains only 9’s 
10™ = 3 1n y e We 


A third property of circulation with full periods is, that, when 1/N is mul- 
tiplied by any any integral number from 2 to N—1, the resulting periods will 
contain the same figures and in the same succession, only beginning with a dif- 
ferent figure. This interesting property may be found as follows : 

a, b C d l a b 


1 
Let = 9 +-Gost+ qort qortoec sora tiowt iownt -:: 


Let us, for instance, denote the sum of the remaining fractions after the 


; r 1 a h ¢ r 
third by N_.102? we have NO 10 +. 102 -+- 987 WN 103° W hence, 
, 1 oa bo d n € l a b , 


N08 “N10 40? OF > 108 F G05 FONT Gow F Tora 
Multiplying by 10°, we have, 
th d e l a. b 
N~ io T eT 1ov-4t joN-37 jov 


which proves the proposition. 

If M and N are two different prime numbers, the number of figures in the 
period of the circulator resulting from converting 1/MN into a decimal fraction is 
the least common multiple of the number of figures in the periods of the circula- 
tor resulting from converting 1/M and 1/N into decimal fractions. There are 
some more properties of circulation, but space forbids me to mention them. 

Notre. Prof. Nelson 8. Roray calls attention to the error in the statement of No. 78; ‘‘minus 126’’ 
should be minus 125. The problem is found on page 344, Case II., example 4, Brooks’ Higher Arithmetic. 
Dr. Brooks, in a letter to us, also called our attention to this error. 


Profs. P. 8. Berg and Chas. C. Cross sent in solutions to problem 83 too late for credit in the Nov- 
ember number. 


ALGEBRA. 


76. Proposed by E. B. ESCOTT; Fellow in Mathematics, University of Chicago, Chicage, Ill. 


Prove the identities 


9, g-ty—t_ 4} 4 

pes T O23 T O8 317 OF BATSTT 
PTI Lagay 2 4 Ft 4g : 

2 83.7 3.7.47 °  3.7.47.2207 - 7 


I. Solution by G. B. M. ZERR, A. M., Ph. D., President and Professor of Mathematics in Russell College, 
Lebanon, Va. 


Let N be any number, then 
yon of, Urey 


p™ 


Hef eT Pf GE) 


(m—1) ( pr—Nrm “ (m—1)(2m— ve na 
1.2 mpm 1.2.5 mp™ 


(m—1)(2m—1)@m-- 1) ( pm— Nrm )- ete. | 
1234 mp” dq 


Let m2 and p™—Nr™=1, 


am Ise) , Li (<e)- ri (oe) ac ( ” ) 


Let m=2 and p™— Nr™—4, 


N= Po ( <)> 
r 


18 4 . 1.3.5 " 4 i ete 
1.2.3.28\ p?/ ~~ 1.2.3.4.24 Vp af 


ar 2 2? 2 4 2.5 4.7 3.4 
“yN="[i- pe pt pe ps ple p? etc |e 


In (1) let N=2, p17, r=12, .°. p? —2r?—1. 
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1 1 5 
“29917 * 93.19.1757 B9175 + QT jgaq77 t ete 
1 1 1 5 
)— 9P—1 4 1. — — ——_________ 
Vv “atogoiy + o9a78 + 9f40175 tT OF qaq77 7 Ot 
1 1 1 
=l4sr + ( 


1 
94.3.17.577 24.3.17.577.578 ) 


+ (sears acm) 
24.3.17.577.578 = 24.8.17.577.5782 


1 1 
+ (seyaeersaet 95.3 17.577. 66D857 )+ ete, 


9 /a—34ot-4— 4 4, | 
CATV e292 3° 93 B17 94.317.517 | 25.8.17.577.665857 7 
In (2) let N=6, p=7, r=8, .°. p?—5r? =4 


a 6 ee ee 2 5 — etc 
v2 7 3.7 3.73” 3.73” 3.77 3.78 
B-y5 ge Tk Bk a 
2 2 8 8 3.7 8.73 5 8.75 © B.77 * 3.78 (tT 8 83.7 
4 (—; 1 _ 2 )+( 2 _ 4 ) 
3.7.47 d.7.47.49 3.7.47.49 3.7.47.49? 
+ ( t ao + )+ etc 
3.7.47.492 | 3.7,47.2207 : 
5-5 1 


OTP niga ti tt . 
2 LTB 3.7" 8.7.47 | 8.7.47.2207 7 


The above formule were used by Dr. Artemas Martin for extracting the 
root of numbers several years ago. 


II. Solution by J. SCHEFFER, A. M., Hagerstown, Md. 

Since 2—j/2 is rather more than }, we can, confining ourselves to 4 terms, 
_ 1 1 ws /O 4 1 1 

put 2—y/ 2=5+ 52,7 Bay * Ways? or by transposition, 1/2 


] 


~ 16 aye Squaring and omitting the term 


: ° 
25602 y?2? ? we get, after multiply- 
ing by 64 x, 
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16r—4g— 8p 24 mA ed 
My y Ly yz vy LY2 uy” z 


whence z==3, and substituting this value and multiplying by dy, we get 


*. y=17, and substituting it, and multiplying by 17z, we get z=578—1=—577. 
If another term had been desired we would have annexed to the above series the 


term and proceeded in the same manner, though for 4 terms, the series 


2>xyzt 
is sufficiently convergent to render the value of 2— ,/2 correct for at least 
8 decimals. 


; 5-7/5 . ; toys ; 
Since ——l? js =1+ fraction, we put, restricting the series to 4 terms 
besides 1, 
5— 1/5 1 1 1 1 
J = 1 +--+ - + -- + =H, 
2 My ry cyZ axcyzt 


whence V0 —-—~—— ee, 
x LY LYZ cyZzt 


Squaring and omitting the term 4/27? y?z*t?, we have, transposing, sup- 
pressing the common factor 4, and multiplying by z, 


r= 3 — 1/44 38/y—1/xy? —1/xcy? 2? +3/y2+3 /yet 
—2/xy—2/xyz— 2 /xyzt—2/xcy?z—2/xy*2*t, whence r=3. 
Substituting this value, and multiplying by 3y, we have 
ya l—l/y—lVye? +7 /2+ 7 Jat —2/yz—2,/y22t ; whence y=7. 
Substituting, and multiplying by 7z, we get 
2—=47—1/24+47/t—2/zt ; whence z=47. 


Substituting, and multiplying by 47t, we get t=—2207. 

Such series converge very rapidly. In German works they are called 
‘‘Theilbruchreihen,’’ signifying partial fraction series. Every common fraction 
may be converted into such a series by the following process. 


Let the fraction be 43. 15)19(2 
6 P8041 /2.241/2.2.741/2.2.7.104+ 1/2.2.7.10.19, 11)19(2 
so that, taking successively 1, 2, 3, 4 of these, we get -3)19(7 
as in continuous fractions, approximate values, as 4, _ 
$, 44, 384. As in continuous fractions, the numera- 2)19(10 


tor of the difference of any two consecutive approxXi- 1y19¢19 
mate fractions is always =1. Supposing the indeter- 19 


minate equation 15%a—19y=1. Changing 13 by the above method into such a 
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series, and take the last approximate fraction, vit, 221) y==280, y==221, will fur- 
nish two values; also, the preceding fraction 14, s=14, y=11. 


72. Proposed by G. I. HOPKINS, Instructor in Mathematics and Physics in High School, Manchester, N. H. 
Solve the equation, (6x? +4—3)? —48?=(#+15)?. 


I. Solution by G. B. M. ZERR, A. M., Ph. D., President and Professor of Mathematics in Russell College, 
Lebanon, Va., and A. H. BELL, Hillsboro, Il. 


(6ar" +a—3)?—(48)?=(@+15)?. 
. 304 +43 —3x*? —38x--210=—0. 
*, ©, ==2.9244124, 
Uy —=—3.0416238—, 
t=2.804895,// —1 — .158044. 
v4 ==— 2.804395), —1—. 158044. 


II, Solution by J. MARCUS BOORMAN, Consultative Mechanician, Caqunsellor at Law, Inventor, Etc., Hew- 
lett, Long Island, New York. 


The real roots of «4 +403—az? —a=70 (the forms to which the given equa- 
tion reduces) are : 
a==+2.924412 149966 623189 6108(58211 ) true to ‘‘(?’ marks.—probably 
%,—=—3.041622 694570 750484 61819(75892 25 decimals true. 


Found thus: «4 + 4a3 — 1x? —1z — 70 
At sight s=-t38(near), try —3.04 +8.24— —22.01 69.9504 


—_ 


ES 


—2.71—x3 +7.24— —23.01 0.04— 


Multiply by —38, —.04 +.18 21.72 69.08 error +* 
.1084 + 29— . 9204 
+ 8.24— — 22.01 69.9504 


*The root .°. is —2.0316+4 nearly. 

Like treatment by +2.9 gives 2.925 near true. I get the rest in a more 
concise way (shorter than Horner’s). 

The resulting equations of above roots are: (the coéfficients appear on face 
of computation) 
O—23+(+root+4)a? + 8.526990 472861 28178etc. ++ 23.986434,541435,17396+4. 
O==x3 + (—root +4)r? + 7.287594 384604 24939ete. x—23.914031,334310,10968+4 . 
0O—(5.966034, 84etc)a? + (1.289496,088257 ,03238 + )a + 46.950465,875795,28364+4 . 

Hence x? + 0.216122, 788722%—=— 7.869626, 49385 etc. 

*, £,=— 0.108 ete. )/—7.890+4. 

Shorter and more accurate than Horner’s method, especially for 5th degrec 


and 6th degree equations. 
The other two roots are imaginary. 
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GEOMETRY. 
80. Proposed by J. C. GREGG, Superintendent of Schools, Brazil, Ind. 


One circle touches another internally, and a third circle whose radius is a mean pro- 
portional between their radii, passes through the point of contact. Prove that the other 
intersections of the third circle with the first two are in a line parallel to the common tan- 
gent of the first two. [From Phillips and Fisher’s Geometry. | 


I. Solution by G. B. M. ZERR, A. M., Ph. D., President and Professor of Mathematics in Russell College, 
Lebanon, Va., and the PROPOSER. 


In the two triangles CDB and CDA, the angle 
CDG is common ; also DB : DC=DC : DA. 

The two angles are similar and / BCD 
—/CAD, £CBD=7ACD. But 7 DCB= 7 DEG, 
both being measured by are Dk. 

Jo. LDEG=7ZCAD. 

Since DE is perpendicular to CA, HG must be 
perpendicular to CA. 

.. HD and EG are parallel. 


II. Solution by HENRY HEATON, M. Sc., Atlantic, Iowa, and J. SCHEFFER, A. M., Hagerstown, Md. 
Taking the common tangent of the first two circles as the axis of x andthe 
common diameter as the axis of y and supposing the tangent of the third circle, 
through the origin to make the angle @ with the axis of x, the equations of the 
circles are, 
x* + y®—2ay=0, 
a? + y? —2by=0, and 
a? +y* —2e(asina+ ycosa)=0. 
If the first and third circles intersect, 
2ac*sin? @ 
a? + 2accosa+c?- 


y==0 or 


If the second and third circles intersect, 


2be* sin” a 
b? +2bccosa+c?° 


y=-0 or 


If the line through the second intersections is parallel to the axis of « the 
two values of y are equal. 
*, ab? +ac?—a*?b+be?. Whence c?=ab. 
If c= 1/ab, the distance y of the intersections from the common tangent is 
in both cases 
2absin? a 
a+, abcosa+ab - 


Q. E. D. 


Also solved by COOPER D. SCHMITT and CHARLES C. CROSS. 
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81. Proposed by CHAS. C. CROSS, Laytonsville, Md. 

A circle is drawn bisecting the lines joining the points of contact of the escribed 
circles with the sides produced. Another circle is drawn passing through the centers of 
the circles drawn tangent externally to the in-cirecle and internally to the sides of the tri- 
angle. Prove that the centers of these two circles, the incenter and the cireumecenter are 
collinear. 


This problem is reprinted to correct an error in its enunciation. Inscribed 
is changed to escribed. Enpiror. 


82. Proposed by WILLIAM SYMMONDS, A. M., Professor of Mathematics and Astronomy, Pacific College, 
Santa Rosa, Cal. 


If the extremities of the base of a triangle be joined by straight lines to the exterior 
angles of squares constructed upon its two sides, the superior pair of lines thus drawn in- 
tersect at right angles; the inferior pair intersect at a point in a line drawn from the ver- 
tical angle perpendicular to the base. 


I. Solution by G. B. M. ZERR, A. M., Ph. D., President and Professor of Mathematics in Russell College, 
Lebanon, Va.; COOPER D. SCHMITT, A. M., Professor of Mathematics in the University of Tennessee, Knoxville, 
Tenn.; and CHAS. C. CROSS, Laytonsville, Md. 


1. Inthe two triangles BCD and ACG, we have CG=CB, CD=CA, Z BCD 
== / ACG. 

~. ABCD= A ACGand 7 BDC 
= / CAG. 

Hence, in quadrilateral LA OD, 
Z EAO+ / EDO==two right angles. 

-. LAED+ 7 AOD=two right 
angles, but / AH D=a right angle and 
therefore AOD is aright angle. 

.. AG and BD are perpendicu- 
lar to each other. 

2. Let AK-=d, Ck=f. Then BN=CK=?f, FN=KB=b—d, AM—CK 
=f, EM=Ak=d. 


.. Equation to AF is ay equation to BE is y= — ~~~ (a—b). 
These lines intersect at a distance xd. 
.. AF and BE intersect on CK, the perpendicular from C on AB. 


II. Solution by HENRY HEATON, M. Sc., Atlantic, Iowa; J. SCHEFFER, A. M., Hagerstown, Md.; and J.C. 
GREGG, Superintendent of Schools, Brazil, Ind. 


Let ACDE represent the square erected on the side AC, and BCGF that 
on BC, Let O be the point of intersection of BD and AG, and O’ that of BE and 
AF, In the triangles ACG and BCD, we have CG=BC, AC=CD, 7 ACG 
=/BCD, .«. AACG=ABCD. .. -CDB=7ZCAG, consequently the points 
A, O, C, D, are concyclic, and since 7 DCA is a right angle, DOA must be a 
right angle. 

Let EM and FN be the perpendicular let fall from H and F, respectively, 
upon AB produced. O'H the perpendicular let fall from O’ upon AB, and EF’ 
the foot of the perpendicular from C upon AB. We have 
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EM : O'H=-MB : BH, and 
O'H : FN=AH : AN. 
-. EM: FN=MBx AH: ANX BH, 
but MB=AM+AB—CH’' + AB, and AN=BN+ AB=CH'+ AB. 
.. MB=NA,.. EM: FN=AH : BH, but EM—AH', NF=BH'. 
“. AH’: BH'—AH : BH. 
|. AH=AH', BH=BH'. Q. KE. D. 


—— ee 


CALCULUS. 


63. Proposed by B. F. FINKEL, A. M., M.Sc.,Professor of Mathematics and Physics, Drury College, Spring- 
field, Mo. 


What is the volume removed by boring an auger hole radius 7 through a 
right cylinder radius #, the center of the auger hole to pass at a distance c from 
the axis of the cylinder and inclined to the axis at an angle a? 


I. Solution by the PROPOSER. 


Let the axis of the cylinder whose radius is R coincide with the y-axis and 
let the axis of the cylinder whose radius is 7 intersect the z-axis at a distance c 
from the vy-plane, being parallel to the xy-plane and making an angle @ with the 
y-axis. Pass a plane parallel to the xy-plane through the solid common to the 
two cylinders and at a distance z from the origin of codrdinates. The intersection 
of this plane with the surface of the two cylinders forms a parallelogram, whose 


length is 2)“ Ah? —z? and whose width is 2cscay/r?—(z—c)?. Hence its area is 


\ 


e;r _ 
o v= esca (Ah? —2? )[r? —(z—c)* ]dz. Let yo p and q to be 
c—-r t 


CSCa 


[r? —(z—c)? ][ Rh? —2?]. 


determined from the conditions that the odd powers of z in the expansion under 
the radical shall vanish. From this condition we find pqg—R? and 


or ————-—-— 


C r 


p+q= 


according as e>ror <r. From these two equations we find p— 


op ee ty EE +7? =e") 
2c 2r 


and q has the conjugate value of p. Making the substitution of (p+qy)/(1+y), 
the values of p and q being replaced by their values in terms of R, r, and ¢ as 
found above. The expression for the volume reduces to the following form : 
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VR? 7? +0?) —4 R202 
Cc 


V——csea 


—[CR® +0? —7? )? 


4(R2 4c? 72) /(R?+e2— 72)? 4h? —4 R202] 


[(® —c?)2?§—2c? (Rh? +7?) 4+c4+-—(R?-—c? — 7?) (R240? — 97? )?—4 R20? 


x (T( 1 (R?4+c2?—r2)?—~(R? te? —r?)\/(R? +0? 72)? —4 BR? ? —4 Rc? ') 
CR? be? 12)? + (RE $0? r®) p/ (RE Fe? — 1)? — 4 R20? — ARP 


(14 (R?—c?)?~2e?(R? +7?) +e4— (RP 0? —1*)y/ (R24 7? )? 4 Re? r)f 
(R? —c?2)? —2e2(R?2 +7?) +e4 +(R? —e? — 7?) “(R242 —7?)?—4R?2 0? 


_ Ay 
U+y)* | 
which is of the form bf (14+ my?) +ny?) = dy «Let y=0/)/—m 
| 6 ty) oe 
Then V=—mky mf Vy Tl-—2? 1 —(™/mn)z? me _ 
(a+ —m)* 
2210] — 
=—my —mk f [1 2" JL = (n/m)? dx 


[vt+ kK ‘—in | Ay [1—a* |J[1—(n/m) x? | 


=—my ,—m k felt nine aie ilet 1. —m|]* dx. 
py (1-2? ][1 —(n/m)ex?] 


By multiplying both numerator and denominator of the numerator by 
(14— mar? +m?)—y/ —m x(x? — mM), 


we reduce the numerator to a function of x? only. From this point by some la- 
bor we can obtain the integral in terms of logarithmic and circular, and elliptic 
functions of the first, second, and third kinds. We have made this integration 
but the result is too long and complicated to put in print. 

When c<cr, c and r change places in the formula derived by the above 
solution. 


CoROLLARY 1. If c—0, and a-—37, vf V (r? —2?)(R? —x? )dz. 
Let z=ra, and r/R—e. 


1 _ 
Then V-=2Rr? f a! ‘(l—a? )\(1—e?* a? )da. 
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By following out the method indicated above we get 
V=8Rh3[ (14+ e? )E(e)—(1—e? ) F(e)]. 


CoROLLARY 2. By Prof. Henry Heaton, Atlantic, Iowa. 


R-—xe 
; ) (Rh? —(a— 4c)? /R? —(e+ 2c)? dx, where x+ 3¢ 


If R=r, V=1/sinaf_ 


is the distance from axis of cylinder to the plane. 
Put «=(R—3c)sin§, and (R—3c)/(R+4+ 3c)=e. 


Then V=(2/sina)(R—4c)?(R+4+ so) { “cos? Ay ‘1l—e*®sin?4 dé 
0 
—=(2/sina)(R-+ 4c)?[(14 e?) Ele, 47)—(1—e?2) Fle, $7)]. 


CoRoLLArRyY 8. By Prof. G. B. M. Zerr, Lebanon, Va., and Prof. C. W. 


M. Black, Wilbraham, Mass. 
If Rr and c=—0, V—(16r?)/(8sina). 


II. Solution by G. B. M. ZERR, A. M., Ph. D., President and Professor of Mathematics in Russell College, 


Lebanon,’Va. 
Let v?-+2%=—f?, be the equation to the cylinder. 
Then (acosa + ysing@)*? +(z—c)?=fF?, is the equation to the auger hole. 


The limits of y are, 


|/ RB? —(z—c)? + xeosa 


_p &? —(z—c)* —xcosa 
sing 


Y== . 
d sina 


and y= 


R (*V R22? 
V=(4/sina) f f vy R*—(—c)* drdz 
0 


—|'R? _y2 


‘R — : 
a (2/sina) { | (v hh? — xr?—-¢ Jy Pa Rh? ~ x?—c)? 
0 


y R?—2?-c )+ (, Ria? +e } R2—(y R?— 2? + 0)? 


\ 
+ Resin-1(t he ae +6 ) Jax 


This does not appear to be easy to reduce. 


64. Proposed by E. 8. LOOMIS, A. M., Ph. D., Professor of Mathematics in Cleveland West High School, 


Berea, Ohio. 
Find the volume and surface generated by revolving about Y, the catenary 


y=ta(er e+ e-* 4), from x==0 to xa. 


[Osborne’s Calculus, page 255, example 8]. 
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MECHANICS. 


—aee 


54, Proposed by C. H. WILSON, Poughkeepsie, N. Y. 
A body slides from rest down a series of smooth inclined planes, whose 
total heights are h feet. Show that the velocity at the bottom is ;/(2gh) feet per 
second. [From Wright’s Mechanics. | 


Solution by G. B. M. ZERR, A. M., Ph. D., President and Professor of Mathematics in Russell College, Leban- 
on, Va.; and J. SCHEFFER, A. M., Hagerstown, Md. 


Let v1, Vo, U3, -+-+- v, be the velocities at the bottoms of the planes, 
ty hg, Ng, ve eee. h, their respective heights. 


2.0, =p 2gh,, vey 2gh,+2ghy—=p ve + 2ghe, 


V-—=p Ve +2gh,—=]/ gh, +2gh, + 29he, 


vy—=/ 2gh,+2ghy+ ....- 1 Ogh,=/29(h, thy th, +...... + hy =y/2gh, 


since h,+h,+th.+..... +h,—h. 

Also solved by HENRY HEATON, C. W. M. BLACK, and CHAS. C. CROSS. 

55. Proposed by ALFRED HUME, C.E., D. Sc., Professor of Mathematics, University of Mississippi, Univer- 
sity P. O., Miss. 


Three equal heavy spheres, each of weight W, are placed on a rough ground just not 
touching each other. A fourth sphere of weight 1 W is placed on the top touching all three. 
Show that there is equilibrium if the coefficient of friction between two spheres is greater 
than tandq@, and that between asphereand the ground is greater than tan§4n/(n+3), where 
is the inclination to the vertical of the straight line joining the centers of the upper and 
one lower sphere. 


I. Solution by WILLIAM HOOVER, A. M., Ph. D., Professor of Mathematics and Astronomy in Ohio Univer- 
sity, Athens, O. 


Let @ be the angle which the line of centers of the upper sphere and each 
of the lower makes with the vertical, R the reaction of the upper and each of the 
lower spheres, m the corresponding coefficient of friction, m, the coefficient for 
each lower sphere and the plane. 

The system is kept at rest by the weights nW, W, acting vertically, & the 
reaction in direction of centers, mf, friction acting in the tangent through the 
point of contact of the upper and lower spheres, and m,(nW+3W) horizontally 
and inward. 

For the equilibrium of the upper sphere, resolving vertically, 


38Rcosa+8Rmsina=W...... 2. ee. ... -C1); 

and for the lower, resolving horizontally, 
4(nW+3W)m,=Rsina—Rmcosa..... oe ee (2), 
Also, R= 30 W. i... cc cette eens (3). 


(1), (2), and (8) gives m=stanja, m,—[n/(n+3)]tania. 


Also solved by G. B. M. ZERR and the PROPOSER. Their solutions will appear in next number. 
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DIOPHANTINE ANALYSIS. 


55. Proposed by 0. W. ANTHONY, M. Sc. Instructor in Mathematics in Boys’ High School, New York City. 
Construct a general Magic Square whose sum is 38m. 


I. Solution by M. A. GRUBER, A. M., War Department, Washington, D. C. 


m+ bn m—(a+b)n m+an 
m+(a—b)n m m—(a—b)n 
m—an m+(at+b)n m—bn 


II. Solution by JOSIAH H. DRUMMOND, LL. D., Portland, Maine. 


I assume that the method of constructing Magic Squares is understood, and 
that they are made up of numbers in arithmetical progression. 


Let p be the first term, g the common difference, and n the number of 
rows. 
Then »*==number of cells and of the numbers used ; the sum of the series 


divided bv a gives the sum of the numbers in each row=8m. 
Or n® [o(n®? —1)+2p] 3m, 
2n 

As there are three unknown quantities, two of them may be assumed, and 
there will be a result for each assumption of both numbers. 

Then n=8 and reducing we have 4qg+p=m ; or p—=m—4q, in which m 
may be any multiple of q greater than 4q. 

Take m—65q, then q==m/5, and p==q. In this m may be any number div- 
isible by 5, and for every value we have a magic square, whose sum is 3m. 

Again, take m=6q, then p=2q, and g—m/6 ; m may be any number div- 
isible by 6 ; and for every value we have a magic square, whose sum is 3m. 

In the same manner, we find that m may be any number divisible by any 
one of the numbers in the natural series from 5 upwards. 

Now take n=—5 ; substitute in (1), and we have by reducing 120q+ 10p=—6m. 
To simplify assume m=—5t, and we have 12q¢+p=3dt ; or p=8t—12q, in which ¢ 
may be any number greater than 4q. 

Take t—5q ; then m=25q, and p-=38q, and q=m/25. Som may be any 
number divisible by 25. 

In same manner, take t=-6q, 7q, etc., and we have g=m/30, m/385, etc., so 
that we may have m=any number divisible by 5 times any one of the natural 
numbers from 5 upwards, and as many magic squares of 5 rows. 

In the same manner, we may obtain similar results by taking n—=any other 
odd number. 

Or, we can obtain a general solution directly from (1). Take m—nt, 
2 =2s+1, substitute and reduce and we find p=-8t—2q(s? +s), in which t may be 
= q(s? +s), or any multiple of it. Take t=q(s*?+s) ; and then p=q(s?+8s), (the 
first term) ; and m=—nt—=q(2s+1)(s? +8), and q=m/[s(s+1)(2s+1)] (the common 
difference) ; in which s may be any integral, and m=s(s+1)(2s+1), or any mul- 
tiple of it. 


or, n[q(n?—1)+2n)=—6m...... Cenk cee (1). 
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But this formula does not enable us to obtain least values of p, q, and m, 
as ” varies. 


56. Proposed by G. B. M. ZERR, A. M., Ph. D., President and Professor of Mathematics in Russell College, 
Lebanon, Va. 


If ¢@(R) is the number of integers which are less than # and prime to it, 
and if y is prime to R, show that y?“)—1=0(mod.£). 


Solution by the PROPOSER, and J. 0. MAHONEY, B. E., M. Sc., Lynnville, Tenn. 


Let l. m,n, p, .....- (R—1) denote the ¢(R) numbers less than #& and 
prime to it ; now y can be any one of those numbers. 
“2 Y, MY, NY, PY, ...-- (R—1)y are all prime to / and all different. 


There are ¢(F) of such products and since when these products are divid- 
ed by & the remainders are all prime to F and all different, the ¢(?) remainders 


must be 1, m,”,p, ..... (R—1) though not necessarily in this order. 

“.Y.MY. NY. PY... (R—1)y must differ from l.m.n.p..... (R—1) by a 
multiple of #. 

Jo. fy? @)— Almnp...... (R—1)=a multiple of R. 

But map...... ({2?—1) is prime to R. 


*, y® ® — 1=00m0d.R). 


57. Proposed by JOSIAH H. DRUMMOND, LL. D., Portland, Maine. 


Each of five of the digits may be the terminal figure of a perfect integral square. 
Each of eighteen combinations of two digits may be the two terminal figures of an integral 
square. Each of one hundred and nineteen combinations of three digits may be the three 
terminal figures of an integral square. Under these conditions, what is the greatest number 
of arrangements of the nine digits, all taken together, whose three terminal figures shall 
be those of a square number ? 

No solution of this difficult problem has been received. Can any of our 
readers furnish the desired solution? Enprror. 


MISCELLANEOUS. 
53. Proposed by J. A. CALDERHEAD, M. Sc., Professor of Mathematics in Curry University, Pittsburg, Pa. 


(a) What is the highest north latitude in which the Sun will shine in at the north 
window of a building at least once in a year ? 

(b) How many days will it shine in at the north window of a building in latitude 
41° N. ? 


Note by SAMUEL HART WRIGHT, M. D., A. M., Ph. D., Penn Yan, N. Y. 


Whenever the Sun, or any part of it, is north of the prime vertical, it 
must then shine on the north side of buildings. From the time of vernal equinox, 
to the autumnal equinox, the Sun will be north of the prime vertical during some 
part of every day, and will shine on the north side of buildings some part of every 
day for about half a year, and in all latitudes north of the equator. Hence the 
answer for (a) is 90° N. latitude, and for (b) 186 days, but if the Sun’s upper 
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limb, and refraction, be considered the days will be 187 or 188. The answer for 
41° N. is good for any other latitude north, while the problem seems to imply 
that an answer for 41° is different for other latitudes. 


54. Proposed by S. HART WRIGHT, M. D., A. M., Ph. D., Penn Yan, N, Y. 


On latitude 40° N.==A, when the Moon’s declination is 5° 23’ N.=0, and 
the Sun’s 9° 52’ 8.——0o, how long after sunset will the two horns or cusps of 
the Moon’s crescent (recently new) set at the same moment, the crescent with its 
back down having touched the horizon first ? Semi-diameters, refraction, and 
parallax not considered. 


I. Solution by the PROPOSER. 


Let B be the celestial north pole, A the zenith, AB an arc of the meridian 
equal the co-latitude—c—50°, HO a portion of the horizon, SS’ and MM” portions 
of the diurnal arcs of the Sun and Moon, the Sun setting at S, and the Moon at 
M’; BS—the polar distance of the Sun—BS', and 
BM’ the polar distance of the Moon, and AM’ 
the zenith distance of the Moon—90°. 

Produce the vertical circle AM’ to 8’, S’ 
being the place of the Sun when the Moon sets at 
M’. The line joining the Moon’s cusps must be 
at right angles to the line M’S’ joining the cen- 
ters of the Sun and Moon, and as the horison is 
at right angles to AM’S’, the line of the cusps 
must lhe on the horizon and set whenthe Moon’s 
center sets. Put 7 ABS-=¢=Sun’s hour angle when it sets, and / ABS’ —d— 
Sun’s hour angle when the Moon sets, and 7 ABM'==4:=Moon’s hour angle 
when it sets. 

Then we have cos¢=tand’tand. .:. ¢—81° 36’ 29", and cos/=—tand 
tank, .°. o=—94° 32’ 7”. Take an auxiliary are y’, and tan¥’—cosy-cotd. +. y’ 
—40" 0’ 1", then cotA==sin(c— y’)cot/ cosecy’. .*. 482° 57’ 55". Take an aux- 
iliary angle y’, and coty’==tanAsinA. .°. y’=10° 52’ 2”. Then cosy’cotAtan— 0’ 
—=—cosy. .. y=101° 44° 48", and 7 ABS’=y'+ y—4=-112° 36’ 45”, and 6—¢ 
—=31° 0° 16"=2 hours, 4 minutes, 1 second. 


Note. The synchronous setting or rising of the cusps of a crescent Moon, is a phenomenon which 
must occur frequently in the tropics, and rarely ornot at all beyond latitude 45°. Onthe 4th of July, 1897, 
such a moonset was very nearly accomplished, and another, almost perfect, will occur February 22, 1898, 
the declinations being then as givenin the problem. Few persons in the northern states have ever seen 
the Moon set with both horns vertical. 


II. Solution by G. B. M. ZERR, A. M., Ph. D., President and Professor of Mathematics, The Russell College, 
Lebanon, Va. 


Let O be the observer, Zhis zenith, 1MK Moon’s path, GCSL Sun’s path, 
TEFR celestial equator, AMCB the horizon. Let M be the position of the Moon 
when setting. Then, in order that the horns may set at the same time, S, M, 
where S is the Sun, must be on the same meridian, ZMSN. 

AP-=\=40°.  MB=6==5° 23’ N. SF==6,--9° 52’ 8. In the triangle 
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PMZ, PZ=90°—A,, ZM=90", PM==90°—0. Let 2ZPM=h, 7 PZM 
=h,, £ZPS=f. 
Then cosh=—tanAtanéd=—tan40°tan5° 


2, ZPC 


23'. 1°. h=94° 32° 6.8". 

sinz=cosdsinh, .*. z==82° 57’ 54", 
cosh,——tandAtand,. .*. hy=81° 86° 29. 

In triangle ZPS, PS==90° + 6,,PZ==90° 
—A\. £PLS=2. 

sinPSZ—sinzcosA)/cosd,.  .°. PSZ= 
A,=50° 80° 22”, 


,a_.81n3(180°— A+0,) 
coth B= O,) 
J. B=112° 86’ 47”. 

f=-Sun’s hour angle at moonset ; h,= 
Sun’s hour angle at sunset ; 6—A,—81° 0’ 18”=-2 hours, 4 minutes, 1.2 seconds 
after sunset. 


tand(z—A,). 


PROBLEMS FOR SOLUTION. 


——— 


ARITHMETIC. 


89. Proposed by NELSON S. RORAY, South Jersey Institute, Bridgeton, N. J. 


Solve by pure arithmetic. A criminal having escaped from prison traveled 10 hours 
before his escape was known; he was then pursued so as to be gained upon 3 miles an hour; 
after his pursuers had traveled 8 hours they met an express going at same rate as them- 
selves, who had met the criminal 2 hours and 24 minutes before; in what time from the 
commencement of the pursuit will they overtake him? 


90. Proposed by F. M. PRIEST, Mona House, St. Louis, Mo. 


A owes $6000 which is drawing 6% interest. He wishes to pay off the debt in six 
equal annual payments, the first to be due in one year. The whole portion of the claim 
unpaid at the end of each year to be accounted as principal, and to draw interest to the 
time of the next payment. Required the amount of each payment, so the six equal pay- 
ments will discharge the obligation, interest and all. 


91. Proposed by J. A. CALDERHEAD, M. Sc., Professor of Mathematics in Curry University, Pittsburg, Pa. 


$1000.00. Cleveland, Ohio, May 26, 1893. 

Two years after date I promise to pay John Davis, or order, one thousand dollars, 
for value received, interest six per cent. payable annually. J. M. Lewis. 

Indorsements: December 14, 1895, $560.56; May 11, 1896, $10.02; June 14, 1697, 
$545.06. 

Find, by the United States’ Rule, the amount due August 2, 1897. 


x*y Solutions of these problems should be sent to B. F. Finkel, not later than March 1. 
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GEOMETRY. 


86. Proposed by WILLIAM HOOVER, A. M., Ph. D., Professor of Mathematics and Astronomy in Ohio Uni- 
versity, Athens, 0. 


Prove that the four conies which have S for focus and which touch the three sides of 
each of the triangles ABC, AEF, BFD, CDE, have their lata-recta equal. 


87. Proposed by WALTER HUGH DRANE, A. M., Professor of Mathematics, Jefferson Military Academy, 
Washington, Miss. 


Given any two straight lines in space, 4B, CD, which do not intersect. So construct 
upon one of the lines as base, a triangle, having its vertex in the other line, such that its 
perimeter shall be a minimum. 


x*x Solutions of these problems should be sent to B. F. Finkel, not later than March 1. 


CALCULUS. 


— 


68. Proposed by EDWARD DRAKE ROE, Jr., A. M., Associate Professor of Mathematics, Oberlin College, 
Oberlin, Ohio. 


5 r r 
Ifax* to r steps be denoted by a-", and if y==a-", prove that 
rr—l k=r rr-1 k-1--1 


1 
Dy rr toe. “(logxr)r-1C] + logs) +. D> yet et....% (logx)"—*, 
k=2 


69. Proposed by GEORGE LILLEY, Ph. D., LL. D., Professor of Mathematics, State University, Eugene, Ore. 


An elliptic fence encloses a field whose major and minor axes are 2a and 2b, respec- 
tively. The ends of a rope, the length of which is equal to the length of the fence, are 
fastened outside the fence and at the extremities of the major axis. A horse is tethered 
by means of a ring which slides freely on the rope. Over how much ground can he feed ? 
What is the length of its outside border ? Find these values in square feet and feet, true 
to six decimal places, when the area of the field is one acre and a=2b. 


x*x Solutions of these problems should be sent to J. M. Colaw, not later than March 1. 


meen 


MECHANICS. 


63. Proposed by A. H. BELL, Hillsboro, Ill. 


From a horizontal support at a distance of ten feet apart, a beam 5 feet long and 10 
pounds weight is suspended by ropes attached to each end. The ropes are 3 and 5 feet re- 
spectively, in length. Required the angles made by the ropes and horizontal support. Al- 
so the stress upon each rope. 


64. Proposed by FREDERICK R. HONEY, Ph. B., Instructor in Mathematics in Trinity College, New Haven, 
Conn. 

Let the isosceles triangle abc, whose plane is vertical, and whose base bc is horizon- 
tal, and supported at each end b and,c, represent three rods jointed at the points a, b, and 
ce. Let any load LZ be suspended at the vertex a. It is required to find the value of the 
angle between the sides of the triangle and the base which shall make the sum of the 
weights of the rods a minimum, the length of the base be being fixed. 


x*y Solutions of these problems should be sent to B. F. Finkel, not later than March 1. 
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DIOPHANTINE ANALYSIS. 


60. Proposed by G. B. M. ZERR, A. M., Ph. D., President and Professor of Mathematics in Russell College, 
Lebanon, Va. 


It is required to find three positive numbers, such that if each be diminished by five 
times the fifth power of their sum the three remainders will be rational fifth powers. 
61. Proposed by SYLVESTER ROBBINS, North Branch, New Jersey. 


Investigate that infinite series of prime, integral, rational scalene triangles where 
the sides of every term are consecutive numbers; then take the necessary factors from the 
proper KEY, and by an expeditious method, find in their order the areas of ten initial terms. 


#* Solutions of these problems should be sent to J. M. Colaw, not later than March 1. 


AVERAGE AND PROBABILITY. 
59. Proposed by J. SCHEFFER, A. M., Hagerstown, Md. 
A circle is rolling along a horizontal straight line. The uniform velocity of the cen- 
ter isv. Find the average velocity of a point of the circumference. 
60. Proposed by B. F. FINKEL, A. M., M. Sc.,Professor of Mathematics and Physics, Drury College, Spring- 
field, Mo. 
Four points are taken at random within an ellipse. What is the chance that they 
form a reentrant quadrilateral. 


x*y Solutions of these problems should be sent to B. F. Finkel, not later than March 1. 


MISCELLANEOUS. 


58. Proposed by EDMUND FISH, Hillsboro, Ill. 


The longest noonday winter shadow of an upright object is found to be seven times 
as long as the shortest summer shadow of the same object. Required the latitude of the 
place. 


59. Proposed by J. A. CALDERHEAD, M. Sc., Professor of Mathematics, Curry University, Pittsburg, Pa. 


When a cylindrical china jar, standing upon the ground, receives the sun’s rays ob- 
liquely, a bright curve is observed to form itself at the bottom of the jar, and it is found 
that the shape and dimensions of this curve are not affected by the varying elevations of 
the sun: account for this latter circumstance, and determine the nature of the bright 
eurve. [From Parkinson’s Optics. ] 


x*y Solutions of these problems should be sent to J. M. Colaw, not later than March 1. 


EDITORIALS. 


Contributors desiring to have their portraits appear in the next group 
should send us a good photograph from which the plate is to be made. 


ol 


We will pay twenty-five cents each for a limited number of Nos. 6 and 11, 
Vol. II. of the Monruty, also fifteen cents for a copy of the October Cosmopolitan 
Magazine. 


This number of the Monruty is sent. to all our old subscribers. Those 
wishing to discontinue should return this number with their name and address 
written on the wrapper. 


In the February number of the Montury will appear a biography of Bol- 
yal Janos, by Dr. Halsted. nearly all of which is absolutely new and never before 
published. Also in addition to Dr. Lovett’s valuable article, will appear a New 
Solution of the Cubic Equation, by Dr. L. E. Dickson, 


Dr. Wm. B. Smith, of the Tulane University of Louisiana, informs us that 
his Infinitesimal Analysis, Vol. I. will appear in about two months. Judging 
from the character of Dr. Smith’s previous works, viz., Introductory to Modern 
Geometry and Coérdinate Geometry, this work will prove a valuable addition to 
the literature of the subject. 


Prof. W. W. Beman, of the University of Michigan, calls our attention to 
the fact z was first used to represent the number 3.141592... in Jones’ Synopsis 
Palmariorum, London, 1706. This fact seems to have been overlooked by most 
writers on mathematics as we find the statement that Euler was apparently the 
first to use the symbol z, Britannica Encyclopedia, ninth edition. 


The reorganization of the Mathematical Society of Utah took place Decem- 
ber 28, 1897, at Provo, electing the following officers: President, W. J. Kerr, 
President Brigham Young College, Logan, Utah ; Vice President, D. H. Adams, 
Principal Madison School, Ogden ; Treasurer, G. N. McKay, Principal Lowell 
School, Salt Lake City ; Secretary, L. M. Gillean, Teacher of Mathematics, Salt 
Lake High School. The object of the Society is to promote the interest of math- 
ematics in general in the State. 


The following letter has been sent us : 

To the Editor of THE AMERICAN MATHEMATICAL MonTHLY. 
PROPOSED SYLVESTER MEMORIAL. 

Sir: May I be permitted to appeal through your columns to all friends 
and admirers of the late Professor J. J. Sylvester to assist in founding a suitable 
memoriol in honor to his name and for the encouragement of mathematical 
science. A movement was inaugurated on this side of the Atlantic soon after his 
death and it was resolved by the promoters that a fund should be raised for the 
purpose of establishing a Sylvester Medal to be awarded at certain intervals for 
mathematical research to any worker irrespective of nationality. For the purpose 
of carrying out the scheme a strongly representative Internationvl Committee has 
been formed and | should like to take advantage of this opportunity of ex press- 
ing the great satisfaction which it has given to the promoters to be enabled to in- 
clude in this Committee so many great and distinguished names from the Amer- 
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ican Universities. In every case our invitation to join the Committee has been 
most cordially responded to and the consent has in many instances been accom- 
panied by expressions of the greatest sympathy and encouragement. The list as 
it stands practically includes the leading mathematicians of the whole world. 

It has been estimated that a capital sum of 5000 dollars will be sufficient 
for the proposed: endowment and of this about one-half has already been 
subscribed here. In appealing to the American public to enable us to complete 
the desired sum I am in the first place prompted by the consideration that Syl- 
vester’s association with the Johns Hopkins University and the leading part 
which he took in advancing mathematical science in America renders his claim 
to estimation on the part of the citizens of your country quite a special one. It 
is but a modest endowment that we are asking for and I am sure that all those 
who were personally acquainted with him and who realize the great influence 
which he exerted in raising the intellectual level of every Institution with which 
he was associated will be glad of this opportunity of codperating in the movement. 

It is proposed that the fund when complete shall be transferred to the 
Council of the Royal Society of London, that body having undertaken to accept 
the trust and to award the medal triennially to mathematicians of all countries. 
I can hardly venture to trespass upon your courtesy to the extent of asking you 
to print the complete list of our Committee, but for your own information I beg 
to send a copy herewith. It will be sufficient to state that it comprises the names 
of President Gilman of the Johns Hopkins University, of Professor Simon New- 
comb of Washington, of Professor Willard Gibbs of Yale, of Professor Peirce of 
Harvard, and many other well known American men of Science. Subscriptions 
may be sent to and will be acknowledged by Dr. Cyrus Adler, the Smithsonian 
Institution, Washington, or by Dr. George Bruce Halsted, President of the Acad- 
emy of Science, 2407 Guadalupe Street, Austin, Texas. 

I am, Sir, Yours obediently, 
RaPpHAEL MELDOLA, 
Professor in the Finsbury Technical College, London, England. 
Hon. organizing Secretary to the Sylvester Memorial. 
December 1897. 


BOOKS AND PERIODICALS. 


School Algebra Complete. By Fletcher Durell, Ph. D., and Edward R. 
Robbins, A. B., Mathematical Mastersin the Lawrenceville School. 892 pages. 
1898. Harrisburg, Pa.: R. L. Myers & Co. 

The effort of the authors has been to simplify principles and make them attractive, 
by showing as plainly as possible the practical reason for each step or process. The theory 
of the subject is developed by showing that new symbols are introduced into algebra for 
the sake of definite advantages in representing numbers, and that the fundamental laws 
governing their use derive their importance from the economies which they make possible 
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in dealing with the symbols for numbers. It is here shown that each successive step is 
taken up for the sake of the new power which it gives as compared with previous processes. 
While following this line in the development of the subject, no radical departures are 
made in this book, both the order of topics and the treatment in other respects following 
closely the best practice as presented in the text-books most used at present. 

The selection of examples seems to have been made with excellent judgement and 
especial care has been exercised in their gradation. The completeness of the book is aided 
by the addition of valuable short chapters on Permutations and Combinations, Undermined 
Coefficients, The Binomial Theorem, Continued Fractions, and Logarithms. The treat- 
ment in this work is clear and satisfactory, and especially So in the important subjects of 
factoring, fractions, exponents, and radicals. The authors are practical and successful 
teachers, and their book contains a very fair presentation of the latest and best methods 
of treating the subject. J. M.C. 


The Equations of Hydrodinamicsin a form suitable for application to Prob- 
lems connected with the Movements of the Earth’s-Atmosphere. Prepared at 
the request of Willis L. Moore, Chief of Weather Bureau. By Joseph Collier, 
Columbia University. Published by authority of the Secretary of Agriculture. 
Folio Pamphlet, 8 pages. 


A New Astronomy for Beginners. By David P. Todd, M. A., Ph. D., Pro- 
fessor of Astronomy and Director of the Observatory, Amherst College. 12mo. 
Cloth, 480 pages, with colored plates and copious illustrations. Price, $1.80. 
New York, Cincinnati, and Chicago : American Book Co. 

This is by far the most interesting and attractive elementary astronomical work we 
have seen. Everything in the book is of high scientific and educational value. The illus- 
trations are very artistic and so developed as to give the student an impressive notion of 
the objects illustrated. We very highly commend this work to all who are looking for a 
first-class elementary astronomy. B. F. F. 


On the Commutator Groups. By Dr. G. A. Miller. Reprinted from the 
Bulletin of the American Mathematical Society, being a paper read before the 
Society at its Fourth Summer Meeting, Toronto, Canada, August 17, 1897. 


An Algebraic Arithmetic, being an Exposition of the Theory and Practice 
of Advanced Arithmetic based on the Algebraic Equation. By 8. E. Coleman, 
B. 8., William Whitney Fellow at Harvard University, formerly Instructor in 
Mathematics in the Oakland High School, Oakland, Cal. 8vo. Cloth, 151 pages. 
Price, 50 cents. New York: The Macmillan Co. 

This is another one added to a number of arithmetics recently published which if 
extensively used in the publish schools will go far towards breaking down the barriers be- 
tween arithmetic and algebra. This book and others of its kind will be considered by ye 
pedagogue of ye olden times as an iconoclast. But let it be; from the broken images will 
rise better results for the mathematics of the future. Ofcourse, it is probable that pupils 
will always have to commit to memory the multiplication table and to learn other facts 
about numbers, but when these facts are well fixed in the mind, why continue to manipu- 
iate figures as the symbols of numbers when other and simpler characters may be used to 
represent a nuinber which is represented by a great many figures? To economize time, to 
facilitate computations, and to secure better results in teaching elementary mathematics 
is precisely the purpose of this book. It often makes use of letters to represent number, 
and introduces the equation from the first. B. F. F. 
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The Annals of Mathematics. Edited by Wm. H. Kchols. Published un- 
der the auspices of the University of Virginia. Bi-Monthly, price $2.00 per year 
in advance. 

The October (1897) number of the Annuals of Mathematics contains the following arti- 
cles: The Analytical Representation on a Power of Prime Number of Letters with a Dis- 
cussion of the Linera Group, by Dr. L. E. Dickson; Note on Integral and Integro-Geomet- 
rico Series, by Prof. Edward Drake Roe; Note upon a Representation in Space of the El- 
lipses Drawn by an Ellipsograph, by Prof. E. M. Blake. B. FF. 


The Cosmopolitan. An International Illustrated Monthly Magazine. Ed- 
ited by John Brisben Walker. Price, $1.00 per year in advance. Single num- 
ber, 10 cents. Irvington-on-the-Hudson. 

The principal articles of the February number are: The Selection of One’s Life 
Work, by E. Benjamin Andrews; The Great Electric Trust, by Francis Lynde; and Per- 
sonnel of The Supreme Court, by Nannie-Bille Maury. 


The American Monthly Review of Reviews. An International Illustrated 
Monthly Magazine. Edited by Dr. Albert Shaw. Price, $2.50 per year in ad- 
vance. Single number, 25 cents. The Review of Reviews Co., 18 Astor Place, 
New York. 

Cuba, Hawaii, and China furnish the principal topics discussed editorially in the Am- 
erican Monthly Review of Reviews for February. There are also a few paragraphs of pointed 
comment on current domestic politics—the factional differences between Ohio Republi- 
cans and the swelling tide of Crokerism in the Democratic party. The editor gives his 
views on Tammany’s attitude toward the New York rapid-transit problem and on the reck- 
less expenditure of canal-improvement funds by the Republican bosses of the State. 


SomE ERRATA IN DECEMBER NUMBER. 

Page 316, line 14, for ‘‘[ac=bd]’’ read [ac+ bd]. 
Page 317, lines 20 and 21, in all denominators, for ‘‘a?—y?’’ read x? — yz. 
Page 317, line 21, in numerator, for ‘‘[v?+y?]’’ read [v? + yz]. 
Page 317, line 22, for ‘‘[v?—y?]” read [v? — yz]. 
Page 318, line 4, for ‘‘(1), (5) and (6)” read (1), (10) and (11). 
Page 320, Fig. 1 should be reversed in position to correspond to Figs. 2 and 3. 
Page 320, line 15, for ‘‘+hcot[@+a]’’ read —hceot[#+ a]. 
Page 320, line 18, where ‘‘x/z’’ occurs read «7/2. 
Page 320, line 21, read [$7h]|[2/2]z. 
Page 321, line 14, read [b—a]? in the first denominator. 
Page 322, line 12, for ‘‘ 7 DAC”’ read 7 DAB. 
Page 322, line 14, insert ) at end of line. 
Page 322, in Fig. 3, # and # should be interchanged. 

, 7 sy/P*® +1 \,, 8j/ BP? +1 
Page 322, line 22, for ( 14“) read ( 1-1). 
Page 3238, line 2, for ‘‘[+ #]’”’ read [k+ f]. 
Page 325, line 5, insert } before =. 
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BOLYAI JANOS. [JOHN BOLYAI.] 


BY GEORGE BRUCE HALSTED. 


—{ OR human thought, for culture, for intellectual freedom, for philosophy it 
)) is impossible to overestimate the tremendous’ importance of the non- 
Kuclidean Geometry. The life of Bolyai Janos will therefore possess 
imperishable interest for mankind. 

He was born December 15th, 1802, at Kolozsvar. His mother, Benko 
Zsuzsanna, gifted, beautiful, imaginative, was devoted to her son. His father, 
Bolyai Farkas, whose biography is given in Vol. III., No. 1., of this Monruty, 
declared the son a marvel, a wonder-child. 

Yet until long after both father and son had died, not one published word, 
except from the father, ever called the slightest attention to an achievement of 
genius by the son so far-reaching, so profound as to modify all present and future 
thought. 

Yet the neglected Janos had the just appreciation given to genius of its 
own work. Speaking once of his own early youth he says: ‘‘The fore-knowl- 
edge was withheld from me that I should perfect the theory of mathematics and 
in this way bless the human race.’’ In the great chest at Maros-Vasdrhely 
wherein his papers are preserved I found an autobiographic fragment whick speaks 
of him as ‘‘the phoenix of Euclid.’”’ Yet no picture of him is known to exist, and 
I deemed it a discovery of interest to find from his passport that his eyes were 
blue. 
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From childhood great pains were taken with his education. The brigthest 
of his father’s students taught him, except in mathematics, where the father him- 
self was his teacher. His progress in mathematics was so lightning-quick, that, 
as his father often related, he waited not for the proof of the theorem or the solu- 
tion of the problem, but gave them himself. ‘‘Like a demon sprang he on before 
me,’’ says the father, ‘‘and bade me go further.’’ 

At twelve years of age he passed the ‘‘Rigorosum’’ covering six gymnasial 
classes, and according to the usage of that time became a ‘‘student.’’ At this 
examination his translations from Magyar into Latin were written in the style of 
Tacitus, gaining the professor’s unstinted praise. 

Janos was two years a ‘‘student,’’ or rather he for two years attended the 
college to play checkers. He was rarely present at the lectures. At the approach 
of the winter examinations, the professor of history, John Antal, later bishop of 
the reformed church, complained of him to his father. The father called up the 
idler and gave him some good advice, which he did not take. He went up to the 
examinetion after glancing through the lectures, and answered beautifully. 
Whatever and however much he was asked, he was always fully prepared. 

Just so in the next semester he carried on his checker-playing ; but now 
the professor said nothing, and again the examination was a brilliant success. 

When the father was sick he sent his son to teach the college classes in 
his stead ; and the students preferred the teaching of the thirteen-year-old Janos 
to that of the father—they got more out of it. Even in his twelfth year 
he played the violin so well, that he was able to execute the most difficult pieces 
at sight. 

At that time was given perhaps the first opera in Maros-Vasarhely. At 
the presentation the blind composer was there. A young Saxon played first vio- 
lin, Janos second. During the representation a string broke on the violin of the 
prima, the Saxon. They exchanged the notes, and the child Janos played at 
sight first violin. The blind composer, who had hitherto been dissatisfied, cried 
out, ‘‘Bravo! now the prima dominates !”’ 

At the age of fifteen Janos went away to the great Engineering Academy 
in Austria. Not long after, the Archduke John visited the Academy as inspector, 
and asked that some of the new students be called upon. When the choice fell 
on young Bolyai, he quickly worked out the problem given by the Professor, and 
went on to the next, and soon. The Archduke was astonished at the genius of 
the youth, interrupted him with praises, and said to the Professor, ‘‘The other 
students should be put under this one ; he knows more than the whole class.”’ 

After this, Magnates came from krdély came to Vienna. At an audience 
with the Archduke he told them what a perfect genius of a boy from Erdély was 
at the Academy. He asked if they knew his father. They answered, the father 
was also a genius and their friend. The Archduke sent him word that he was 
delighted with his son, who if he would behave himself might count on a great 
career. Janos finished the five years course with the highest distinction, and at 
twenty entered as Cadet the Engineering Corps. At twenty-one he was Lieuten- 
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ant. In the whole army he was the first as mathematician, first as violinist, but 
also first with his sabre. He fought duels continually, several with fatal ending, 
he always victor. Once he was challenged by thirteen officers of a cavalry regi- 
ment. He accepted all with the condition that he was to be allowed to play a 
piece on his violin after every two duels. As always he was victor in all. 

His conduct was haughty. But remember, in less than three months from 
his graduation he had, as he says in his letter of November 3d, 1823, ‘‘from noth- 
ang created another wholly new world.’’ He had solved the problem of the ages, 
the problem of parallels, and had made a new kind of universal space. 

In August, 1823, he was graduated at the royal Engineering Academy as 
Underlieutenant, and ordered for service to Temesvar. He left Vienna on Sep- 
tember 17th and arrived at Temesvar on September 30th. His extraordinary 
creation falls thus in the very first month of his service, and before his twenty- 
first birthday. 

The splendid youth, who knew that he had succeeded where the 
very greatest of his predecessors on earth had failed, could scarcely have been 
expected to submit to any affront. His sabre was ready for whoever wished to 
impale himself. 

Franz Schmidt has preserved a glimpse of Janos at Temesvar in the story 
often told him by his father, Anton Schmidt, of a young officers of engineers with 
whom he feared to come in contact, who to prove the might of his arm and the 
temper of his Damascus blade, was accustomed to show his visitors how with one 
blow he could cut off a heavy nail driven into his door-post. But not even this 
trenchant blade could open any brain about him to appreciation of his immortal 
achievement. 

Only his father knew and publicly deciared what he had done. 

Janos has left on record that it was in the Engineering Academy that he 
began to investigate the properties of the line everywhere equidistant from a 
straight line, on the hypothesis that it was not straight, and on that investigation 
corresponded with his father in 1820. But not until 1823 did he completely pen- 
etrate and master the whole subject. He wrote out a treatise on the subject, 
which in 1825 he transmitted to his former professor Johann Wolter von 
Eckwehr. 

His father Bolyai Farkas induced him to translate this into Latin and is- 
sue it as an Appendix to the first volume of the father’s ‘‘Tentamen.’’ It was 
printed separately and appeared before the volume with which it was afterward 
bound up. 

After years, 1848, in the second edition of his Arithmetic (in Magyar) the 
father says: ‘‘The Appendix is a work worth whole folios. It is to the true 
geometer a work beautiful, necessary, original, colossal. How many thinkers 
have even up to the latest time endeavored in vain to make sure the one founda- 
tion of the edifice of Kuclidean geometry ? In the mentioned work is built up an 
absolute and for all cases true geometry. Few have appreciated its worth, yet it 
is in one word a true classic.”’ 
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After more than half a century the world has come to that opinion. Says 
F. 8. Macauley in 1897, ‘‘I was simply fascinated with your translation of Bol- 
yai’s ‘Science Absolute’ when I first read it, as indeed almost any one would be 
who comes across it.”’ 


A NEW SOLUTION OF THE CUBIC EQUATION. 


By DR. L. E. DICKSON. 


The method here suggested is analogous to that used by Ferrari in solving 
the biquadratic. I multiply the reduced cubic by xy—c and determine ¢ so that 
the resolvent cubic shall be binomial. Thus, adding (ax+)? to each member of 


(a—c)(e3 + px+q)=0 
and requiring the new equation to take the form 
(1) [x® —(¢/2)a+A+ (p/6)]?=(ar+ b)? 
we have the conditions on a, b, A: 
a? ==2A + tc? — 3p 
(2) 2ab=—ci+ iep—q 
b?=(A + 4p)* +40. 
Since c is a root of (1), we may set 
(3) gc? +A 4 4p-=ac+b, 


limiting ourselves to one of the two sets of values for a and b in terms of A and ec. 
Kquating the two values for 4a*b? given by (2), we reach the resolvent cubic for 
A in reduced form : . 


(4) 8A842A(Seq+ c2 p— sp?) + (qc? —cpy—q? —3p* ce? —2.p3)—0. 
Its discriminant is found to be 
Rei + pe+q)*, where R=tq?4+ 3-3 
is the discriminant of the given cubic. 
The coefficient of 2A in (4) vanishes for 
(9) spe=—2qt+ yh, 
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whence c3 + pe+ g== p -(-3q4+) Rh). 


Hence, if we determine ¢ by (9) the cubic (4) becomes 


6 VaR 
p 


3 
(6) She — glo? +pe+q) + 8R=(2¥~) (ag + 1/2). 
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61/R 
Then by (2), a?=—T—(—Ig+/R) + 40% 4p. 


By a slight calculation, we find 


a= tet —3qt Y/R + —tq-y R. 
This would be expected, since by (3) 
(a—c)(t—a-+ 4c) =2* —$ex +A +t p—ax—b, 
whence a—-3c is a root of the given cubic. 


University of California, January 17. 


THE FIRST AWARD OF THE LOBACHEVSKI PRIZE. 


By GEORGE BRUCE HALSTED, A. M. (Princeton); Ph. D. (Johns Hopkins); Member of the London Mathematical 
Society ; and Professor of Mathematics in the University of Texas, Austin, Texas. 


The Lobachévski prize is adjudged every three years. Its value is five 
hundred roubles. It is given for work in geometry, preferably non-Euclidean 
geometry. All works published within the six years preceding the award of the 
prize and sent by their authors to the Physico-Mathematical Society of Kazan are 
allowed to compete if published in Russian, French, German, English, Italian, 
or Latin. 

The Society has now in formal session awarded the prize to Sophus Lie, 
Professor of Mathematics at the University of Leipzig, for his work ‘‘Theorie der 
Transformationsgruppen. Band III. Leipzig, 1893.’’ In this work the theory 
of non-Kuclidean geometry has been exhaustively re-stated and re-established in 
a profound investigation of the work of Helmholtz on the space-problem. 

To the genius of Helmholtz is due the conception of studying the essential 
characteristics of a space by a consideration of the movements possible therein. 

But since the time when Helmholtz did his work on this subject, the great- 
est of living mathematicians, Sophus Lie, formerly of Christiana, has enriched 
mathematics with a new instrument, the Theory of Groups, which its creator has 
applied with tremendous power to the Hemholtz treatment. Lie finds, as was 
almost inevitable, that certain details had escaped the great physicist, but that, 
with the tact of true genius, he had kept his main results free from error, though 
there comes to #ight a superfluity in his explicit assumptions, an unconscious as- 
sumption now seen to be mathematically important for the rigor of the demon- 
stration, and at least one definits error in minor results. 

Lie’s method is in general the following. Consider a tridimensional space, 
in which a point is defined by three quantities, x, y, z. 
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A movement is defined by three equations : 
wfle, ye); y=ple. ya); PCr, y, 2). 


By this transformation an assemblage A of points (2, y, 2) becomes an as- 
semblage A’ of points (2’, y’, 2’). 

This represents a movement which changes A to A’. Now make, in re- 
gard to the space to be studied, the fullowing assumptions : 

Ist. Assume : in reference to any pair of points which are moved, there is 
something which is left unchanged by the motion. That is, after an assemblage 
of points A has been turned by a single motion into an assemblage of points A’, 
there is a certain function F of the codrdinates of any pair of the old points 
(21, Yas 21), es Yo, 22) Which equals that same function F of the corresponding 
new coordinates (x,’, Y,’, 21’), (%2", Yo's 22) 3 that is F(%,, Yy, 215 Vos Yas Ze) 
=F (x4, Yy', 21', Bos Yo', %)- This something corresponds to the Cayley defini- 
tion of the distance of two points when interpreted as completely independent of 
ordinary measurement by superposition of an unchanging sect as unit for length. 

This independence, involving the determination of cross-ratio without any 
use of ordinary ratio, without using congruence, without using motion, Cayley never 
clearly saw. It follows from the profound pure projective geometry of von Staudt. 

2nd. Assume: if one point of an assemblage is fixed, every other point of 
this assemblage, without any exception, describes a surface (a two-dimensional 
aggregate). 

When two points are fixed a point in general (exceptions being possible) 
describes a curve (a one-dimensional aggregate). Finally, if three arbitrary 
points are fixed, all are fixed (exceptions being possible). With these assump- 
tions Lie proves exhaustively that the general results of Helinholtz and Riemann 
follow : that is, there are three and only three spaces which fulfill these require- 
ments, namely, the traditional or Euclidean space, and the spaces in which the 
group of movements possible is the projective group transforming into itself one 
or the other of the surfaces of the second degree x? + y2 +2? 1=0. 

In the appreciation of this work of Lie’s prepared for the Society by Felix 
Klein, for which the Lobachévski gold medal was given him, he says that Lie’s 
work stands out so prominently over all the others to be compared with it that a 
doubt as to the award of the prize would scarcely have been possible. Decisive 
for this judgment as to the height of the scientific achievement is not only the ex- 
traordinary depth and keenness with which Lie in the fifth section of his book 
handles what he has called the Riemann-Helmholtz space problem, but especially 
the circumstance that this treatment appears so to say as logical consequence of 
Lie’s long-continued creative work in the province of geometry, especially his 
theory of continuous transformation-groups. e 

The extraordinary importance which the works of Lie possess for the gen- 
eral development of geometry can scarcely be over-estimated. In the coming 
years they will be still more widely prized than hitherto. Passing then to the 
consideration of the present state of the space question, Klein takes up the origin 
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of axioms. Whence come the axioms ? A mathematician who knows the non- 
Kuclidean theories would scarcely maintain the position of earlier times that the 
axloms as to their concrete content are necessities of the inner intuition. 

What to the uninitiated appears as such necessity, shows itself after long 
occupation with the non-Kuclidean problems as result of very complex processes, 
and especially education and habit. 

Do the axioms come from experience? Helmholtz energetically says yes ! 
as is well known. But his expositions seem in a definite direction incomplete. 
One will, in thinking over these, willingly admit that experience plays an impor- 
tant part in the formation of axioms, but will notice that just the point especially 
interesting to the mathematician remains untouched by Helmholtz. 

It is the question of a process which we always complete in exactly the 
same way in the theoretical handling of any empirical data, and which therefore 
may seem quite clear to the scientist. 

Kixpressed generally : always the results of any observations hold good only 
within definite limits of precision and under particular conditions ; when we set up 
the axioms, we put in the place of these results statements of absolute precision and 
generality. 

In this ‘‘idealizing’’ of empirical data lies in my opinion the peculiar es- 
sence of axioms. Therein our addition is limited in its arbitrariness at first only 
by this, that it must cling to the results of experience and on the other hand in- 
troduce no logical contradiction. 

Then enters as regulator also that which Mach calls the ‘‘economy of 
thinking.”’ No one will rationally hold fast to a more complicated system of 
axioms when he sees, that with a simpler system he already completely attains 
the exactitude requisite to the representation of the empirical data. 

Klein goes on to mention the possibility of a series of topologically distin- 
guishable space-forms built of limited (simply compendent) space-pieces either 
all Kuclidean, all Lobachévskian, or all Riemannian. Beside these three just 
mentioned family-types, the parabolic, the hyperbolic, the single elliptic, Killing 
has shown that the spherical, in which two geodetics always cut in two points, is 
the only one which as a whole is freely movable in itself. 

Then Klein says: I consider all the topologically distinguished space- 
forms as equally compatible with experience. That in our theoretic considera- 
tions we prefer some of these space-forms (namely the family types, that is the 
properly parabolic, hyperbolic, elliptic) in order to finally assume the parabolic 
geometry, that is the customary Euclidean geometry as valid, happens simply 
from the principle of economy. 
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DEPARTMENTS. 


SOLUTIONS OF PROBLEMS. 


ALGEBRA. 


78. Proposed by J. MARCUS BOORMAN, Consultative Mechanician and Counselor at Law, Woodmere, 
Long Island, N. Y. 


Solve +? +zy=10...... (1); y2+ay=15...... (2), for all the roots, and 
prove that they are the roots. 


I. Summary of Solutions by J. OWEN MAHONEY, M. Sc., Lynnville, Tenn.; F. R. HONEY, Ph. B., Instructor 
at Trinity College, New Haven, Conn.; J. SCHEFFER, A. M., Hagerstown, Md.; G. B. M. ZERR, A. M., Ph. D., The 
Russell College, Lebanon, Va.; P.S. BERG, A. M., Principal of Schools, Larimore, N. D.; A. H. BELL, Hillsboro, 
Ill.; H. C. WILKES, Skull Run, W. Va.; CHARLES C. CROSS, Laytonsville, Md.; I. H. BRYANT, A. M., Ft. Smith 
High School, Ft. Smith, Ark.; and COOPER D. SCHMITT, A. M., University of Tennessee, Knoxville, Tenn. 


Divide (1) by (2), then x/y=%..... (3) ; « and y must be plus or minus 
together. Then x from (8) in (1), gives y?=9, or y=+38. Also, x(—2y/3)=2. 
', g==2, y=-+3 are the roots, which can be proved by direct substitution. 
[MaHonEY, Honey, ScHEFFER, AND BELL. ] 


Adding (1) and (2), and extracting square root, s+y==-£5...... (4). Then 
(3) in (4) gives, y==b38, x=22. [ZERR.] 

Subtracting (2) from (1), v?—y?=—5...... (5). Then (5) by (4), s-—y= 
1...... (6). From (4) and (6), s=+2, y=+3. [BERG, AND WILKES. ] 

Solve (1) for x, then x=[—y+1/ (40+ y?)]/2. ....(7). Substituting (7) 


in (2), and reducing, y=+38. Similarly, e-=+2. [CRoss.] 

Substitute vy for x and solve ; then v=$ or —1. By substituting and re- 
ducing, e=-E2, and y=+3. Then if v=—3, y=+2, y=+3. If v=—1, x? =n, 
g-=cko , y= to. The first values satisfy the equations. Substitute the second 
values, v*=o, t=+0, y=—w, ty=— w, Xe? +4y=HD—wH. Since ©o—o is 
an indeterminate expression, it may equal any numbers. Therefore the equa- 
tions are satisfied for the last values of x and y as well as for the first values. 
[ BRYANT. ] 

From (1), y=(10—2?)/x. In (2), we get 10—x? + (100— 20x? +44) /a? =15. 
Whence 257” —100=0...... (8) ; or v==2. Being an equation of the fourth de- 
gree we ought to have four answers. Wecan write (8), 0x4 +0? +252? —100—0. 
Since coefficients of two highest powers are zero, this indicates two infinity roots, 
which may be claimed defective in solutions in print. [ScHMrrrt.] 

See Analyst, Vol. VIII, page 111, and Vol. [X, page 58, as well as solu- 
tion below, for discussion as to whether x==-ko and y=» are also roots of the 
equations. [Eprror. ] 

II. Solution by the PROPOSER. 
The equations are fourth degree in « ; y ; the singular case in «?+ay=-a 
Leese (A); y®tery=Atd..... (BD). sub-ultimate fourth degree when the posi- 
tive are the negative roots reversed in signs. Here a=10; A=15; e (variable) 
=1; d=F(e—1)-=-0. 
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Transpose (1), «?=10—axy; then transpose (IL), and multiply, giving x? y? 


=150—25ryt+e27y? 22... (IIT)... wy=6...... (IV), and (1—1)x?y? —25ay+ 
(125)? [1/(1— 1)]=(12})2 /(1—-1)--150...... (IIIa). By (UV) and (I), (IJ); 
w?—4 3 y®==9 5 2. w-=k2 ; to y=+3 ; four true roots...... (V). But v?y? (van- 
ished) is quadratic ; it has therefore a second root —%y——6 ; hence in (1), 
v® —(—6)j==10; 2. e. «?==10+(—6)...... (VI). .*. extract negatively z==2 ; 
y—=F38 [bv parity in (I])]; and g-=42; y=+3;...... (V) are the eight re- 
quired roots of Case (1), (IJ) and are ull its roots. Q. V. D. 


Presumably (visum) demonstrated. 
Proor. Case (I) (11) is biquadrate because vy=6 that yields two pairs of 
roots flows equally from both only possible extractions of the quadrate x? y?...... 
*, —xy=-6 must yield, failing other derivatives of (III), also the second set of 
roots. For now obviously (VI) cannot be x?=-16 to y?—21 (nor y?—9) ; because 
then (I) a whole number 16+ 4, (21)=-10 ; or an irrational surd=a rational 


number, 7. €. reducing ;’(21)===¢3, which is not true. Nor can r= y (—1); 


ar 


if so therefore y=f [—}, (—1)] ; to make wy positive). .°. xy— f I==10.... 
e | e 


is (1) 5 «y— fo ta15 is (II) which cannot be for 10; 15; both positive. If it 


can be then ..... (1) ; (IT) become: (1) sy—a?—=10 and (II) zy—y? =—15 ; then 
must += ,y; to + ,#; be true. Deduct (1) from (II), .°. ©? —y?==-5-=st....( VID). 
Let c+y=s; 2. a—ya=-t; add, .°. r= }(s+t); y= h(s—t) 5 2. ay =1(s? -t?). Mul- 
tiply bv 4, change signs, etc., .°. v?==j|(s? +2st+t?) put into (1), s* + 2st+t2— 
4xy—=—40 ....(1X), [+ are changed by } “(—1)] ; and y?==}(s? —2st—t?) put 
into (IT), s° —2st+t*—4dxy=—60. Add the 2 first, .-. x? +y?=1(s? +t?), replace 
in (I) ; then 2x? —4xy+2y? + 2st=—40; but (VIII), st=5; .°. (a—y)? =—20—5 


=—25 31. ¢e. ¢4—-y=t5yp(-1)...... (X), and by (VIII) r+y=4y/(—1) .... 
(XI); add (X), (XI), 2. Qe=a4y/(—1) 5 e=42)/(—1); and bv (XI)—(X) 
y= 3, (—1); which do not satisfy (1), UD). .. 2; y are not imaginary roots 


of (1) (11) and equation (LX) is falsely put as equation (I). But correct the false 
factors , (—1) in (IX), CX), (XI) and they by same process yield the roots of 
(1) (1D) found. 

SECOND (see note). 

(I) (IL) have no sort of unreal roots. Ifthev mayvw=),a+er; y= ,b+ci; 
"a? ar—e? +2, caer and y®=b?—c? 42 bet... ab—ec+(act+beji=xy....CN), 


and b?—a?+e? —¢c* =5=(II)—(I)...... (P); because to cancel 7 (I) (IT) we must 

have, 2aei=(act beji=2Qhei...... (Q). For else rationals 10 ; 15 ; (a? —e?), etc., 

have to equal fy/(—1) or f: j/(—1) ; ete., 2. e. real numbers can be partly un-real, 

which is absurd!  .*. by (Q) 2a=6+ac/e; and 2b=a+be/c...... [These cas- 

ily reduce to c= fi , = { Ueeeee. multiplied by @.  .°. ct=fitt ; areal number. 
a e | 

So our postulate that cz can be wn-realis false.] .*.2b—a=be/cand 2a—b=ac/e. 


~. b(2—e? /ec)=a and a(2—c? /ec)=b. [Thence b<a and b>a! if c=e, as here 
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proven.] Multiply .-. abl4—2(c? +e?) /ec+1]=ab ; cancel ab=ab, reduce, etc., 
J. 2ce=c*? +e", .°. (c—e)?=0...... (KK). .°. C63 1.0.0... ~.(P,) is b?—a?=5 
and our assumed wn-real ci ; et ; do not exist. .°. x=a, ; y=b, real numbers in 


(NV) (Q) just as we found above. 
Again, (IIIa) reduced is ,/(1—1)ty=[1/y/ (1-1) ] { [12441 [156] — 150 


(1—1)]}...... (XID). 2. wy=[E1/(1—- 1) J 25425). 2. tyyg = 10/U1— 1) ; 
CaYa== 10/(1—-1)...... (XILL). [Unless in frsa-n of (XID); —15001—1)=0, 
for which value ry=[1/(1—1)](124£12})=2,y, =25/(1—1), or ey, =12$[(t—1) 
/(1—1)...... (XIV)]. Hence by (XII) and (1), CD) «,?=+£10[1—1/(1—1)] ; 
Ya= £10[38—1/11—1)] 5 2? = £10[1—1.5/(1—1)]; y,? = 15[1—1/(1—1)]; mul- 
tiply ty 3 Yo 5.7. VoYo = ]/{15[10—10/(1—1)]} ; (or?) ..... (XV); but CXV) ts 
not equation (XIII) nor does it nor (XIV) any way satisfy (1) 1). .*. Ge, Ya, Xe, 
Y, are not, either as by (XIII) or (XIV) roots of (1) CII). Q. E. D. 

Last, putr=ratio y: x. «©. y=ru;2?(1l+r)=10...... (la); w(r?+r)=16 

. (CH) wv. rehs5r,s—1...... (Kk). Ratio 3 givesv=+2to y=od..... 

(V), or v= 2; y==EO...... (VI) above. But by r, =—1 ; (la) gives x7(1—1) 
=10; ¢,=+)7/[10/(1—-1)]; and (A) 2, =), (16/U—-1J; 2. ys =) yy [10/ 
(1—1)]3 yp =e VV [15/A—1)];....... (M). Whether or no (M) be the quasi 
roots of (XIV) none satisfy (1) (II)! Besides they are too many and give (D(I1) 
10, 14 or 18 roots! So quasi-results (XV) (M) are not roots and ratio r,;=—1 
yields no root. .*. ratio $ covers all eight roots of (I) (11), viz. roots (V) direct, 
or (V) with contrary signs as above. Q. V. D. 


Finally, solve (1) (IT) generally. .°. w=ska/y/ (a+A); y= tA) (at+A); 
ay=aA/(A+a). Now d=(e—1)[(aA)/(a+A)], so equation (A) is equation (1), 


but (B) is y? +exy=—A+[aA/(a+A)](e-1)...... (LZ); hence «2 y?==Aat+ [a?A 
(e—1)/(a+A)]—(ae+ A)xyteu?y? ... is (IIIa) by generalizing, and therefore 
wy? —[a+(A4+1)/(e—1)]xy+a?A/(a+A)+aA/(e—1)=-0 is the general form 
- 1.2 (J), ot. take (A) x? =a—axy and (B) y2=At+d—exy; and let e=2. 
J. d=(e—l)ry=ry=—6 5; A=15; y? +2ay—21...... (B)) 3 (2—1)x*y? —41ay +210 
==0...... (C). .. (wy— (203)? =210}...... (C\).  .°. wy=205--144, 2. ¢. cy=6 
Leeeee (IV), same as by (I) CII). 

But also a) y, =2054+ 144--55...... (D).  .*. by (A) or (1) x, ?=10—35— 
—25; while by (B,) y?=21—70=—49.) y, =F Ty (1) 3 @ = | Oy (1)... 
(#7) roots that do satisfy (I) or (A); (B,) as well as c= 2; y= |8...... (V), 


—and a general sub-ultimate fourth degree (A) (5, ) has, its eight roots in pairs 
‘where the positive are the negative roots reversed in signs.”’ 

Half are roots both of (A) (B,) and of (I) (IT) because (I) is identically 
equation (A). But changing (6, )in (1D) changes its second sets of roots,—to say 
it destroys them is absurd! So therefore (I) (II) have their own half set of co- 
roots besides the roots that (II) shares also with (6, ) because (I) is zdentically 
(A). Q. E. D. 

As the second set cannot be unreal, they are real and derive of «*y? van- 
ished by symmetry which is why (IIIa) cannot diverge its roots (VI) from (V) as 
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equation (C) does diverge its roots (EZ) from the roots (V). Therefore, no other 
result being possible, the roots that (II) has with (I) but not with (B,) are x)= 
+ /2; y; =F 3 and these with s=+ ;2; y=+ ,3 are the eight, and are ail the 


roots of (I) (II) a fourth degree singular case. Q. E. D. 
Nore.—The +)..... 3; )...... Fy}; or (/)...... (;); mean 
“change signs in unison only.’? Thus in “Seconp” ,a...... | 5 (not a prime, 
etc.) 
GEOMETRY. 


81. Proposed by CHAS. C. CROSS, Laytonsville, Md. 


A circle is drawn bisecting the lines joining the points of contact of the escribed 
circles with the sides produced. Another circle is drawn passing through the centers of 
the circles drawn tangent externally to the in-circle and internally to the sides of the tri- 
angle. Prove that the centers of these two circles, the in-center and the circumeirele are 
collinear. 


} 
I. Solution by G.B. M. ZERR, A. M.. Ph. D., President and Professor of Mathematics, The Russell College, 
Lebanon, Va. 


Let ABC be the triangle; O,, O,, and O. the centers of the escribed circles 
tangent externally to the sides a, b, and ¢ respectively, h and g the points of tan- 
gency of circle whose center is O, with the sides c and b produced; e and f the 
points of tangency of the circle, center O,, with the sides c and a produced ; dand 
k the points of tangency of the circle, center O,, with the sides b and a; O the 
center of the in-circle ; a, b, and ¢ the centers of the circles described tangent to 
circle, center O, and the sides 6 and ¢, ¢c and a, and a and bd; FE, G, and K the 
feet of the perpendiculars from the centers a, b, and c to the side a; P, Q, and R 
the middle points of the lines de, gh, and hk respectively ; F, L, and D the feet 
of the perpendiculars let fall from P, Q, and R on the side a; and O’, M’, M the 
centers of the circles through a, b, and c, A, B, and C, and P, Q, and R respect- 
ively. 

Lemma—tThe co6érdinates of the center of a circle passing through (7,, y,), 
(Xo. Yo), (3, Yg), are given by 


4 PHY PY 3 Ya) +P AYP )Y, —Yg) + CP +42 Y2-91) 
a= ee P8 DAdR IID, (1). 
201 (Y3—Y2) + 20, (Y, —Y3) +275 (Yo —Y;) 


EL FUT Vs 2) Fea Te ey Hg) + (ag FY! Me, —H) ) 
2Y )(Vg— Vy) +2Yy(%,— 2g) + 2y5(%y—H,) 

Bk=Cf=s—a, Ca=Ad=s—h, Bh=Ae=s—c. 

Taking 6 as origin and axes rectangular we get codrdinates of M, 
{ga, tacotA}; of O, {s—b, r}; of k, {—[s—al], 0}; of h, {—[s—c]cosB, —!s—c] 
sinB}; of f, {s, O}; of g, {a+[s—b]cosC, —[s—b]sinC}; of d, {secosC—a, ssinC}; 
of e, {scosB, ssinB}. 
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. of R, {—[3(s—a)+4(s—e)cosB], —3(s—c)sinB}; 
of Q, {z[s+a+(s—b)cosC], —3(s—b)sinC}; 
of P, {2[s(cosC+cosB)—a], $s(sinC+sinB}. 
BH=rcotsB, OH=r, bE=-x, BE=«cot3B. 
. (r—2%)? cot?3B+(r—a)?==(r+a)?. 2. w= r(1—sindB)/(14 sin3B). 
Let r(l—sing6)/(1+sin¢B)==m, r(1—sin3C)/(1+sinC)=n, r(1—sin#A) 
/A+sin¢gA)=l. 

'. coordinates of b are (mcot3B, m) ; of c, (a—ncotsC, n); of a, (peosaBC, 
psinaBC), where p=}. ‘[c? — 2clcot B+ l2cosec?$A], and tanaAB=(ctanB—-ItanB 
cots A —1)/(e—Ilcot3A + ltanB). 

Substituting in (1) and (2) the truth of the proposition appears. 

By substituting the codrdinates of P, Q, R, and a, b, cin (1), (2) we get, 
after a prodigious amount of work, the codrdinates of two points. If the line 


through these two points coincides with the line through O, M, the proposition 
is true. 


(Nore.—Dr. Zerr furnished a very beautiful figure to go with his solution, but we lacked the time 
to engrave it. Eprror. | 


83. Proposed by WILLIAM HOOVER, A. M., Ph. D., Professor of Mathematics and Astronomy in Ohio Uni- 
versity, Athens, O. 


0 being variable, find the locus of a point whose codrdinates are 
atan(04-q@), btan(@+). 


Solution by the PROPOSER. 
The rectilinear coordinates being x and y, x—atan(@+qa).... ..... (1), 


y=btan(O+ f)..... 0.00004. (2). (1) gives 06+ a@==tan“l("/a).... ce eee een (3), 

0+ P—=tan—(y/b)....(4). Eliminating 6, tan-!(a/a)—tan—(y/b)=a—f....(5). 
Taking tangents of both members of (5) and reducing, 

cy— cot(a— f)(be—ay)+ab=0.............00.. (6), 


the equation to the required locus. 


Solved in a similar manner by COOPER D. SCHMITT, T. W. PALMER, OTTO CLAYTON, and G. 
B.M. ZERR. 


CALCULUS. 


65. Proposed by GEORGE LILLEY, Ph.D., LL. D., Professor of Mathematics, State University, Eugene, Ore. 


A string is wound spirally 100 times around a cone 100 feet high and 2 feet in diam- 
eter at the base. Through what distance will a duck swim in unwinding the string keep- 
ing it taut at all times, the cone standing on its base and at right angles to the surface of 
the water ? 


47 


Solution by G. B. M. ZERR, A. M., Ph. D., President and Professor of Mathematics, The Russell College, Leb- 
anon, Va. 


Let A=height, r=radius of base, l=)/(h? +r2)=slant height, n-=number 
of spirals ; D, H, two consecutive points in the duck’s path ; kK, L, corresponding 
consecutive points of tangency of string to cone; F, G, 
corresponding consecutive points in base of cone. 

Let CD=s, FK=x. .. DE=ds, ML=dxs. 


ds*—DN?+4+NEB2. Lecce es (1). 
From the similar triangles GOF and DFE, * 

r: FG--FD: DN, ... DN=(FD.FG)/r.......... (2). 
From the triangles DMK and KFD, 

die: MK-«x: DF... FD=(x.MK)/dz...... .... (3). 

MK 3 (l—-a)=GF:1. .. MK=[(l—2).GF]/l...... (4). 
But CF: x=22rn : l. 

1. GE sy du=2arn il... GF=(2arn.da)/l.... 2... (5). 
(5) in (4) gives, MK=[2arn(l—2)dz]/l?..... (6), 
(6) in (8) gives, FD==[2arnx(l—a)]/l? ...... (7). 


(7) and (5) in (2) gives PN=[47? r?n?(l—a)adxJ/rl? . (8), 
The increment of FD is (GH+NE)=FG+NE). 
. from (7) dF'D)==[2 2rn(l—22)dax]/l =(FE+NE).(9). 


(5) in (9) gives, NE=[—4arnrdr]/l?....... (10). 
(8) and (10) in (1) gives, 

Amrnx mr? n* 4nrn (" 1? 1” oD 
iene | 1+—3— U—x)?dx wig E SJ 1+ p2 (l—x)2adx, 


==(4r/37n) + (2r/3)[amn—(2/an)}/1+ 720? +2rlog(an+y l4+72n?). 
In the problem r=1, n=100. 
*. 8 ==(1/757)+3[1002 — (1/507)]}/1+ 100007? 4 2log(1007 + 1/1 + 1000072). 
*. § =68948.771 feet. 


66. Proposed by J. K. ELLWOOD, A. M., Principal of the Colfax School, Pittsburg, Pa. 


Around the top of a conical frustum.—base 5 feet, top 1 foot, altitude 100 feet,—is 
wound a rope 100 feet long and 1 inch thick. It is unwound by a hawk flying in one plane. 
How far does Mr. Hawk fly ? 

Solution by G. B. M. ZERR, A. M., Ph. D., President and Professor of Mathematics, The Russell College, Leb- 
anon, Va. 

Instead of measuring the thickness of the rope on the slant height, in this 
solution if is measured on the altitude, the difference being for the whole wind- 
ing not above .0O7 of an inch. Measuring from middle of rope to middle of rope, 
the first coil is inch below top of frustum, second coil 3 inches, third 3 inches, 
ete. Let x=height of cone. 

"et $==~—100: 4, 2. a =125. 


29 


125—100-=25 feet, 800 inches. 
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*, 800 : 68005 : 6,24, 
300 : 6=3014 : 6;3,5, 
800 : 6:=8025 : 6,35. 


Let »==number of turns. 

*, 27(6, 5 +6,3, +6,3, +to nm terms) 1200 inches. 
*,27(6+646+...... Yt 2a bo taboo treo tees: )==1200. 

*, 1L2an+an*?/1200=100. .-. n==31.03' coils. From the previous problem, 


27 | wen? 
reseed Be J 1+— 5 (l—x)?.adzx, where m==331, 


the number of coils of rope to top of cone beginning with tne bottom coil, and 
1331 inches the height==27,% feet ; also let 25 feet=I’, r=33) feet—radius of 
base of cone at bottom of rope. 


j 2 
ge ee Jn mm (2)? adie. 


4r 2¢ 
—~ 37m + 313 am 


[C12 + Ul’ —2U'2) 72m? — 212] / 2? 4-1-1’)? 2? m? 


(IV) rmt VP +1) amy - 
~~) 


s ==(1/4507) + (1/9007) (288617? —2))/1+ 9617? + 33 jlog(81a7+4+ 1 14+ 9617"). 
s =9817.69235 feet. 


In this solution the rope is unwound from the bottom. 


+ 2rlog( 


MECHANICS. 


55. Proposed by ALFRED HUME, C. E., D. Sc., Professor of Mathematics, University of Mississippi, Univer- 
sity P. O., Miss. 


Three equal heavy spheres, each of weight W, are placed on a rough ground just not 
touching each other. A fourth sphere of weight »W is placed on the top touching all 
three. Show that there is equilibrium if the coefficient of friction between two spheres 
is greater than tanga, and that between a sphere and the ground is greater than ntang& 
/(n+38), where @ is the inclination to the vertical of the straight line joining the centers of 
the upper and one lower sphere. 

Solution by the PROPOSER. 
I, 
In what different ways may motion occur, if the friction be such as to per- 
mit motion ? 
So long as the lower spheres maintain their positions, the upper will not 
move. 
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How, then, may the lower move? 
Referring to the section— 

1. By sliding in the direction BA ; 
2. By rolling in the direction BA ; 
3. By rolling in the direction AB; 
4. By sliding in the direction AB, 

Motions (1) and (2) cannot 
take place because, even if this did 
not at once bring the lower spheres 
into contact, such would necessar- PLAN. SECTION MN. 
ily raise the upper sphere and, evidently, there are no forces acting which could 
have this effect. Having disposed of (1) and (2), consider (3). 

The forces acting on the sphere whose center is O are its own weight, the 
friction F’, the friction F, and the normal action between the two spheres, R. 
Rolling in the direction AB will not occur unless the moment of R about D is 
greater than that of F. Kquating these two moments, 


F.PL==R.DL, 
F-=(DL/PL)R 


—=tania. f, 


since / DPL=3 / DOL, and £ DOL=a, OD being vertical and OL the prolonga- 
tion of CO. 

If u—coefficient of friction between the two spheres, FR. 

.. f==tanea, 

If, then, the coefficient of friction between the spheres whose centers are 
Cand 0 is greater than tan 2a, F will prevent motion (8). 

Now consider (4). 

This will take place unless F’’ is equal to, or greater than, Rsina—F cosa. 

The normal pressure on the ground at D is the weight of sphere O plus 
one-third of the weight of sphere C, or W+4nW. 

If uw’ is the coefficient of friction between the sphere and the ground, 
FP’ =p'(n+8)hW, and, we have, for equilibrium, 


A’ (n+3)4W=Rsina— Feosa 
==A(sina—tansacosa), 
taking the least value of / consistent with equilibrium. From this, 


R _ Mn +3) 


Hu IL, 
tania °° 


Consider the forces acting on the upper sphere—its own weight nW, F, 
and # reversed in direction, and, in addition, the actions F and R from each of 
the two other spheres, O’ and O" (see plan). Lesolving vertically, 
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nW=—8Rkoosa+3Fsina 
—=3R(cosa+tanjasina)—dh ; 
R=1nW. 
Kquating the two values of R and solving for pw’, 


pu’ ==tanza a 
+3 - 

Remarks. Looking at the section it might seem, at a glance, that # ought 
to bs in Wcosa, whereas it has been found to be 4nW. It must be remembered 
that the two spheres, C and O, are not in equilibrium by themselves, C’ being 
held in position by reactions and friction from O’ and O" as well as from O. 

It may be noted, too, that the friction brought into play at P may not be 
sufficient to prevent sliding. In order that motion of this kind may not take 
place the coefficient of friction must not be less than tana. But the reason why 
C does not slide is that it cannot descend unless O rolls or slides out of its way 
toward B. And, as has been seen, neither of these motions can occur if uw>tanza 
and uw’ >tansa.n/(n+3). 


III. Solution by G. B. M. ZERR, A. M., Ph. D., President and Professor of Mathematics in Russell College, 
Lebanon, Va. 


Let [¥—weight of one of the equal spheres, W,— weight of upper sphere, 
/ FAB=a. 

Since sphere B and reaction of the ground acts 
through D, the total resistance between spheres A and 
B must act through D. 

Hence the total resistance between A and B 
acts in the line ECD. 

.. The angle of friction between A and B must 
be = than 4 ACH= 3a, .°. coefficient of friction Stanza. 

Let u—coefficient of friction between B andthe 
ground, /t=total normal, P=total tangential resist- 
anee at D. 

J. MR=P or w=P/R. 


*, e=(4 WV, singacosta)/[(4 W, + W)cos* za]. 


W i 
1 Mo 73 iV tandaso tanga, when IV,— all. 
1 
% 
Let AC=b. CB=c. Then sine-=——" —. 
y 3(b+c) 


(b +e) 3- yp 3b? +6 be—c? 
2¢ 


, tansa== 


- tanga=y, 3— 1/2 when b=c. 
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NOTE ON SECOND SOLUTION OF PROBLEM 49, MECHANICS. 
By ALFRED HUME, C.E., D. Sc., Professor of Mathematics, University of Mississippi, University P. 0., Miss. 


My work as published in the June-July number is the solution. of the fol- 
lowing problem : 


A uniform bar, whose other dimensions may be neglected in comparison with its 
length (2a), is placed in vertical position on the edge of a platform of given height and, be- 
ing slightly displaced from the vertical, is caused to revalve about the edge as an axis, the 
lower end being set free when the bar becomes horizontal. Where and in what manner 
will it strike the ground ? 

The discussion of either problem—the one just stated or the one actually 
proposed—naturally divides itself into two parts, the first dealing with the mo- 
tion before, the second after. the stick leaves the platform. It was the latter that 
chiefly occupied my thoughts when I prepared the solution referred to above. 

I now offer the following as a discussion of the first part : 

Let m—mass of stick, 

2b=length of stick, 

2a==other dimension perpendicular to edge of platform, 

6—anele through which stick has turned in t seconds, 

ca—anegular velocity at time ¢. 


ad? mgbsing 8bsind ( = 6bcos6 


dt? m{[(a? +62)/3]4+b2} a? + pds at ue 429 + % 
or, since when 6=0, w=0, | 
6bhg , 6b2g 
2 — : — 6, =-=b 49? ——____*—_ (1— 6 . 
@?— pap cos?.) Normal acceleration==bw a4 4p3 cos@) 


Component of acceleration due to gravity directly opposite to this—gcos4. 

At the instant these become equal the contact between stick and platform 
ceases, 

This occurs when cos@=(6b?)/(a? +1067). 

Up to this time (friction being supposed sufficiently great to prevent slid- 
ing) the stick has turned about the edge of the platform. After leaving the plat- 
form the center of gravity of the stick describes a parabola, and the stick revolves 
with a constant angular velocity, w, about its center of gravity. This part of the 
motion might be discussed as in the June-July number. 


DIOPHANTINE ANALYSIS. 


58. Proposed by E. S. LOOMIS, Ph. D., Professor of Mathematics in Cleveland West High School; Berea, 0. 


The base of a right-angled triangle is 105; find all the perpendiculars and hypotenus- 
es to fit it, such that their values shall be integers. 


I. Solution by the PROPOSER. 


1. Let the hypotenuses and sides of a right-angled triangle’ be represent- 
ed by m?+n?, m?—n?, and 2mn. 
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2. Since in this problem we have to do with squares, we will draw a few 
observations from the squares of the integers, 1 to 18. 

Int.: 1, 2, 38, 4, 5, 6, 7, 8, 9, 10, 11, 12, 18, 14, 15, 16, 17, 18. 
Sq.: 1, 4, 9, 16, 25, 36, 49, 64, 81, 100, 121, 144, 169, 196, 225, 256, 289, 324. 

3. Observations: (1) The difference between two consecutive squares is 
odd, the smallest difference being 3; therefure 105 is the difference between two 
consecutive squares ; (2) The series of differences increases by 2; (8) Any differ- 
ence is two times the number of the place of the lesser square in the series, +1, 
therefore let «=the number of the place of the lesser square; whence 274-1—105, 
or x=52, therefore all pairs of integers sought are confined to the series of squares 
of the integers 1 to 53 ; (4) The difference between squares in odd, or even, places 
is even; as 105, and all its factors, are odd, one must seek for differences of two 
squares, one occupying an odd, and the other occupying an even place. 

4. Since 105=1~x 105=8 x 35=5 x 21=7 x 15=15 xX 7=21 x 630 x 3= 
105x1, there are eight cases to consider, each case giving 0, 1, or more than 1 
pair of integers. 

5. Since 105 is odd, we must have m? —n?=—105. 

6. Solution of cases: (1) Let m?—n?=—1 x 105, therefore m= ]/(105+4 ?). 
Since » js less than m, values for n, by observation (8), will be integers less than 
538. Therefore by inspection, when 

n—4, 8, 16, 82, 
m=11, 18, 19, 58, 
m? +n2—1387, 2838, 617, 53818, 
and 2mn=—88, 208, 608, 5512. 
Therefore there are four pairs of integers, for 1x 105=(11? —47)=(18? —8?)= 
(192 —16?)=(53? —52?). 

(2) Let 3(m® —n?)=8 x35; whence m=)/(85+n?); by observation (3) 
n<17, and by inspection, 105=8 x 35=-3(6? —1!)—3(18?—17?). When n=l, 
17; m=6, 18; 80m? +n*?)=111, 1839 ; and 3(2mn)—86, 1836, giving two pairs 
for 8X36. 

(8) Let 105=-5(m? —n?)=5 x 21=5(5? — 2?) =5(11? — 10%) ; whence 
m= /(21+n?). Whenn=2, 10; m=5, 11; 5(m? +n?)=145, 1105; and 5(2mn) 
=100, 1100, giving two pairs. 

(4) Let 105=7x 15=7(m?—n?)=7(42 —1?)=7(8?—7?); whence m= 
V(15+n?). Therefore 7(m?+n?)=119, 791; and 7(2mn)=56, 784, giving two 
pairs. 

(5) Let 105=15x 7=15(m? —n?) =15(42 —3?) ; whence m=yV+n*), 
and 15(m? +n? )=875, and 15(2mn) =360, giving one pair. 

(6) Let 105=21x 5=21(m? —n?)-=21(8?—2?); whence m= 7/(5+n?), 
and 21(m?-+n?)=278, and 21(2mn)=252, giving one pair. 

(7) Let 105=85x38=85(m?—n?)=385(2?—17); whence m=j7/(38+n?), 
and 35(m? +”*)=175, and 85(2mn)=140, giving one pair. 

(8) Let 105=105x1=105(m?—n?). But 1 can not be the difference be- 
tween two squares, by observation (1). Hence for 105=105x 1 there is no solu- 
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tion, Therefore there can be but 18 pairs of integers which will satisfy the con- 
ditions of the problem, and the hypotenuses are 137, 238, 617, 5518, 111, 1889, 
145, 1105, 119, 791, 375, 278, and 175; and the perpendiculars are 88, 208, 5512, 
36, 1836, 100, 1100, 56, 784, 860, 252, and 140. 

The principles established and employed in the above problem will hold 
whenever the given number is odd. But if the number is even, say 104, then 
from the series of squares above new observations must be drawn and employed. 


II. Solution by SYLVESTER ROBBINS, North Branch, New Jersey. 


Every rational right-angled triangle having 105 for its base must have an 
even number for its perpendicular and an odd one for its hypotenuse. Notice 
that of the factors entering into 105, each of these, 3, 5, 7, is difference of two 
squares once ; each of the factors, 15, 21, 35, is the difference of two squares twice ; 
and 105 itself is the difference of two squares four times. The perpendicular in 
each of these triangles must be twice the product of two roots, the base must be 
the difference of their squares, and the hypotenuse must be the sum of the same 
two squares. In order to obtain the greatest number of rational right triangles 
having same base, the n factors of said base must be prime numbers, never using 
2, then (8"—1)/2 will express the number of triangles, 1, 4, 18, 40, 121, 364, 
1098, 3280, etc. In this problem there are3x1+3x2+4+1x4=18 triangles. The 
following are general expressions for sides of rational right triangles. Roots: 
r=21/35, 3)/21, 4)/15, 6/8, 18)/8, 5,/5, 11,5, 4/7, 8/7, 11, 138, 19, 538; 
s=1,/35, 2)/21, 3,°15, 1)/8, 17/8, 2/5, 10,5, 1,/7, 7)/7, 4, 8, 16, 52; base 
-=7*—s?=105 in each case; perpendiculars=2rs=140, 252, 360, 36, 1836, 100, 
1100, 56, 784, 88, 208, 608, 5512 ; h=r® +8? =175, 278, 875, 111, 1839, 145, 1105, 
119, 791, 187, 238, 617, 5513, being the 13 values in order, respectively. 

III. Solution by JOSIAH H. DRUMMOND; LL. D., Portland, Me., and G. B. M. ZERR, A. M., Ph. D., The 
Russell College. Lebanon, Va. 

Let h=hypotenuse, p=perpendicular. Then h? ~p?=(105)? or h+p= 
(105)? /(h—p).  .*. h—p must be some factor of (105)?; h+p is also; and as the 
factors are all odd, we have integral values of h and p for every integral factor, 
and, moreover, for all factors less than 105, these values will be positive. The 
prime factors are 1, 38, 8, 5, 5, 7, 7; and the factors less than 105, of h—p, are 
readily found to be 1, 38, 5, 7, 9, 18, 21, 25, 35, 45, 49, 68, 75 ; the corresponding 
factors, or values of h+p are 11025, 3675, 2205, 1575, 1225, 735, 525, 441, 315, 
245, 225, 175, 147. Hence, h=5518, 1889, 1105, 791, 617, 875, 278, 238, 175, 
145, 187, 119, 111; and p=5512, 1886, 1100, 784, 608, 360, 252, 208, 140, 100, 
88, 56, 86; and b=105 in each case. 


M. A. GruBER, A. M., War Department, Washington, D. C., finds the 18 
sets of values as given above, and refers to the full explanation of finding these 
results as given in his paper on ‘‘Integral Sides of Right Triangles,’’ pages 106— 
108, of Vol. IV, No. 4 (April, 1897), of Monruty, where the problem, ‘‘Given 
one of the legs of a right-triangle of integral sides to find the other leg and the 
hypotenuse,’’ is fully treated. 
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A. H. Bet, Hillsboro, Ill., finds the 18 sets of values, and deduces the 
general rule for finding the same from the principle shown in his solution of 
Problem 31, page 363, Vol. II, of Monruiy. P.S. Bera, A. M., Principal of 
Schools, Larimore, N. D., sends a good solution finding the 13 sets of values by 
the method of solution No. I, of the problem last referred to. 

Witttam Hoover, A. M., Ph. D., Ohio University, Athens, Ohio, solves 
substantially as in Solution I, above, but as he did not carry out the work far 
enough to give all the results, we adopted the phraseology of the Proposer. 

Also excellently solved, but without determining the fudl sets of results, 
by Orro Ciayton, A. B., Remington, Ind.; J. O. Manonry, B. E., M. 8c,. 
Lynnville, Tenn.; and O. W. AntHony, M. Sc., Instructor in Mathematics in 
Boys’ High School, New York City. 


AVERAGE AND PROBABILITY. 


56. Proposed by B. F. FINKEL, A. M,, M. Sc.,Professor of Mathematics and Physics, Drury College, Spring- 
field, Mo. 


Find the chance that the center of gravity of a triangle lies inside the triangle 
formed by three points taken at random within the triangle. [From Walliamson’s Integral 
Calculus. | 


Solution by HENRY HEATON, M. Sc., Atlantic, Iowa. 

Let D, E, and F be the middle points of the respective sides of the trian- 
gle. Then O, the common intersection of HD, BE, and CF, is the center of 
gravity of thetriangle. Suppose that the first point 
is somewhere upon the line OJ, and the second 
somewhere upon the line OG. Put DI-=a and DG 
=y. Then the favorable positions for the third 
point are upon the surface OK'H, whose area is 


( 4a AY ) 
d \ a+6z a+ Dy 


y being less than x, and less than 2a. 

If LD=y, and the second point be upon OZ, 
the favorable positions for the third point are upon the surface OK AMO, whose 
area 1S 


—— _ Ay 
3 \ a+ ba a+ by ), 
If FN=y and the second point be upon the line ON, the favorable posi- 
tions for the third point are upon the surface OK APO, whose area is 
A Aa 4y ) 
of pT 
3 ( a+ 6x : a+6y /° 
If G be taken between J and C, H will fall between F and K, and the fav- 
orable positions for the third point will be upon OHK, whose area is 


DO 


A ( Ay Ax 
38 Vat6y  a+6z ) 

The chance that the first point falls upon the element of surface at OL 
is (A /3)(da/a)/A=dx/8a. 

The chance that the second falls upon the element of surface at OG or OL 
is dy/3a. The chance that it falls upon the element at ON is dy/8c. 

The chance that the third point falls upon any surface Sis S/A. 

Hence if the first point be confined to the surface DOC and the second to 
surface CF’B, the required chance is 


=a Ll, So (ena ets, I (ae ae) 
PL = Te 0 %o \a+6e a+by dady + 0 Y 0 a+by a+ 6a dyda 


| 6) | SS, ete) 
+f" se (at a+ 6y dudy |+ 9775 see: “f° a-- eat! c+ by dady. 


By combining symmetrical expressions this reduces to 


i =salL f° Ss (andy — “f* J (— dyad 
SO SS (creado ]+ are ITSP (alow 
SoS, alae SOS) ety ] 
saa lL, G ~ — 0-4 ta(7) | 


O7ae | f 3 ic ("| de J 2a (.! a ltyt ie aw | 


= )j3,;++$ylog2. Since this is independent of a, b, and c, it is evident that if 

the second point had been allowed to occupy all positions on both sides of CF, 
the result would have been twice gs great, and if the first point had been allowed 
to take all positions instead of being confined to DOC the result would have been 
six times as great. 

Hence the required probability is P=12P, =}3 +,1,$,log2=,), [138+ 4,%log2] 
= 20618. 

ReMARK. In integrating the expression marked *, I reversed the order 
of integration. Thus, 


SOS (aaa Se ST (aradorrn Se (Asa )ea 


[The result given in Williamson’s Calculus is (2 +4/log4. Epitor.] 
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57. Proposed by G. B. M. ZERR, A. M., Ph. D., President and Professor of Mathematics in Russell College, 
Lebanon, Va. | 


A chord is drawn through two points taken at random in the surface of acircle. If 
a second chord be drawn through two other points taken at random in the surface, find 
the chance that the quadrilateral formed by joining the extremities of the two chords 
will contain the center of the circle. 


I. Solution by the PROPOSER. 

Let M,N be the first two random points; AB the chord through them; P, 
( the second two random points; C, PD the chord through them; and O the center 
of the circle. Draw OH, OK perpendicular to AB, CD. 

Let AO=r, AM=w, MN=2z, CP=y, PQ=z, 
LAOH=0, /COK=q, £AOC=7, and u=the angle 
AB makes with some fixed line. 

Then AH=rsiné, CkK=rsing; an element of the 
circle at Mis rsinéd0dw; at N, duadz; at P, rsingdgdy ; 
at Q, djzdz. The limits of 0 are 0 and 37; of pg, 0 and 
0, and doubled ; of ¥, ~—20 and z, and doubled; of yp, 
QO and 27; of w, 0 and 2rsind=s; of 2, 0 and w, and 
doubled ; of y, 0 and 2rsing=v; and of z, 0 and y, and 
doubled. Hence, since the whole number of ways the four points can be taken 
is 7478, the required chance is 


=. “s. Ss" ad. s. J J. s rsinddérsin pdgdyf-dudwadedyzdz 
iar 7 Qr Ss w v 
a “ys. J. J. S S J sindsingdodqpafdjeduerdey? ay 
7 Wr =*s Ww 
indsint@ds . eda 
=saoS. s. SUS. J, J osin sintgdbdgd fdudwada 
Jf fF sindsins pas 
= 1 in4 ; 2 
= sat. S. od, J sin sint pdéd@di-dyw? dw 
956 (3 (8) tm on ° 
=o74 f f f sintésin4t pdidgdy-dyu 
J mt 9 0 17-20% 0 


_— ole “¢ f 
— O78 0 0 


1w—20 


iw 7] 
sin4tJsin* pdédgd p= ea) f (sin4@sin4 pdid@ 
9773 0 0 
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= wat Ce 34sin#cosd —2 dsin? Gcosf)sin4 dé = 5. 
(27? 


II. Solution by HENRY HEATON, M. Sc., Atlantic, Iowa. 


Let A and D represent the positions of the first and third points, and sup- 


en 
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pose the second and fourth to be taken somewhere upon the lines BC and EF, 
respectively. 

Put OC-=a, OA=r, OD=y, ZOAC=0, ZIOC=¢, ZODK=y;, and 
/ KOF=@. 

Tnen acos¢=xasind, and acosw=ysin/. 

If either # or F is upon the arc HG, the quadri- 
lateral formed by joining the extremities of the chords 
will contain the center of the circle. 

Since the arc [7G =the arc CB, the probability of 
this is (¢+ @)/7. 

If «>0 and <a the chance that the first point is 
taken between x and «+dz is 2axdx/a? a=2rdx/a?. 

If y>O and <a the chance that the third point is taken between the dis- 
tances y and y+dy is 2ydy/a?. 

If 0>0 and <37 the chance that the second point is taken between the 
line BC and a second line making at A the angle dé is 3(AC*+AB?*)d0/ta? a 
==2[ a? +a? (1—2sin?0)]d0/a? w= 2(1—2cos? 64 cos? dcvsec?/)d0/7, 

If #>0 and <7 the chance that the fourth point is taken between the 
line EF and asecond line making at D the angle d# is 2(1—2cos? @+ cos? wcosec? 
pdf a. 

If we suppose @ constant whilewand ¢ vary, «dx =—a?’sin¢cos¢cosec? Ad ¢. 
When «=0, ¢=37, and when x=a, 6=3a2—0. Hence the limits of integration 
for @ are t7—O@ and 37, If we integrate first with respect to @, the limits for 64 
are $x—@ and 27, while for ¢ they are 0 and 37. 

In like manner we may substitute —a?sinwcos@cosec?yda for ydy and 
integrate between limits 47— @ and 37 for 7, and between 0 and 47 for o, 

Hence the required probability is 


16 (CF 
r= oS, SSS 
a 0 0 in—o 


(1— 2cos? 9 + cos? w cosec? y:)sin dcus¢cosec? fsinw cos@ cosec? f'ddd@d Ady 


_ 206 a (d+ )sin‘ dsint woddda@ 
Dm Jo Yo 


us 


ys 


J (6+ a)(1— 2cos? ¢4+ cos? ¢cosec? 4) x 
bn —@9 


_ 4 Jf “(12064322 + 16)sin‘ ddg@=$+4 (8/37?) =.77019. 
0 
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MISCELLANEOUS. 


55. Proposed by J. M. COLAW, A. M., Monterey, Va. 


Multiply 6 by 4. Is the problem legitimate when both symbols represent pure num- 
ber ? 

[Notrs. ‘‘A measured or numbered quantity may be divided into a number of parts, or taken a 
number of times; but no number can be multiplied or divided into parts.’’—McLellan and Dewey’s Psy- 
chology of Number. ‘‘The astounding thesis is maintained that number is not a magnitude, does not pos- 
sess quantity at all, and that ‘no number can be multiplied or divided into parts’.’’—Lefevre’s Number 
and Its Algebra. | 
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I. Comment by DAVID EUGENE SMITH, Ph. D., Professor of Mathematics, Michigan State Normal School, 
Ypsilanti, Mich. 


This question seems to me to have no interest to mathematicians. It sim- 
ply means that somebody has set up a narrow definition of multiplication and 
has then said, ‘‘ Your work is not multiplication because it does not fit my defin- 
ition.’? [expressed ny humble opinion in the MonTHLy some time ago when the 
antiquated definition of division was brought up to prove that it was impossible 
to divide $10 by 2. Such narrow limitations seem to me utterly nonsensical. 

In a similar sense we cannot multiply by —1, and we cannot have ‘‘imag- 
inary numbers,’’ and | is not a number, etc., etc. Mathematical progress has 
always been made the more difficult because somebody has insisted on hanging 
on to some antiquated definition. 

What do these people who say that we cannot multiply 2 by 3 say to some 
such simple formula as e"™’=—1? I suppose they say that e, 7, i, and —1 have 
no existence. 


II. Comment by G. B. M. ZERR, A. M., Ph. D., President and Professor of Mathematics, The Russell College, 
Lebanon, Va. 


There may be a modern idea that since neither 6 nor 4 is a numbered 
quantity, the operation is impossible. If it were possible to get the evidence of 
all the mathematicians, I am sure not one could be found who did not learn his 
multiplication table, in fact, get his aptness in numbers by the same process as 
given in the problem. There may be some who claim otherwise but I would ev- 
en doubt their claim. 

6x 4==24 is good arithmetic. It seems a pity that vandals should make 
incursions upon the sacred shrines of Newton, La Place, Pierce, and other noted 
men of numbers, and so desecrate their immortal works, as to try and mistify 
their teachings. The God of Mathematics will not permit it. 


III. Remarks by J. K. ELLWOOD, A. M., Principal of the Colfax School, Pittsburg, Pa. 

Do 4x6=24? Can 6be multiplied by 4? Six what? If 6units of 
quantity, yes; but if not a magnitude,—well, what then isit? ‘‘Six’’ apart 
from the universe of space, time, and matter, suggests to the mind—what? The 
‘‘how many’’? The ratio of the ‘‘how many”’ to the unit? Six in the abstract 
—a pure number—can not, in an arithmetical sense, be multiplied by any ab- 
straction. In an algebraic sense, 4x 6=24, just as xxa-=a2?. That is, we oper- 
ate with symbols, neglecting the realities represented. If two abstract numbers 
can be multiplied one by the other, why not two concrete numbers, as feet x feet 
—=square feet ? 

42. Proposed by E. B. ESCOTT, Cambridge, Mass. 
To find triangles whose sides and median lines are commensurable. 


II. Solutions communicated to ‘L’ Intermediaire des Mathematiciens’’ (January, 1898) by the PROPOSER. 
Selected and translated by J. M. COLAW, A. M., Monterey, Va. 


First Solution. By Chas. Gill (New York, 1848). 

e=t{1—(cosA +sinA)(cosb+sinb)], y=t[cosB—sinB+ (cosA —sinA)(cosB 
+sinB)], z==t[cosdA—sindA + (cosB—sinB)(cosA +s8inA), whence there exists one 
of the four relations following: 
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tan} A=(16+13sinB—8cosB— 5sin2B—2sin? B)/[(2+sinB + 2cosB) 


(5+ 4sinB—4cosB)]...... (I) ; tan} A =[(1—sinB)(5—cosB+ 4sinB)]/[(sinB 
+cos6)(1+8cosB—sinBb)]...... (II) ; cot} A =—(16—18cosB + 88sinB— dsin2B 
—2cos? B) /{(2—cosB—2sinB)(5+4sinB—4cosB)...... (III) ; cot} A—[(1+ cosB) 
(5+sinB—4cosB)]/[(sinB+cos2#)(1+cosB—dsinBb)]...... (IV). Letting, in for- 


mula (II), sinB=#, cosB=—3, then tan}A==—})., x==262, y=316, 2254, m= 
261, my=204, and m,—255. 


Second Solution. From The Gentleman’s Mathematical Companion, Lon- 
don, 1824, page 350. 
Let z=a+y—d, then 4m,?=2? —2ry+y? +2d(at+ y)—d?; 4m,?—4a? + 4ry 
+y?—4d(a+y)+2d?; 4m,? =x? + 4ay+ 4y? —4d(a4+y) +2d?. 
Let 422 +4ay+y? —4d(a+y)+2d?=(Q2+y—m)*; then x—(2d? —4dyt+ 
2nvy—m?) /(4d—4m), y= (2d? — 4dx + 4ma—m?)/(4d—2m). 
Let x? + 4ay4-4y? —4d(a+ y) +2d? =(a4+2y—n)?; then 2=—(2d* —4dy+2ny 
—n2)/(4d—2n) ; y=(2d? —4dx+2na—n?)/(4d—4n). 
a—[d? (4n—2m) + 2d(m? —n?) —mn(Qm—n)]/[4d(m+n)—6mn] ; 
y=[d? (4m—2n)— 2d(m? —n?)—mn)2n—m)]|/[4d(m+n)— bmn] ; 
2-4 + y—d—=—[2d?(m+n)—bmnd+mn(m+n)]/[4din+n)—6mn]. 
We may neglect the common denominator 4d(m+n)—6mn. Wethen have 
to satisfy the condition, 22? +2y?—z?==386d*(m—n)*? —24d3(m+n)(2m? — dmn+ 
Qn?) + 4d? (4m4+7m?n—389m? n? + Tmn? +4n4)—12dmn (m+n) (2m? —5mn + Qn? ) 
+9in?n? (m—n)? =a square. 
We have also =—{6d?(m—n)—-2d[(m+n)/(m—n)](2m? — dmn+2n?)—3mn 
(m—n)}?. 
Whence d=[38(m+n)(m—n)?]/(5m? — 8mn-+5n?). 
Letting m=3, n=2, d=13, +656, y=414, z—=290, 
M,~—=142, m,==463, m,—65629, 

m:=8, n=1, d=24, x=174, y=170, z—=186, 
M,=127, my=131, m,—158, 

m—=3, n=—1, d=48, r—=650, y=318, z—628, 
M,==3877, My=619, m,—404, 

m=5, n—4, d=-2, +=892, y=-504, 2—954, 
M,—=640, m,y==881, m,—569. 


[E. Fauquemberque says, (L’ Intermediaire, Mars 1897), that-Euler, at dif- 
ferent times busied himself with the problem of finding a triangle whose sides 
and medians are commensurable. His solution is reproduced in the Commenta- 
tiones Arithmetice collecte, t. Il, page 488. He gives formule from which may 
be obtained an indefinite number of triangles answering the conditions of the 
problem. He deduces, among others, the solution with the integers 68, 85, 87 for 
the sides. See pages 94-95, of Monruty, Vol. LV, 1897, for solution I, by M. 
Tesch. Eprror.] 
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PROBLEMS FOR SOLUTION. 


ARITHMETIC. 


———e 


90. Proposed by B. F. FINKEL, A. M., M. Sc.,Professor of Mathematics and Physics, Drury College, Spring- 
field, Mo. 


Find the greatest number of inch balls that can be placed in a box 10 inches square 
and 5 inches deep. 
91. Proposed by RAYMOND D. SMITH, Tiffin, Ohio. 
A barn 20 feet square is standing in a pasture, and a horse is tied to one corner of it 
with a rope 50 feet long. Over how much land can-he graze ? 
92. Proposed by J. A. CALDERHEAD, M. Sc., Professor of Mathematics in Curry University, Pittsburg, Pa. 


What rate of income doI realize by purchasing United States 4% bonds at 105 if I 
sell them in six years at 104 ?: 


x* Solutions of these problems should be sent to B. F. Finkel, not later than April 10. 


GEOMETRY. 


88. Proposed by FREDERICK R. HONEY, Ph. B., Instructor in Mathematics in Trinity College, New Haven, 
Conn. 


Prove that the volume of the frustum of a cone is equal to one-sixth of the altitude 
multiplied by the sum of the areas of the upper base, the lower base, and four times the 
area of the section midway between the upper and lower bases. 


89. Proposed by B. F. FINKEL, A. M.,M.Sc., Professor of Mathematics and Physics, Drury College, Spring- 
field, Mo. .. 


Describe a circle tangent.to three given circles. [From Chauvenett’s Geometry, page 
318, ex. 213. | 


90. Proposed by G. B. M. ZERR, A. M., Ph. D., President and Professor of Mathematics in Russell College, 
Lebanon, Va. 


The bisectors of the angles of the opposite sides (produced) of an inscribed quadri- 
lateral cut the sides at the angular points of a rhombus. 


x*y Solutions of these problems should be sent to B. F. Finkel, not later than April 10. 


CALCULUS. 


70. Proposed by J. OWEN MAHONEY, B. E., M. Sc., Graduate Fellow in Mathematics in Vanderbilt Univer- 
sity, P. O., Lynnville, Tenn. 


oO 
cosax aw 2, , _ 
Prove f x= ~i-— 2 go lgaica 7 
0 


where n is an integer, a is positive, and a igs e#/™ 
Is this correct ? Forsyth gives, on page 41, of his Theory of Functions, 
the integral 


2 n 
f cosaxdx — 5 S&S er tgaig 2-1 
~o iL+2?” 2b pay 
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71. Proposed by J. C. CORBIN, Pine Bluff, Ark. 


Form the differential equation of the third order, of which 
y=c,e* +¢,¢-*+¢,e7 is the complete primitive. 


72. Proposed by G. B. M. ZERR, A. M.,Ph. D., President and Professor of Mathematics, The Russell College, 
Lebanon, Va. 

A man has a park in the form of a parabolic segment cut off by a chord making an 
angle ~/4 with the axis. Within the park is a right angled triangular flower plat with one 
vertex at the center of gravity of the segment, the other vertex at the lower extremity of 
the chord, and the right angle on the diameter bisecting the chord. The park contains 30 
acres, and the perimeter of triangle in linear measure equals the area in square measure. 
Find the length of the chord, the latus-rectum of the parabola, and the dimensions of the 
triangle. 

**, Solutions of these problems should be sent to J. M. Colaw, not later than April 10. 


——— ee 


MECHANICS. 


64. Proposed by B. F. FINKLE, A. M.,M. Sc., Professor of Mathematics and Physics, Drury College, Spring- 
field, Mo. 

A cylindrical vessel, radius of vessel 7 and altitude h, is filled with water and rests 
on a horizontal plane. It is required to ascertain the maximum angle of elevation to 
which the plane may be raised without the vessel falling, allowing the coefficient of fric- 
tion to be such as to prevent sliding, and the water to overflow as the plane is raised. 


65. Proposed by G. B. M. ZERR, A. M., Ph. D., President and Professor of Mathematics, The Russell College, 
Lebanon, Va. 


The distance, parallel to the axis, from the mid-point of a chord to the arc of a par- 
abola is constant. Show that the center of gravity of all segments formed by the chord is 
an equal parabola. 


x*, Solutions of these problems should be sent to B. F. Finkel, not later than April 10. 


DIOPHANTINE ANALYSIS. 


62. Proposed by JOHN M. ARNOLD, Crompton, R. I. 


Find, if possible, four square numbers in arithmetical progression. 


63. Proposed by A. H. HOLMES, Brunswick, Me. 
Given 22 + y3 = 208 & 105498, to find four positive integral values each for x and y. 


64. Proposed by SYLVESTER ROBINS, North Branch Depot, N. J. 


It is required to take from the proper key suitable material and hastily construct a 
‘nest’’ of 10 or 15 prime, integral, rational trapeziums, each containing an area equal to 
the square root of the product of its four sides. 


65. Proposed by MANSFIELD MERRIMAN, Professor of Civil Engineering, Lehigh University, South Beth- 
lehem, Pa. ‘ 


Show that the number 1521 can be expressed in seven different ways as the sum of 
three perfect squares ? Can more than seven different ways be found ? 


yx*» Solutions of these problems should be sent to J. M. Colaw, not later than April 10. 
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AVERAGE AND PROBABILITY. 


61. Proposed by COL. CLARKE. 
A cube being cut at random by a plane, what is the chance that the section is a hexa- 
gon? [From Williamson’s Integral Calculus.] 
62. Proposed by 0. S. KIBLER, Superintendent of Schools, Middleburg, O. 


A bag contains any number of balls, which are equally likely to be white or black; 
one is drawn and found to be white. Show that the chance of drawing anether white one, 
the first ball not being replaced, is two-thirds. [From C. Smith’s Treatise on Algebra, page 
615.] 


x*y Solutions of these problems should be sent to B. F. Finkel, not later than April 10. 


MISCELLANEOUS. 


60. Proposed by S. HART WRIGHT, M. D., A. M., Ph. D., Penn Yan, N. Y. 

When the Sun’s declination is 28° 27’ 15’’ North=s , in what latitude will it shine 
on the north side of buildings during the first half of the forenoon, and on the south side 
during the other half, and what will be the length of the day ? 

61. Proposed by COOPER D. SCHMITT, A. M., Professor of Mathematics, University of Tennessee, Knox- 
ville, Tenn. 

The product of n numbers, each the sum of four squares, may be expressed as the 
sum of four squares in (48)”—l different ways. 


yx*» Solutions of these problems should be sent to J. M. Colaw, not later than April 10. 


NOTES. 


THE EVANSTON MEETING OF THE AMERICAN MATHEMATICAL SOCIETY. 


The second meeting of the Chicago Section of the American Mathematical 
Society was held at Evanston, Ill., on December 30th and 31st, 1897. The first 
session was called to order in the morning of December 30th by the chairman of 
the section, Head Professor Moore, University of Chicago. The following list of 
papers was announced : 

1. Independent computation of integrals involving the square root of a quadric 
or cubic expression. Professor Henry Benner, Albion College. 
2. Upon aruled surface of the fourth order mechanically generated. Dr. KE, 

M. Blake, Purdue University. 

8. Upon articulated systems. Dr. HE. M. Blake, Purdue University. 

4, On the cubic involution and the theory of elliptic functions. Professor Os- 
kar Bolza, University of Chicago. 

5, Approximate solution of a particular differential equation. Dr. James H. 

Boyd, University of Chicago. 

6. A note on reticulations. Professor Ellery W. Davis, University of Neb- 
raska, 
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7. Qn systems of curves depending upon a single parameter. Dr. L. W. 

Dowling, University of Wisconsin. 

8. <A generalized Legendre’s coefficient. Dr. James W. Glover, University of 

Michigan. 

9. Ona geometrical papyrus of the first century. Mr. Edgar J. Goodspeed, 

University of Chicago. 

10. Alternate processes. Professor Arthur 8. Hathaway, Rose Polytechnic In- 
stitute. 

11. Ona remarkable class of hyperspherical tetrahedra. Professor C. H. Hin- 
ton, University of Minnesota. 

12. Multiple totients. Mr. D. N. Lehmer, University of Nebraska. 

13. The determination of all ternary and quaternary symmetrical and alternat- 
ing collineation-groups. Professor H. Maschke, University of Chicago. 

14. On the solvability of groups. Dr. G. A. Miller, Cornel? University. 

15. Concerning the general equations of the seventh and eighth degrees. __Pro- 
fessor H. H. Moore, University of Chicago. 

16. Continuous Groups of Spherical Transformations. Professor H. B. Newson, 

University of Kansas. 

17. Normal forms of projective transformations. Professor H. B. Newson, Uni- 
versity of Kansas. 

18. Cantor’s transfinite numbers. Professor James Byrnie Shaw, Illinois Col- 
lege. 

19. A new kind of number. Professor James Byrnie Shaw, Illinois College. 

20. Twisted quartic curves of the first species and certain associated quartics. 

Professor Henry S. White, Northwestern University. 

Professor Moore stated that a paper from Dr. Dickson, California Univer- 
sity, reached him too late to be placed in the list. On account of the richness of 
the list of papers it was necessary to request the authors to be as brief as _ possi- 
ble in presenting them. Regardless of these efforts to save time, the sessions had 
to be very long in order to get through with the work in two days. 

As a whole the papers were of a high grade and furnished another index 
that we are moving rapidly towards higher types of mathematical activity. Itis 
to be hoped that this forward movement will keep pace with the improvements 
in our library facilities. Through the generosity of some of our largest libraries 
it is becoming possible to keep in fairly close touch with the progress in our sci- 
ence, even if one is removed from the library centers. 

One of the most pleasant features of the meeting was the fact that nearly 
all the authors of the papers were present and could thus present their own 
papers. It was also encouraging to see a number of mathematicians from a dis- 
tance who were not represented on the program. Among these we may mention 
Professor Ziwet, editor of the ‘‘Bulletin’’ of the society; Professor Markley, 
Michigan University ; Professor Skinner, Wisconsis University ; Professor Waldo, 
DePaw University ; Mr. A. C. Burnham, linois University ; Professor Winston, 
Kansas Agricultural College, etc. 
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In our country of great distances such meetings seem especially important, 
not only on account of the inspiration resulting from the close contact with those 
of similar pursuits, but also on account of the opportunities to correct erroneous 
impressions in regard to the relative importance of the various lines of investiga- 
tions. It is to be hoped that the future meetings of the Chicago Section will ex- 
ert a still stronger influence on Western mathematics in both of these lines. 


G. A. MILLER. 
Ithaca, N. Y. January 5, 1898 


EDITORIALS. 


_ Dr. Lovett’s article 9n Lie’s Transformation Groups came too late for 
publication in this issue. 


Through the courtesy of T. J. McCormack, assistant editor of the Open 
Court, we were enabled to present in the January number, a portrait of Leon- 
hard Kuler. A portait and biography of Kuler appeared in the November num- 
ber of the Open Court. 


We note with pleasure that our valued contributor Dr. G. A. Miller has been 
appointed instructor in mathematics at Cornell University. His work began the 
first of this year. The Cornell Era of Feb. 5th expresses high appreciation of 
the fact that Cornell has been fortunate enough to secure so valuable an addition 
to its Faculty of mathematical instructors. Dr. Miller is a young mathematician 
of great promise. In the summer of 1895 he went to Germany and spent one 
year almost entirely in working with Professor Lie, the following year he spent 
at Paris working with Professor Jordan. That Dr. Miller has done some very 
fine work in the subject of groups, is sufficiently attested by the fact that both 
Jordan and Picard have presented his communications to the Paris Academy 
of Science. 


BOOKS AND PERIODICALS. 


College Algebra. By Edward A. Bowser, LL. D., Professor of Mathe- 
matics and Engineering in Rutgers College, New Brunswick, N. J. 558 pages. 
Boston: D.C. Heath & Co. 

This work has become so far established in favor that it needs no special commen- 
dation from us. In matters, arrangement, and manner of treatment this book has num- 
erous good features. It has just been adopted as the text to be used in the new Cosmopol- 
itan University correspondence course. J. M.C. 


(1) Elements of Calculus. By James M. Taylor, A. M., Professor of Math- 
ematics, Colgate University. 249 pages. Boston: Ginn & Company. 
(2) Llements of Determinants. By Paul H. Hanus, Assistant Professor of 
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History and the Art of Teaching, Harvard University. 217 pages. Boston: 
Ginn & Company. 

(1) Prof. Taylor’s Calculus is a deservedly popular text-book. By reason of the 
many illustrations of the elementary processes of the Calculus, it is admirably adapted to 
the needs of those commencing the subject. Throughout the book many practical prob- 
lems are given, which serve to exhibit the power and use of the science, and to arouse and 
keep alive the interest of the student. Prof. Taylor’s Calculus has also been selected as 
the text in the Cosmopolitan University Course. 

(2) This well-known work, while suited to the needs of the class-room, is especially 
adapted to self-instruction. The first presentation of the subject is made with great 
simplicity, but as the student advances less attention is given to details. While the 
treatise is not voluminous, yet enough is given to show something of the powez and utility 
of determinants and the consequent importance of the study. J.M.C. 


Exercises in Choice and Chance. By William Allen Whitworth, M. A., 
Late Fellow of St. John’s College, Cambridge. Price, 6s. 1897. Cambridge: 
Deighton, Bell & Co. 

Prof. Whitworth’s book of 700 exercises includes hints for the solution of all the 
questions in his well-known work on ‘‘Choice and Chance,”’ with introductory chapters on 
the Summation of Certain Series, and a Greshan Lecture on Applications of the Laws of 
Chance. There are interesting notes on many of the solutions, and the collection of exer- 
cises illustrates nearly all the principles and methods arising in questions in probability. 
Those of our readers who are acquainted with the author’s charming little treatise on 
‘Choice and Chance”’ will note the appearance of the book under review with great 
satisfaction. J. M.C. 


Through Quadratico Equations. By Jos. V. Collins, Ph. D., Professor of 
of Mathematics, in State Normal School, Stevens Point, Wis. 8vo. Cloth. 
85+41 pages. Chicago: Scotts, Foresman & Company. 

In the publication of this Manual, the author has availed himself of the opportunity 
to present in an admirable way some suggestions for the study and teaching of Algebra. 
Dr. Collins Text-book of Algebra has been adopted in the State of Kansas and it was due 
to this fact that the publication of the Manual was made necessary. The Manual con- 
tains many historical notes of great interest in addition to much original matter. Dr. 
Collins is a strong advocate of the disuse of the cumbersome radical sign. See his article 
in Monraty, Vol. IT, No. 4. B. F. F. 


Analytic Functions. Suitable to Represent Substitutions. By Leonard 
K. Dickson, Ph. D. Quarto Pamphlet, 10 pages. 


The above is a reprint from the American Journal of Mathematics and was written 
while Dr. Dickson.was pursueing his coarse of mathematics in the University of Chicago. 


The Analytic Representation of Substitutions on a Power of Prime Number 
of Letters with a discussion of the Linear Group. A dissertation presented to the 
faculty of Arts, Literature and Science, of the University of Chicago for the 
degree of Doctor of Philosophy. By Leonard Kugene Dickson. 

This dissertation is on a subject in which Dr. Dickson is a recognized authority, 
both in America and Europe. In this thesis he has generalized the results in his article 
referred to above, and in this wholy original work Dr. Dickson has earned with great 
credit the honor that the University has conferred upon him, and that at an exceedingly 
early age, he being no older than twenty-two at the time he received his degree. 
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On Rational Quadratic Transformations. By H. W. Haskell, Ph. D., As- 
sociate Professor of Mathematics, University of California. 
This paper is contained in the Proceedings of the California Academy of Sciences, 
February, 1898. The Quadratic Cremona Transformation. By L. E. Diekson, Ph. D., 
Instructor in Mathematics, University of California. 


The American Monthly Review of Reviews. An International Illustrated 
Monthly Magazine. Edited by Dr. Albert Shaw. Price, $2.50 per year in ad- 
vance. Single number, 25 cents. The Review of Reviews Co., 13 Astor Place, 
New York. 


The March number of the American Monthly Review of Reviews is another achieve- 
ment in monthly journalism. The topics treated in this magazine are such as occupy much 
space in the daily press, but the Review is able to treat them more deliberately and ina 
more carefully adjusted proportion. No other illustrated monthly appearing on the first 
day of March will have so much as a reference to the De Lome letter, the Maine disaster, 
or the Zola trial in Paris; but these great themes of the hour are fully discussed in the 
Review’s pages. The Reriew’s readers expect to have them discussed there, so accustomed 
have they become to the essential qualities of timeliness and comprehensiveness in the 
‘‘busy man’s magazine.” 


The Open Court. A Monthly Magazine. Devoted to Science of Religion, 
the Religion of Science, and the extension of the Religious Parlament Idea. 
Kdited by Dr. Paul Carus; Assistant Editor, T. J. McCormack and Associate 
Editors E. C. Hegeler and Mary Carus. Price $1.00 per year in advance. Sin- 
gle copies, 10 cents. 

The December number (1897) contains biography of Lagrange, by Assistant Editor 
T. J. McCormack. The Frontispiece of this number contains an excellent portrait of that 
master mathematician. The Jan. number contains a biography and portrait of Laplace. 
Mr. McCormack has gone to a great deal of:trouble and expense in securing portraits of 
the great masters in mathematics, and it is probable that he can furnish, at a reasonable 
price, the portraits of most of these great men to any of our readers who may desire them. 
Other biographies and portraits will appear in future numbers of the Open Court. 


SOME ERRATA IN JANUARY NUMBER. 

Page 14, line 11, for ‘‘(2m—)’’ read (2m—1). 

Page 15, line 9, for ‘‘6/7”’ read 7/6. 

Page 17, line 13, for ‘‘Hewlett’’ read Woodmere ; line 15, for ‘‘forms’’ read form ; 
line 21, for ‘‘0.04—”’ read 0.04 +; line 22, for ‘‘+.18”’ read 8.18, and for 
“error+*” read error*; line 25, for *‘—2.0316+’’ read —3.0416+4. 

Page 22, line 20, supply .04 so as to read —3.04; line 22, for ‘‘—3.—04, +3.04. 

Page 25, line 14, im numerator, for ‘‘n?[a(n?—1)+1p]” read n?[q(a? —1)+2p] ; 
line-17, for ‘‘Then’’ read Take. 

Page 27, line 21, for ‘“‘horison’’ read horizon; in figure, join BM’, for ‘‘8’’ at 

' right read S’’ and supply Min M’ MM". 

Page 28, line 6, for ‘‘81° 386° 29”” read 81° 36’ 29"; the figure should be drawn 
so that ACB pass through M, and E should be on RFT. 

Page 29, problem 68, line 1, x should stand in index position with respect to a, 
and in line 2, the small plus signs should be raised to intermediate posi- 
tion, and where ‘‘k—1—1’’ occurs, last —1 should be lowered to line of 
these signs ; line 17, for ‘‘State University’’ read ‘‘University of Oregon.”’ 

Page 30, line 1 of No. 60, for ‘‘three’’ read six; line 2 of No. 60, for ‘‘five times”’ 
read five-half times, and for ‘‘three’’ read six. 
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NON-EUCLIDEAN GEOMETRY: HISTORICAL AND 


EXPOSITORY. 


By GEORGE BRUCE HALSTED, A. M. (Princeton); Ph. D. (Johns Hopkins); Member of the London Mathematical 
Society ; and Professor of Mathematics in the University of Texas, Austin, Texas. 


| Continued from January Number. | 


PRoposiITION XXXII. Now I say there is (in hypothesis of acute angle) a 
certain determinate acute angle BAX drawn under which AX (Fig. 33.) only at 


an infinite distance meets BX, and thusis alimtt in part 
from within, in part from without ; on the one hand of all 
those which under lesser acute angles meet the aforesaid BX 
at a finite distance; on the other hand also of the others 
which under greater acute angles, even to a right angle rn- 
clusive, have a common perpendicular in two distinct points 
with BX. 

ProoFr. First it holds (from Cor. II. after Propo- 
sition XXIX.) that no determinate acute angle will be 
the greatest of all drawn under which a straight from the 
point A meets the aforesaid BX at a finite distance 

Secondly, it holds in like manner that (in hypoth- 
esis of acute angle) no acute angle will be the least of all 
drawn under which a straight has a common perpendic- 


Fig. 33. 
ular in two distinct points with BX ; since indeed (from what precedes) there can 
be no determinate limit, such that there cannot be found, under a lesser angle 
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constituted at the point A, a common perpendicular in two distinct points, which 
is less than any assignable length R. 

And hence follows thirdly, that (in this hypothesis) there must be a cer- 
tain determinate acute angle BAX, drawn under which AX so approaches ever 
more to BX, that only at an infinite distance does it meet it. 

But further that this 4X is a limit in part from within in part from with- 
out of each of the aforesaid classes of straights is proved thus. First, it agrees 
with those straights which meet BX at a finite distance since it also finally meets ; 
but it differs, because it meets only at an infinite distance. 

But secondly it also agrees, and at the same time differs from those 
straights which have a common perpendicular in two distinct points with BY; 
because it also has a common perpendicular with BX; but in one and the same 
point X infinitely distant. But this latter ought to be considered demonstrated 
in Proposition XXVIII., as I point out in its corollary. 

Therefore it holds, that (in the hypothesis of acute angle) there will be a 
certain determinate acute angle BAX, drawn under which AY only at an infinite 
distance meets BX, and thus is a limit in part from within, in partfrom without ; 
on the one hand of all those which under lesser acute angles meet the afuresaid 
BX at a finite distance ; on the other hand also of the others which under greater 
acute angles, even to a right angle inclusive, have a common perpendicular in 
two distinct points with BX. Quod erat ete. 


|To be Continued. | 


ON THE BEST METHOD OF SOLVING THE MARKINGS OF 
JUDGES OF CONTESTS. 


By F. R. MOULTON. 


The fact that many different methods are in use for deciding from 
the markings of judges the relative standing of the participants in oratorical and 
similar contests, and that several different methods have been stated to be the 
best by Professors of Mathematics in some of our colleges, may be taken as the 
excuse for this paper. It is questionable whether such a problem can be solved 
by perfectly rigorous mathematical processes, but it has seemed that a method 
similar to that of Hagen in the theory of probability may be applied with 
advantage. Let us agree to adopt the following hypotheses. 

(1) The judges mark each contestant independently and by the same scale. 

(2) There is a true marking for each contestant as compared to a fixed 
ideal. 

(3) The deviation of each judge’s markings from these true markings, are 
the result of a very great many influences, such as, the inherited inclinations re- 
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sulting from the entire experience of the judge’s ancestry, the judge’s own ex- 
periences, his business or profession, health, etc., etc. 

These influences will have different degrees of importance. Let us select 
aunit in terms of which all the influences acting upon every judge can be ex- 
pressed. Then we shall consider that an influence whose importance is k times 
the unit influence is equivalent to & unit influences working together. With this 
understanding the whole number of influences is some large number, uw. The 
coefficients of those which do not operate in the case of particular judges are zero. 

(4) In the long run the unit influence will be just as liable to cause the 
judge to err in one direction as the other. (This-is plainly a pure assumption 
but is the only one that can be made. ) 

Let us now consider the question in two parts ; first, an investigation of 
the law of distribution of errors, and second, the best way of eliminating their 
influence. 

I. Investigation of the expression for the probability of the existence of an er- 
ror of a given magnitude. 

By hypothesis (4) the probability that a unit influence will give a positive 
error is p-=3, and negative q=#. 

Then all possible combinations of positive and negative errors is given by 
the terms of the expansion 


(1) (p+q)"—-1=2 


yi it 
mini? 4 
where m+n-==u. The general term is 


r M Mp 
(2) Pu Ty Pd 


mila 
which is the probability of m positive and n negative errors. By Stirling’s theorem 
jelenpl oe My Qa, 


Therefore (2) becomes 


ym (AEY (AY et CEN oe 
rT n Jy (2m) om r Vv Qrupqy 
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We now find what values of m and n make 
to n—1 and n+1 successively in (2) we have 


»&@maximum. Changing 2 


( mn re ae mt 1injn—- 1 — a 
mn } Vn ~~ (mt1)! m—1)! ped =, m+ q 
| a a! m—ignt1—— om _ 7 7 
ptm =Goprmaiy Pf Dn ET p 


If 7, isa maximum 7,>T,.:. Therefore 


: n pi. 4 
6) / aor q and 1> 


mq 
n+I1p 
m+n—yp and q==1—p. 


Kliminating n and q we have 


M—-m ~~ =p m l—p 
1 > 
7 m+l1 1—p and 1> M—m+1loop - 


This may be written 


m 1 m 
m/e>p+———__-— ——— and m/u<p+———.... 

(OPT Ta atl (ESP TED) 
Hence as yu increases we have more and more nearly m—yp and similarly 
ng or (up/m)=1 and (Mg/n)=1. 


Substituting these values in (38) we have 


T,(max)=G = a and 
V 27upq 
—_ af #P yn" uq yn 
(6) T= a m ( n 
Let Gri, be the value which 7,,,; takes for m=sp; nq. Therefore, 
(7) 


Gn i=—G[14+ (l/m)]—-™—" 4[1-—(/n) Jom ts, 
Since we always have |1| <m we have 
[1+ (1/m)]—-™—"2==e( mls )log rl/m) —el[(-m—1l—3),m] +[ (ml? +18 +51?) /(2m?)] 


Substituting in (7) we obtain 


(PE B4EP V1 --1-33P 
| Gy_a= Gel 2m mat tt gg tg ee 
(8) 
| — L  -b4ap —P—l P4312 
| Gur Geel ae oa Bop ete 
The number of positive errors in Gp_; is 
up+land negative wq—l. In Gz; the positive are 
(2) 


p—l and negative wqtl. 


By our hypothesis (4) p=q==?. Then we get from (8), neglecting terms 
higher than the first order in 1/y. 


71 


(10) Gn—1—=@ni=Ge"/t- 
Suppose that the absolute value of the error produced by a unit influence 
is a, then the errors in this case are by (9), 


tenant 
(11) 


(tu—l)a—(tu+la=—2la=—x,. 


Increasing | by unity increases the right side by 2a—Avz, a very small 
quantity from the nature of the problem. From 2a—Az and (11) we have 


(12) —=a/ A. 


Hence (10) becomes 
(13) Gn 1= Gn Ge7 17 /TGW) A2*]} 


We may, without loss of generality, suppose @ and consequently x to be- 
come indefinitely small, and at the same time yu will become indefinitely great. 
The absolute value of one unit error is 3A, and if they are all of the same char- 
acter their sum, “(A2/2), which is the maximum error possible, becomes from 
the nature of the problem an indefinitely large quantity. Hence (4)( Ax)? equals 
a finite constant, say, 1/h?. Then we have 


(14) GE(h/y/ ada 


when Az becomes dz. This is the probability of the error zero. Substituting 
in (13) we have 


(15) Gn—1= Gn p= (h/V/ we" da=px, 


which is the probability of an error with the magnitude x. This is the well- 
known probability formula. 

II. The method of obtaining the most probable standing of each contestant. 

Let w,, We..... w, be the markings given to a contestant by the respec- 
tive judges. [et z be the true marking which the contestant deserves. 

Let z—w,=€, 5 2—We==fy ..... Z—Wn=€,. Then by (15) the probability 
that the error ¢; will occur is 


The probability that the errors €,, €,..... €, will occur together in one 
marking of each judge is, 


n —_ p2 2 2 2 
(16) P==pé,.p&.. ...pen= h Miley bee +... + en de, de,...dé, 


—=-—_—___—.  ¢ 
(y/m)y” 
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The most probable value of z is that one which will make P a maximum. 


P is a maximum when (¢€,2?+é@?+...... é,*) 18 a minimum; or, by equating to 
zero, the first derivative, when €,+é&,+...... é,=—0. That is when z—w,+z—- 
Waot...... Z2—W,=—0. Solving for z we find 

(17) 2—=(w,4-wet...... Wn)/N. 


Hence it appears that in the long run the best way to solve the markings 
of judges of contests is simply to take the arithmetical means of the markings 
when the merits of the contestants are compared with ideal standards. 

The methods for successive approximations have already been discussed 
in this journal. 


The University of Chicago. 


A METHOD OF DEFINING THE ELLIPSE, HYPERBOLA AND 
PARABOLA AS CONIC SECTIONS. 


. By W. W. LANDIS, A. M., Professor of Mathematics in Dickinson College, Carlisle, Pa. 


ABC is a right circular cone, the angle at the vertex being 2a. DFG isa 
plane section making an angle @ with the axis of the cone. Take D as the ori- 
gin, DH as the axis of z, and a perpendicular through J as the axis of y. We 
seek to find a relation between z and y, the parameters being g(= AD) and a, and 
the variable parameter @. In the circle BGC, y?= 
(akb)c=ackbe...... (1), where a= BL, b=LAH, and 
c=HC. In the isosceles triangle DLC, x? =d? —=be 
Lees (2), where d=DC=DL. Adding (1) and (2), 
w= +ty?=actd?...... (3). 

Now c=xsiné+ dsina, 

d=xcos#seca =xcos#/cosa, and 
a=2gsing, 

Making this substitution we get 


> 9 gos? A , ; cos@sina 
oe? + y? =x — +2gsina] xsin 6 +¢%———_—- 
cos? a cosa 
or 2° E 008" ar ? —2gzrsina[sin#+ cosftana]=0 4 
cosa y g na|=0...... (4) 


which we may write 


9 sin? d— sin?a 
x ar Ce ee 
1—sin’ a 


Jey —2gzsina[sinfé+cosftana]=0 ...... (5). 
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Now if G=a, the plane then being parallel to one and only one element, 
(5) reduces to y?—4gasin? a=0, a parabola of latus rectum =4gsin’ a. 

If (>a the section cuts all elements and the coefficients of x? and y? are 
both positive, and we have an ellipse whose center, axes, and eccentricity are 
readily found ; and in particular if (=90°, the section is parallel to the base, the 
coefficients of 7? and y? are unity and we have a circle, whose center is (gsina, 0). 
If 6<a, the section cuts both nappes, the coefficients of x? and y? are of unlike 
sion and we have a hyperbola. 


sin?a—sin?6 
Cos? a 

comes y=0, a straight line, the limit of the parabola. If #<a, (6) represents 
two real straight lines, the limiting case of the hyperbola. And if 6> a, (6) rep- 
resents two imaginary lines intersecting in the real point (0, 0), which is the lim- 
iting form of the ellipse. | 

The equations (5) and (6) show the dependence of the nature of the conic 
sections upon the angle which the cutting plane makes with the axis, and the de- 
pendence of their shape upon the angle of the cone and the distance from the ver- 
tex to the first element cut. 

ReMARK 1. If the section be a parabola, the foot of the perpendicular 
from the middle point of the line throngh D parallel to BC, upon DH, is the 
focus. 


If g=0, (5) becomes y=tn,] ..(6). Now if =a, (6) be- 


REMARK 2. The eccentricity of any conic section is €=[cos#/cosa]. 


NEW AND OLD PROOFS OF THE PYTHAGOREAN THEOREM. 


By BENJ. F. YANNEY, A. M., Mount Union College, Alliance, Ohio, and JAMES A. CALDERHEAD, B. Sc., Curry 
University, Pittsburg, Pennsylvania, 


{Continued from November Number. | 


LXX. Fig. 31. 

AEM—ACB of AEHC. 
MOL—ACB—ADK+DKBC==BH1+DKBC. LOI=BEK. 
-, ABLM -c= BCDF + AEHC. 


LXXI. Fig. 31. 
AMPQ-— AMOC =~ AEHC. BLPQ-< BLOC <= KCDF. 
~. ABLM -~- BCDF+ AEHC. 


LXXII. Fig. 81. 

MTE=—BSF. .. BS=MT. .. AMLB-c=2AMTS. 

But AMTS -<- EAC+FBC; since MTE—BSF, and AEM=ACB. 
+, QAMTS =-c=2BAC+2FBO-c- AEHC+BCDF. 

+, AMLB-— BCDF+ AEHC. 
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LXXIII. Fig. 31. 
ABVU== ABHW. UVLM-c=2MLH -—-2M0L4+2LOH-~- HEW+ 

ACB+2FBC( =c= BCDF). 
-, ABLM <= BCDF+AEHC. 


LXXIV. Fig. 31. 
ABLM <= CZYX—AACB. 
BCDF+ AEHC=OLZH+ AEHC =< CZYX 
—2MOLY == CZYX—4ACB. | 
-, ABLM -— BCDF+AEHC. 


Notrr.—This proof is similar to that of Henry Boad’s, London,1733. 
LXXV. Fig. 32. 
ANML => 2ACL=2AFB-— AFHC. 
NMEB => 2BCK -— BCDE. 
*. ABKL =~ BCDE+ AFHC. Wipper. Fig. 31. 
LXXVI. Fig. 32. 
Since EC produced to O passes through the center of ABKL, ABQO =< 


tABKL. Now, APCO <> CAF, since ACO=AFP; PBQC-=<=CBE, since 
BCP= BEQ. , ABKL-C- BODE + AFHC. 


LXXVII. Fig. 32. 
LVDK=AFHB. Then, AVL—=BEK. 
'. ABKL=c= BCDE+ AFHC. 


LXXVIIL. Fig. 32, 
ABKL =< STUL—2ASF—3FHT—AFHB. 
BCDE + AFHC -—> STUL — 2ASF~3FHT— 
LVDK(=AFHB). 
+, ABKL-c= BOCDE+AFHC. 


LXXIX. Fig. 32. 
 ABXW -c= ABEV -—= BCDE. 
WXKL=c= VEKL-<= AFHO, since VED= 
it ABC, and VDKL=FHBA4. 
Fig. 32. ~. ABKL=<c= BCDE+ AFHC. 
LXXX. Fig. 33. 
AOML == ANCL -<~2ANC =< AFHC. 
OBKM == 2BCK <= BCDE, since SK, the al- 
titude of BCK, =BC. 
_ ABKL <= BCDE+ AFHC. 


LXXXI. Fig. 33. 

AOML -c= 2ACL=2AFB —<— AFHC. 

OBKM == BKCN == 2BCN =c= RCDE. 
-- ABKL =< BCDE+ AFHC. 


LXXXII. Fig. 33. 

QTCS=PFNE. 

ATL+LQK+ KSB=APB+CDN+NHC. 
', ABKL-c= BCDE+ AFHC, 


|To be Continued. | 
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SOPHUS LIE’S TRANSFORMATION GROUPS. 


A SERIES OF ELEMENTARY, EXPOSITORY ARTICLES. 


By EDGAR ODELL LOVETT, Princeton, New Jersey. 


V. 

INTRODUCTION OF NEw VARIABLES IN A ONE PARAMETER Group. LIk’s 
SYMBOL OF AN INFINITESIMAL TRANSFORMATION, CANONICAL Form AND CANONI- 
CAL VARIABLES OF A ONE PARAMETER GROUP. 

1. A point transformation has been defined to be an operation by which 
a point (2, y) is carried to the position of some point (a,, y,). If this operation 
is applied to all the points of the zy-plane simultaneously, we have a point trans- 
formation of the plane into itself. Such an operation has been represented anal- 
ytically by two equations of the form 


r= Pe, y), yy =a7(, 9), (1) 


where x, y represent the original points and «,, y, their new positions after the 
transformation has been effected, and where finally the fractions @m and y are in- 
dependent analytical functions. By introducing a parameter a into the equations 
(1) they will no longer represent a single transformation but an infinite number 
of transformations forming a family of % ' transformations given by 


T= GU, Y, a), Yy=I/(@, Y, 2). (2) 


If now this family contains the inverse transformation of every transformation in 
it and the family possesses the property that the successive performance or prod- 
uct of any two transformations of the family is equivalent to a single transforma- 
tion belonging to the family, the equations (2) are said to define a one parameter, 
finite, continuous group of transformations. 

The reader will observe that the transformation (1) could have been rep- 
resented by tne equations 


r,==p(r, ), ,=0(", 0), (3) 


where r, 4 are the polar coordinates of the initial position of the point and 7,, 0, 
the coordinates of its final position, the functions p and o being independent an- 
alvtical functions. Similarly the one parameter group of transformations (2) 
could have been represented in polar codrdinates by the two equations 


r,==plr, O, a), 0,==0(", 0, @), (4) 


where @ is a parameter. Hence we see that the operation (1) and the group 
property of the family (8) are independent of the codrdinate system to which the 
points of the plane are referred. Accordingly, if in the equations 
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t= Plz, y,t), y=, y, (5) 


of a one parameter group new variables %, y, «,, y; are introduced, where 


wa=l(a, Y); y=HM(a, Y), 
7 7 (6) 
2y—=A(a,, V1); yr MX, Yi)s 
the new equations 
t,==O(x, YU, t), y,—= Ya, Y, t) (7) 


obtained from the original ones (8) by these substitutions (6) will also represent 
a one parameter group. 

Thus for example, it is easy to show that the » ' transformations given by 
the equations 


My 
represent a one parameter group, for if (w,, y,) be transformed into (x, y,) we 
have 
_ 1 
Ta=Xy~tbh, Yor x +t,” (9) 
Kliminating the variables (z,, y,) from the equations (9) by means of the equa- 
tions (8) we find 
ty=xt(t+t,), Yo=—— i — 
20 1/) ve c+ tt, ) ° 
These last equations prove that the family (8) is a group, since they rep- 
resent the product of two transformations of the family and are of the same form 
as the defining equations (8) of the family. 
Now let us introduce new variables x, y into the equations of the group de- 
fined by the equations 


ea/Y, — y=2Y; (10) 
then putting 


y= 2,/Y yy) ya = 811, (11) 


and eliminating x, y, x,, y, from the equations (8), (10) and (11), we have 


~ (tt)? G/a5+? 
7 — — ) 
LY Y (12) 
Wi tyy - 
The point (a, y) is carried to the position (z,, ¥,) by the transformation 


(12) of the family (12), and a transformation corresponding to the parameter t, 
carries (7,, y,) to the position (x,, y,), say, where 
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— ars yy tt)? 
Y2— = 


3 


(13) 


The elimination of %,, y, by means of the equations (12) and (13) gives, 


~ GQ’ ayttt+t,) 
Ag 


y 
(14) 


yo= 


the equations of the transformation of the family (12) which carries the point 
Ca, y) directly to the position (z,, y,); the form of these equations shows that 
this transformation belongs to the family ; hence the family is a group. 

2. The reader will recall that we have established in preceding sections 
Lre’s theorem relative to the connection between the notions infinitesimal trans- 
formation and one parameter group. This relation proved to be a one-to-one 
correspondence of such an intimate relation that the infinitesimal transformation 
of a one parameter group may be taken as the complete representative of the lat- 
ter without loss of generality or property. In order to make the fullest use of 
this equivalence of notions Lire has devised a very convenient symbol for an in- 
finitesimal transformation. This symbol is readily constructed as follows: 

Let the finite equations of the group be 


Ti ==P(X, y, 1), Yr=VG, y, bt); (15) 
and those of its infinitesimal transformation be 
w—=€, FEE, Y,)Ott...... » YY +m@y, yy )Ot .... ; (16) 


and let the identical transformation of the group correspond to the zero value of 
the parameter t. 

By virtue of the infinitesimal transformation (16), x, and y, receive the 
increments 


6x,=-E(4,, y,)Ot, Sy, =(z,, y,)6t. (17) 


The increment which an arbitrary function f(z,, y;) receives by this infin- 
itesimal transformation is found by substituting these values (17) in 


Of(%,, Y4) 
Oy OU 


€ 1 


Of 


1 


a Of(X 4, Y1) 
ar, 


to be 


Of(a,, 1 Of(x,, 1 
0/4 ={6Q,, V1) et Ya) MX, V1) J pl jt; 
q 


e 
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since f(x,, y,) becomes f(z, y) when t==0, we have for the increment of the func- 
tion f(x, y) 


. a af 
of={S(e, yg tne, y) 9 Ot (18) 


Conversely, when the increment which an arbitrary function receives by 
an infinitesimal transformation is known, the infinitesimal transformation itself 
is known ; for putting f=z, (18) becomes 


Ot==E(x, y)dt ; 
and putting fey, 
Ot==(&, y) Ot. 


Hence instead of defining an infinitesimal transformation by means of two equa- 
tions (16) it may be characterized by the expression 


which is equal to the quotient of the increment of an arbitrary function f(x, ¥) by 
the infinitesimal transformation divided by ot. For this reason LIF adopts the 
symbol 


of of of 
Uf=-5, =o, yg tI, Nay (19) 


as the symbol! of the infinitesimal transformation (16). 
If we replace f(x, y) by # in this expression we find Ux= , and if we put 
y for f we have Uy 7, hence the symbol may be written 


Uj= Ur. n+ Uy 1-5" (20) 


3. The question arises—How is the form of this symbol (19) affected by 
the introduction of new variables? The solution of this question leads to one of 
the remarkable properties of the symbol. 

Let the new variables be 


by their substitution the function f(z, y) becomes f(>, y), and the principles of 
partial differentiation give 


dt of dy af a af Of da . Of dy 


dc Oy Ox Oy Ov? Oy Ox dy + dy dy” 
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Hence 
- d of 
Ufa F(a, I gh tne y)-a - 


becomes 


or 


~ of ~ of 
Uf= “got Une 
Hence if new variables, «+, ¥, .;, 4, are introduced into the equations of 


a one parameter group, 
r=P(e, yt), WHI, yy, O, 
by means of the equations, 
rah, Y), y= HO, Y), 
AC, Y), HO, 9); 


the symbol (f of the infinitesimal transformation of the new group can be deter- 
mined directly by introducing the variables +, 7 into the symbol Uf of the orig- 
inal group. 

4. The result of the preceding paragraph gives rise to the fact that by in- 
troducing new variables ;, 7 any given infinitesimal transformation 


el of 
Uf=s(x, y) Ont ne, by 
can be brought to the form of any other 
T° ~ of eT sees of 
( f=é S(7, 1) OF. + n( Vy y) Oy 


In order to make this transformation it is only necessary to choose » and 
as such functions of «, y that the identity 
af, - of af 


= + GU a a. + Ors 


of 
dy y] 
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shall exist for all values of f. Applying the theorem of undetermined coefficients 
the preceding identity must break up into the two 


Ux=-&, Uy=n, 
or written in full, 
Or Or =  2Sy Oy 
5-4 + jy Goat Toy 1). 


These are two partial differential equations and we know that they have 
independent solutions if = and y are not both identically zero ; hence the propos- 
ed transformation is always possible since Uf is the representative of the original 
group and Uf that of the transformed group. This proves Lre’s theorem : 

By introducing new variables every one parameter group of the plane can be 
changed into every other one parameter group of the same plane. 

5. If tf has the particular form 


we have the remarkable theorem that every one parameter group of the plane can 
be brought to the form of a group of translations by a proper change of variables. 

These new variables ~ and y are found by integrating the differential 
equations 


oe 85 a7 a7 


U y= An + 7—-=0, U,=25+4+ 7-1, (21) 


; _,_ 9O = — 
since in the form Uf= z= §&=0, and 7=1. 
Y 


Now if we recall the fact that a partial differential equation 


is equivalent to the ordinary differential equation 


de dy 


’ 


eo  ¥ 


and that the partial differential equation 


is equivalent to the simultaneous system 
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= (22) 


=! =d 7. (23) 


The integration of (22) gives the function 7 say. This substituted in 
(23), the latter can be integrated by a quadrature and determines y. 
That the infinitesimal transformation 


of 


cy oy 


generates a group of translations parallel to the y-axis is easily shown by apply- 
ing a theorem of Lie proved in a previous paragraph, namely, the theorem which 
shows how to construct the finite equations of a group when those of its infinites- 
imal transformation are known. The simultaneous system to be integrated in 
this case has the form 


with the initial values 7, 4, 0. The integration of this simple system gives the 
finite equation in the form 


ry ty yy; 


that is, the group is a group of translations parallel to the y-axis. 

6. The theorem of the preceding paragraph can be proved by using the 
finite equations of the group. We have found in a previous article of this series 
that the finite equations 


t,= ple, y, 8), y,=¢, y, t) (24) 


of a one parameter group are found by integrating a certain simultaneous system 
in the form* 


Oey, Uy = O(a, Y)s 


W(21,¥1)+t= Wa, 9). 


*The reader will observe that this is the same theorem made use of in the paragraph immediately 
preceding. 
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Now if the functions Q and W be introduced as new variables in place of 
x and y, and put 


r= Aa, y), 7= Wa, 9), 
wpe O(a, Yds yy = WO, 9,1), 


the group takes the simple form 


MH, y= y tt; (25) 


that is, the form of a group of translations. 

The new variables y and are called the canonical variables of the one 
parameter group (24), and (25) is called the canonical form of (24). 

The reader will find many interesting details relative to the points and 
theorems here discussed, in the third chapter of Lie’s lectures on differential 
equations. 

Princeton University, 21 February, 1898. 


|To be Continued. | 


DEPARTMENTS. 


SOLUTIONS OF PROBLEMS. 


ARITHMETIC. 


84. Proposed by SYLVESTER ROBINS, North Branch Depot, N. J. 


Show how to find sides, integral, fractional, and irrational for twenty-four triangles, 
each one containing 330 square yards. 


Solution by the PROPOSER. 

1. A *==330°==2x2x38x38x5xX5xX 11x 11= (5x 11)(2*8x 5)(2K 11) x8 
=55 X 380.2238. .:. Sides of triangle are 25, 38, and 52. 

2. A®—3880*=(2X56X11)(8x8x 11)2 x 5)---110x99x10x1. «+. Sides 
of A are 11, 100, and 109. 

do. A®—3880?=-(2X5x5)(8X 11)(11)(2x 8)=50 x 88 xK11x* 6. .:. Sides of 
A are 17, 389, 44. 

4. 330?=—(2x8X11)(5x 11)(2 X3)(5)=66 x 55x6x5. .:. Sides of A are 
11, 60, and 61. 

5. BBO (2x WA 2B)(2E 


)(BX 5)(g1 )=48 x 274 x 15x 54. «+, Sides 


of A are 203, 38, and 423. 
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OXO 


6. 330? (2x 2x 11)(2x2%5)("*)( 5 


of A are 24, 273, and 36%. 

7. 3802—(228x5) Cos 
-. Sides of A are 18%, 44, and 57%. 

8. 330? (3XBX 11)(2X3x8x5)(" = Gg )=99X90X7T4X19.  .*. Sides of 
A are 9, 913, and 974. 

9. A £165 =BX3X5XSX 11X11 (8X 11)(2X2x5)(° ae 3} = 88X20x 


) ==44 2016378. + Sides 


| I \ aay . 
)(2X22x2) (75 ) = 60x 41EX< 16X22, 


7 2 -, Sides of A165 are 18, 253, and 272, and sides of A=-830 are 18)/2, 
253, 2, and 273,72. 


10. 1652—(28X5) ( 


oxi (Ae 
2x2 2X2 
of A are 164, 21%, and 22. Sides of similar A containing 330 must be 162)/2, 
213)/2, and 22,2. 


11. D2 110? = 2X2X5XSX 1X H ==(2X 22x38) (2 yee? ec ) 


) (2X22) —=30X 1B PX81X8. -. Sides 


2x3 2 3 
—94x94«74x74, .*. Sides of A—110 are 143, 163, and 16%. Sides of A —880 
are 142) 8, 163,73, and 163, °3. 
12. 1102 (2% "8 (2x Bx 5y( 4 )(B) =368 x 30 x 34 x 8. -. Sides are 


63, 83, and 33%, and sides of similar A-=330 must be 63,3, 33),/ 3, and 333,73. 
13. A266? =2x2x3x38x 11x 11=(2x 11)(11)(8 x 8)(2) =22 x 11 K 9x 2. 
- Sides of A =66 are 11, 13, and 20, and sides of A==880 are 11,75, 13, 5, and 


20) 79. 
1p 2x1l1lx1l ( 1 , 
to 3x3xX3)(3 X38 xX 38)| — {> —)= 7 81, 
14. 66 (2x 3x 3x 3)(3XBX 3) 38 ) avn 54X27 x 268 X 4 
- Sides are 27, 271, and 588, and sides of A==830 are 27,75. 273) 5, and 53$1/9. 


5. 66? = (8x 11)("7" * (2x2 x 2X 2B) 83 x 164 x 16 Xb +, Sides of 


A—66 are 163, 17, and 823. Necessarily, sides of similar A 980 are 1634/95 
17, 5, and 323, 5. 

16. 667 =(2x2 x2x3)(P7EE =) 3} )(2)=24x 163 53x2. .°. Sides are 73, 
183, and 22, and sides of similar A —38380 are 72175, 182,75, 22)/5. 

7 9 9 9\(9X 11 2x5 

V7. A? = 50? == BxBx Mx ==(288)(73° lene 5) =18x DSB BE. 
. Sides are 83, 123, and 143%, and sides of A =380 are 83, 6, 123) 6. and 143, 6. 

18, 5B? =(2«2x (21) (38) (5) $20.98 eI. +. Sides of A= 


55 are 103, 11, and 18%, and sides of A--880 are 102] 6, 11; 6, 188) °6 
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19. AP =(A71)2 C89)? (8 x 112 Bx 5)C)(E?) 33 x 30x LEX 1 
. Sides are 8, 313, and 314, and sides of A830 are 3)/7, 813,/7, and 314,/7. 


van) 
20. A®=(473)?=(33 0)=( aaa yr ~) (2x 3)(5)—=153 X48 x 6X5. 


‘*, Sides are 11, 95, and 103, and sides of A830 are 11,/7, 93)/7, and 105)/7. 


AKER ERE Neg (5%) —99X1T1 x 23 


3 


21. pecans} 


7 
xX 22x. . Sides are 48, 193, and 19,%,, and sides of A =830 are 48) °7, 1924/7 /, 
19.87. 
‘ . ‘ A 
29. (474y2 (agaye (7A) (FRESE V 9 x9) (9% 02) = 163 x 84 x4 
x313,  .*. Sides are 713. 123, and 124, and sides of A==330 are 7}3) (7, 123)/ 7, 


and 124)°7. 
23. A®?=—33?=(8x3x 11x 11)=(76 Jajex 2)(3)—=162 x 11K 4~x la. 
*, Sides are 53, 123, and 15, and sides of similar /y == 330 are 53,/10, 123)/10, 


and 15,/10. 
24. spe (o*" xO) DE )(2 x 5)()=228 x 128, x 10x 8. , Sides 


are 102, 123, and 22,',, and sides of A ==330 are 1021/10, 123,/10, and 22,45, 10. 
25. A %==380?=2x 2*38XK3xK5xKd=(8X5)(25)(8)(2)==15K10K38X2. 
. Sides of A380 are 5, 12, and 18, and sides of A =880 are 5,11, 12,711, and 
13)/11. 
; 38x 5 ; 
26. 80° =(2X2X5)(2X2%3)("S°) 4) —=BOX12<TIXF. +, Sides are 8, 
124, and 192, and sides of A=3830 are y/iL nar and 193,/11. 
3 € 3 
97, 30? = (2X2X2X2X2) (2XBX5)(— _ ) (og) = 82x80 1H, 
.', Sides of A —80 are 2, 30$, and 314, and sides of A 880 are 2,711, 38034)/11, 
and 314)/11. 
») 
28. A? (25,4)? =O)? =(3X5) (11)( ee \ 
1,9. .*. Sides are 4, 12,%, and 18,4, and sides of A ==330 are 4,/18, 12,% 1/13, 
and 13 ,4;)/ 18. 
29. C442 (PEPPY 95611908) ) = 2 9 X2DKBX 3... Sides are 
3x, 22,°;, and 25, and sides of A=-330 are 3551/18, 22 ,5,,/18, and 25,713. 
38x3x5xX6x11Xx11 eo 
2__(924)2-_-(165)2 — _— 11 
80 AES EBT SC) x7 D7 Jan 
ae )(Q)=11 PXBaX4 4X2. .. Sides of A==234 are 62, 73, and 9}4, 


and sides of A=38380 are 621/14, 72)’ 14, and 9}})/14. 


38x11 


)= 15x 11%2 4X 
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31. (284)? =(1§4)2= (2x11) (Po) 2x5)(-52 =) A220 
.. Sides are 10,3,, 12. and 211}, and sides of A-=830 are 10,3,;/14, 12)/14, and 
2134)/14. 

82. A®=22? =2x2«11x11=(2x«11)(2x8x8)(s! )(4) =22«18384x}. .*. Sides 
are 4, 183. and 21%, and sides of A =380 are 4,/15, 184,/15, and 213,/15. 

838. A? =152?=3x8x5x5=(2x5)(2x8)(3)(3) = 10x6x23x13.  .*. Sides are 


4, 73, and 83, and, of course, sides of A =380 are 4/22, 731/22, and 84)/ 22. 
384. A® =102?=2x2x5x5=(8%8) (5) (2° \Q)=9xBuBd. .". Sides are 


4, 53, and 84, and sides of A =330 are 4, 33, 53)/ 38, and 84)/388. 


ALGEBRA. 
79. Proposed by C. W. M. BLACK, A. M., Professor of Mathematics, Wesleyan Academy, Wilbraham, Mass. 


Of n persons A, B,C, etc., A gives to the others as much as each of them already 
has; then / gives to the others as much as each then has; and so on for each in turn. Fin- 
ally, 4, B, C, etc., have respectively a, b,c, ete., dollars. How much had each at first ? 


I. Solution by the PROPOSER. 
Let a+b+c+etc...... =-s, which is constant. Consider the rth person, 
k, who has at the end & dollars. Let «number of dollars he had at first. Be- 
fore he gives away any, his original amount is doubled r—1 times and comes to 
equal 2”-!y. At that time all the rest must together have s—2”—1!a, and if he 
gives away that amount he has left 2"~1¢—(s—2"—!4)=—2"7—s. Afterwards his 
money is doubled n— 7 times and finally equals 2”-"(2"7—«)=k. 
*. w=a(k4 2"—"8) /2”, 


IT. Solution by I. H. BRYANT, A. M., Instructor in Mathematics in Fort Smith High School, Fort Smith, 
Ark.; G. B. M. ZERR, A. M., Ph. D., Russell College, Lebanon, Va.; and J. SCHEFFER, A. M., Hagerstown, Md. 


Let %,, ©, %3, Vy, . +. , *, be the respective amounts each had at first. 
Let s==7,+%,+97,+...... +%,==-atbt+e+...... (1). 
J. 27-1(20,—8)=a ..... (2). 

Qn-2(4x%,—s)—=b...... (3). 

2"-3(87,—s)=C ...... (4). 


(2"4,— 8==N. 
(2), (8), (4), (5), ete., in (1) gives, x,—(a+2"—13)/2”, 4, ==(b +2%%8)/2”, 
Uy—(C+2"—3s) /2”, w= (d+ 2-48) /2", 2. t,—=(n-+ 8) /2”. 


III. Solution by M. A. GRUBER, A. M., War Department, Washington, D. C. 

Let «,, %2, U,, -..-- Tm—1, T,-=the money that A, B, C, etc., respectively, 
had at first. Put 2%,==7, U,—1==2r—8, %p_o==2%y_1—8s—4r—3838, tp_g—=2n_ 9 — 8== 
8r—7s, etc., etc. The law that governs the forming of these values makes 
©,==2"1(r—s)+83 v,—=2" Ar—s)+s8; %,=2" 8 r—s)+s; 2,=2"-4(r—s)+8; 
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etc., etc. Whence we deduce, a=2"—[r—(n—1)s] ; b=2"-2{r—[n—(2?—1)]s}; 
c= 2"-3f7—[n—(23—1)]s}; d=2" -4*{r—[n—(24—1)]s}; etc., etc. But in order 
that all values are positive, we havethe condition r>(n—1)s. Therefore, put 
r==(n—1)s4+ t, and we obtain, 


a=2"-1f, wv, ==2"—-1 s(n—2) +t] +s, 
b=—=2"2(2s +t), Uy —=2"-2[ s(n— 2) +t] +5, 
c—=2"~32(2? —1)s +t, t,—=2"-3[ s(n—2)+t] +8, 
d—2"—-42(23 —1)s+t, ete. w4==2"-4[s(n—2)+t]+s8, ete. 


s and t may be any values, integral or fractional ; but s may also be zero. 
When s—0, the money each had at first equals, respectively, what he had at the 
end of the transaction ; or a=a~,=2"—'t 5 bay = 2" 1M yg? t 5 ve, — 2. 
When t==2s, all have an equal sum at the end of the transaction ; or 2”s-=a—b—c, 
etc. For obtaining integral values this form of solution is preferable. 


IV. Solution by F. M. McGAW, A. M., Professor of Mathematics, Bordentown Military Institute, Borden- 
town, N. J. 


This problem is concerned with a double n-fold series. Let A, B, C, etc., 
represent the amounts which each person has to start with ; then after the sever- 
al exchanges, we have: A’s nth term=2”-1[2A — 2(A)]=a; where 2(A) means 
(A+B+C+.... .to » letters); B’s nth term equals 2”-7[4B—2(A)]=b); C’s 
nth term =2"-3[8C— 2(A)]=c; and so on for R’s nth term=2"—-"[2"R— 2(A)] 
==; and N’s nth term=2"-"[2"N— 2(A)]=yr. 

Expanding, we may write, 


(2?— 2r—-1) 4A—Q2 1 H— 2-10... —27-1f..... —2”-1N=a 
— 27-24 4+ (2"—2"-%) B22. 6... —2"-2R ...., —2n2N=) 
— 27-34 — 2-38 B+ (2"—-2"-38)C 1... —27-3PR ool... —2"-3N=c 
ce ne eke eee ene eee ee eee e eee n eens I. 
—in—r 4 —. 22-7 B— 27-70... +(2"—2"-")R 1... —2"-"N= 
_Qn—n{—Qn-mB—9n—m  —On—mR + (Q"—Qn-my Nay 
Whence by determinants, 
a, —9n-1 —Qr-1 —9n-1 —9n- 1 
nu On—2 — 9n--2 — 9n—- —9n 
b, 2 - 4 a _ 2 Where J 
c, 2 2"—2 — 2s, — an is the de- 
A Ame tt ee eee eee ee ter minant 
Q, —9n—r —Qn-r Qn Qn—r  — 2n—r of the co- 
ee ee OS cS SS Se i er} efficients. 
vy, —1, —1, —1, a, 2”— 1 


Also solved by H. C. WILKES. 


80. Proposed by G.B. M. ZERR, A. M.,Ph. D., President and Professor of Mathematics, The Russell College, 
Lebanon, Va. 


Solve ltat=a(l+o)t. 


ol 


I. Solution by COOPER D. SCHMITT, A. M., Professor of Mathematics, University of Tennessee, Knoxville, 
Tenn.; P.S. BERG, A. M., Principal of Schools, Larimore, N. D.; J. OWEN MAHONEY, B. E., M. Sc., Graduate Fel- 
low in Mathematics in Vanderbilt University, Lynnville, Tenn.; CHAS. A. JONES, Torrance, Miss.; and the PRO- 
POSER. 


1+2+=a+ 4ax+ bax? + 4av3 +ax4. 
a? + (1/x? )=(a/u?) + (4a/x) + 604 4ax4 az? 


[vt (1/a)]? =a[aet+ (1/x)]? + 4alet (1/x)]+4a42...... (1). 
Let «+ (1/x)=y...... (2); 2. w—ay=1. 

‘e=dlytyp (y?—4)]...... (3). (2) in (1) gives 

y? + [4a/(a—1)]Jy=— [404 2)/(a—1)]. 

* y=[(4z, (2a4 2)—2al/(a—1)...... (4). (4) in (8) gives 


e=[1/2(a—1)]{—2a+y7' |2a4+2]+y [10a—2+4ay,/(2a42)]}. 
II. Solution by J. SCHEFFER, A. M., Hagerstown, Md.; and F. M. McGAW, A. M., Professor of Mathemetios 
in Bordentown Military Institute, Bordentown, N. J. 
Expanding and arranging we get, dividing by a—1, 
6a Aa 


Aa 
4 8 2 
rn +7 W" Told 


a+1=0, 


a reciprocal equation which is easily reduced by dividing by «*, thus 


4a . / 6a 
— jle+ (1/x)] + rl =(, 


[x? +(1/a?)] + i 


a 


Putting «+(1/x)=y, we shall have 


4a 4a4+2 2a os 

2 a — + Jf 

y +o i 7 oT whence y a ae L 2(a+1), 
and then 
— 4% 4 i) +——_— 2(2a2 | 
we 7 + aay’ 2(a+ 1) Fay (Qa? +a +1)4u y/2(a +1) 

Also solved by A. H. BELL. 
GEOMETRY. 


84. Proposed by FREDERICK R. HONEY, Ph. B., Instruetor in Mathematics in Trinity College, New Haven, 
Conn. 


Find the locus of a point which will trisect all arcs having a common chord. 


I, Solution by G. B. M. ZERR, A. M., Ph. D., President and Professor of Mathematics, The Russell College, 
Lebanon, Va. 


In what follows the arc of the circle is assumed. 

Let O be the origin, HO=z, AB=2c, AC=CD=DB=n. 

Then BF=}(2c—n), OF =3n, DF=)/n*? —1(Qc—n)?, EB? =c? +22, ED? = 
EB?=c2? +22, EG? =c*? +2?—in’. 
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EG=also EO+ DF =z4+3)/4n? —(2c—n)?. 
cP +22 — jn? =2? +2)/4n? — (Qe—n)? +n? —c? +en—I0 , 


or 2¢*—(n? +en)=2)/8n?— 4c? + 4en 2.0.00... (1). 


Ci] 


Equation to circle is x? +(y+z)? =c? +22, 

or a? +y? +2Qyz—c?. .*. s==(cC?—a?—y?)/Qy ..... (2). 
OF? + FD* =2? +y* =tn2 +n? —}(2e—n)?. 
on +en=224+y? +c?. 
1. M4 / 4a? +4y? +56? —0) 20, (3). 
(2) and (8) in (1) gives 


ce — 4 —y? 


Ax® + Ay? —4(,/ 40° + 4y? + 5e? —¢)?. 


2 2 i 2k 
2c* —x* —y? —¢ Dy \ 


dy? = 3x? + By? — 3c? + dc,/4a? + 4y? +5c?, 
(21? — 6a? + 3c®)? =c? (4x? + dy? +502), 
(y? —32?)? +2? (y? —5x?\+¢c4=0. 


II. Solution by the PROPOSER. 


Let abcd-—Fig. 1—be any arc, and ad the chord. Bisect ad at 0, and draw 
cof perpendicular to it. We wish to find the locus of a point c whose distance 
from a given straight line ef is one half the distance from a given point d. 

In order to write the equation of this curve, refer it to the codrdinate axes 
ad (axis of X) and ef (axis of Y), intersecting 
at the origin o. 

Let gc=«. Therefore, from the defini- 
tion cd==2x. Let od=-D. ..hd=D—x. 

Let ch==y. .*. (24)? =y2 + (D—2)® or 
4c* —y*? + D?—2D24+2*. 

7. y® —da? + D?—2Dr=0....(1). This is the 
equation of an hyperbola whose center is on the 
axis of abscissas. In order to determine the position of the center, eliminate the 
« term, and find the distance from the origin o to a new origin 0’. Let H—-dis- 


tance from o too’. .*. a==a’+E. Substituting this value of « in equation (1), 
y* —3(e'+ EF)? + D?—2D(a'+ E)=0;_ or y?—32x'?—_6 Ex’ —8 E? 4- D?—2D2/—2DE 
=0...... (II). In this equation the x’ terms should disappear. 


. 6Hx’—2D2'=0. .. H=—3D. 

That is, the distance from the origin 0 to the new origin, or the center of 
the hyperbola, o’, is equal to one third of the distance from o to d; and the minus 
sign indicates that the measurement should be laid off to the left of the origin o. 
Substituting this value of # in equation II, and omitting accents, we have 
y? —3x? + 2a—} D? + D?—22 4 3(D*)=—0. 
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y?—dr*——43(4D*). This is the equation of an hyperbola referred to 
its center o’ as the origin. To write it in the ordinary form, that is, in terms of 
the transverse and conjugate axes, multiply each term by C; i. e. let 1/C—=semi- 
transverse axis. Thus Cy*—3Cx*?—--4(4CD?). 

When in this form the product of the coefficients of the x? and y? terms 
Should be equal to the remaining term. That is —3C?——4(4CD?)...... (LIT). 
“. C= $(4D2), and equation III becomes }(4D?)y? —3(4D? )x?=— J, 16D4). 

The semi-transverse axis==/ [}(4D?)]=3(2D). The semi-conjugate axis 
=p [h(4D2)]=2D/, 3. 

Since the distance from the center of the curve to either focus is equal to 
the square root of the sum of the squares of the semi-axes, the distance from 0’ 
to either focus= / {[}(4D?)] +[4(5D?)]}=3(4D). We can therefore make the 
following construction—Fig. 2. Draw ad the chord of the arc acd. Trisect ad 
ato’ and k. Produce da to l, making al==ao'==o'k=-kd. With akas a transverse 
axis, and land d as foci, construct the branch of the hyperbola kce’c’’, which will 
intersect all arcs having the common chord ad atc, c’, c’’, etc., making the arcs 
cd, cd, cd, respectively, equal to one-third of the ares acd, ac’d, ac’d, ete. 


CALCULUS. 
67. Proposed by BENJ. F. YANNEY, A. M., Professor of Mathematics in Mount Union College, Alliance, 0. 
A man starts to walk at a uniform rate across a draw-bridge just as it begins to 
move. He walks the full length of the bridge and back, in the same time that it takes the 
bridge to make a half revolution. How for does he ride, the length of the bridge being 250 
feet, and its velocity uniform about a center axis ? 
I, Solution by G. B. M. ZERR, A. M., Ph. D., President and Professor of Mathematics, The Russell College, . 
Lebanon, Va. 
In my solution of problem 45, I deduced the equation, p==r(m—0)/mm. 
Let m=|7. .. p=("/7)(17—44) is the equation to the man’s path in space. 


— ar f j/ 16+ (7—44)? dé =37r)/ 164 7° + aa 
70 0 7 


. g Tey tr) | 


4 


oe / 16 2 
25) 16p a? pO tog 2EV OEE 


1 


.. S-=547.468 feet. 


II. Solution by J. SCHEFFER, A. M., Hagerstown, Md. 


According to the conditions of the problem, A 
being the starting point of the man, he will be at O, 
going in the curve AMO, when the draw-bridge has 
turned through / AOE==45°; when the latter has 
turned through 4 AOB=—90", the man is in D, having 
passed through the curve OND; after the bridge has 
turned through / AOF=1385°, the man is at O again, 
having moved through the curve DPO, and after the 
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draw-bridge has made a semi-revolution, he is back at A, having been swept 
through the curve AQO. Choosing O for the origin of polar coddinates, we have 
for the curve to the polar equation r=4RA6/z, FR being the radius of the revolving 
draw-bridge. The required path of the man is 


=a" Jet (Sy a0 RO ei Ey Fi + 
rT J 0 7 
ee 2 
log(¢+ 1/ pr ym? +16 + to g (APL SOL), 


for R=125 feet, we get this length—547.45 feet. 


III. Solution by J. M. BANDY, A. M., Civil Engineer for the Roads and Bridges of Guilford County, Greens- 
boro, N. C. 


Let M be any position of the man, let (p, #) denote the polar codrdinates 
of M, and let r=radius of the bridge. When A shall have revolved through 45° 
the man will be at O, the center; andthe limits of 6 for 1 the curve are 0 and jz. 

Since the man and the motion of the bridge are uniform, AF’ and E’M are 
in a constant ratio, which denote by n. But AB’=r6, EK’M=r—p, and n=}7z. 
Hence, r[1—(4/7)@]...... (1). By the theory of curves, 


dp? Ar? 
s={(p oer) dé, From (1), o?=r?[1—(4/7)6]?, and — 


Substituting in formula, 


saa f" 


Ar [ (a— 4P) 
open, 


S| dd,— —f [4-4 (4 —40)2}} dA, 


yo 4+(7—40)* + 4log ((7—49) + FFA ) |: 
0 
——— 2 
try 1647" +(4r/m)log( == EEA .) 
2 
—=135)/ 1647 TéFa® + SE jog (ZtV US t7 ) . 
1 4 


=547.45 feet. 


IV. Solution by C. W. M. BLACK, A. M., Professor of Mathematics, Wesleyan Academy, Wilbraham, Mass. 
Let a—=number of complete revolutions made while he walks the full 
length. 6==20A-=length of draw-bridge. Let 
AB be curve traversed. OB=p, £4 AOB=@. 
Then 4b—p : b=6: 2az. 


dp b 


A 
p= 0G ~—a). ga Dan” 
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s (distrance traversed in passing to end of bridge) 
“Tye (: 0 2 b2 2 4 aa 
=J, z ~=—) + Gas | d0==(36)/1+a?az* — 


log.(j/1l+a?a?—az7). b=250. a=}. 


2an 


*, 28=250[1 + ('572)] — (1000 /7)log.{4/[1+ G57?) ]— tv} =547.64 feet. 


[See also solutions of problems 41, 45, and 50, published in previous num- 
bers of Montuty. Eprror.] 


MECHANICS. 


56. Proposed by H. C. WHITAKER, A. M., Ph. D., Professor of Mathematics in Manual Training School, 
Philadelphia, Pa. 


‘‘Hey-diddle-diddle, the cat and the fiddle, 
The cow jumped over the moon.”’ 
Taking the weight of the cow to be 600 pounds, the initial resistance of the air to be 
100 pounds and varying as the square of the velocity, find the initial and final velocities, 
and the times of rising and falling. 


Solution by G. B. M. ZERR, A. M., Ph. D., President and Professor of Mathematics, The Russell College, 
Lebanon, Va. 


Let R—radius of earth—20924640 feet, 

h—60.2/R—=1261128052.8 feet—distance to moon, 

g=82.2 feet, W=—600 pounds, wv? =100 pounds=s W, 

t=time of ascent; ¢,-—time of descent, v=initial velocity, v, final veloc- 
ity. Then w==W/6v?; 1/k=/(W/p)=vp/6. .. k= 1/076. 

h-=(1/2gk? log +v2k?), t=C/gk)tan—vk, 

t,=C/gk)log[y (14 v2k?)4 vk], vo, =0// A+ ve? ?). 

2. l+e7k?)=§, vk=1///6. 

J. vr =gh/slog({), v==449657 feet=85.16 miles per second. 

v,—=(2)v=78 miles per second. 

t—=[v,/(6)/g]tan -1(1/;/ 6) =18258.2 seconds=3 hours, 40 minutes, 58.2 
seconds, 

t,-=[v)/(6)/g}log{[y/ (7) + 1) /[y/ 6]} =13608.7 seconds=3 hours, 46 min- 
utes, 43.7 seconds. 

In the above we have considered the resisting medium as extending to 
the moon. 


57. Proposed by J.C. NAGLE, A. M., M. C. E., Professor of Civil Engineering, Agricultural and Mechanical 
College of Texas, College Station, Texas. 


Over the intersection of two inclined planes slides a cord of uniform mass through- 
out its length. Find the equation of the path described by its center of gravity. 


[No solution of this problem has been received. Enprror.] 
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58. Proposed by ALFRED HUME, C. E., D.Sc., Professor of Mathematics, University of Mississippi, Univer- 
sity, Miss. 


An endless uniform chain is hung over two small smooth pegs in the same horizontal 
line. Show that, when it is in a position of equilibrium, the ratio of the distance between 
the vertices of the two catenaries to half the length of the chain is the tangent of half the 
angle of inclination of the portions near the pegs. [From Routh’s Analytical Statics. Math- 
ematicl Tripos, 1856. | 


I. Solution by WILLIAM HOOVER, A. M., Ph. D., Professor of Mathematics and Astronomy, Ohio Univer- 
sity, Athens, Ohio. 


Let h,, h, be the vertical distances of the vertices of the two catenaries be- 
low the line (=2a) joining the pegs ; then using the usual notation of the theory 
of the catenary, the origin being the middle of 2a, 


hy tey—y=te, (err fem) (1), 
S, = 3, (e7 8 —e-%O)) (2), 


with like equations for the second curve. 
From (1) and (2), a, being the inclination of the curve at the peg, 


(dy/ dx) = 3(e% % — e— (es) =tana,...... (3). 
(ds, /dx) = 3(e% % + e—@ %1)) =seca,...... (4). 
", Seca, + tana, =e%%,..... (d). 
y=0 in (1) gives h, +c, =3¢,(e% 1 +e-)) =8,/sina,...... (6), 
by aid of (5), and by the usual theory, c,=s,cota,...... (7), and then from (6) 


and (7), 
h,=s,tanta,..(8). Similarly, hg =s,tanza,..(9), andh,+c,=s8, /sina,..(10). 


For equilibrium, the right members of (6) and (10) are equal, since they 
measure the tensions in the two parts of the chain at either peg. 


8h SIn@, _ cotz@, +tanza, a4 
s, sina,  cot#a,+tanda, 7°" )- 
Then finally, 
himhe  _ (81/82 )tanday tanta, (12) 
8; +8, (s,/S.+1 oe ee ee e 
(11) in (12) gives 
hy—heg 1 5 
3, bs, ana a) Sl eees (13). 


II. Solution by ALFRED HUME, C. E., D. Sc., Professor of Mathematics, University of Mississippi, P. 0. 
University, Miss., and HENRY HEATON, M. Sc., Atlantic, Iowa. 


Let 21 be the length of the lower catenary, c its parameter, 7 the angle 
which its tangent at the right-hand peg makes with its directrix ; and let the same 
letters, accented, refer, similarly, to the upper catenary. 

Then tany/=l/c and tan’ =l'/c’, from which 


ap TPL Ve LP) — ee’ I 
le and tand(yb—f’)22 WE Ne +! Me cca -, 


tan(p—P') =~ ap 


The tension in the chain at any point being equal to the weight of as much 
of it as would reach from that point to the directrix, and the resultant tensions 
in the two catenaries at the pegs being the same, it follows that the two catenar- 
ies have a common directrix. Also, the square of the ordinate of any point 
equals the sum of the squares of the parameter and the length of the arc between 
the vertex and that point. From these facts, /?+c? =l'?+c’?. Substituting, 


ce+l—ce’'—ll’ — (c—c')e+C—l)L 


tans P= el Del 


Remembering that (e—c’)(c+c’)=(U—DU4+), this may be reduced to 
(c’—c)/U+0). 

But c’—c is the distance between the vertices of the two catenaries, [+1 
is half the length of the chain, and 4—/7" is the inclination of the portions near 
the peg. Hence the proposition is established. 


Also solved by G. B. M. ZERR. 


DIOPHANTINE ANALYSIS. 
57. Proposed by JOSIAH H. DRUMMOND, LL. D., Counselor at Law, Portland, Maine. 


Each of five of the digits may be the terminal figure of a perfect integral square. 
Each of eighteen combinations of two digits may be the two terminal figures of an integral 
square. Each of one hundred and nineteen combinations of three digits may be the three 
terminal figures of an integral square. Under these conditions, what is the greatest number 
of arrangements of the nine digits, all taken together, whose three terminal figures shall 
be those of a square number ? 


Solution by the PROPOSER. 


The first two conditions are embraced in the third and must be disregard- 
ed: the terminal figure of the last three must be one of five digits; and the two 
terminal figures must be one of the eighteen combinations of two digits. There 
are 119 combinations of three digits that may be terminal figures : with each one 
of these combinations, within the terms of the question, the other six digits may 
be used as many times as there are combinations in the six taken together, that 
is 2x3x4x5x6=720. Hence 119x 720=85,680, the number required. 

59. Proposed by G. B. M. ZERR, A. M., Ph. D., President and Professor of Mathematics in Russell College, 
Lebanon, Va. 
Find the sum of the mth power of all the numbers less than P and prime to it, and 
then by substitution find the sum when m=1, 2, 3, 4, 5. 
Solution by the PROPOSER. 


The sum of the mth powers of all numbers less than P and not prime to 
it is given by the sum of 


04 


a” -+-(2a)"+ (Oay™+...... +[(P/a).a]” 
Fone ns COs veces + [(P/b).b|” 
_(aby"— (2ab)"—(Bab)"— Lewes —{(P/ab).ab]™ 
—(bc)™—(2be)™— (8be)™—...... —[(P/be).be]™ 
+ (abc)™+ (2abe)™ + (8abe)™+...... +[(P/abe).abe]|™ 


=a" S'p/q + U™Sip oh tee —(ab)™S pap— (be)™S p/ be— ie 2 (abc)™S p, abe + wee 
‘, The sum of the mth powers of all the integers less than P and prime to 
it 1s 


Sp —a™Spigt b™Sp y~— e+ (ab)™S pap + (be)™Sp, bet:. —(abe)™S p; abe— wee (1). 


pmrl m 


1 Dm m(m—1)\(m— 
m+1 Hab + Bia 


4! 


2) Pm—3 


But Sp = pm-l4 B, 


+ B mm Din=Fm— BMD. pm 5 4 


m+ _ 
aS pq an (1/a)+3P™+ B, x 1) pm-—tg 4 B, mim 2) Pm~—3q3 


m(m--1)\(m— 2)(m— 3)(m— 


+ B, 61 4) Pm—5qi + ....., 


Where 6,=—i, B,=3, bs; = 5, B,=3'), etc., Bernoulli’s numbers. 
Substituting the values of Sp , a™Spia, D™Sp », (ab)™Sp ap, etc., in (1) and letting 
Sm—the sum, we get 


Pmt! ( 1 
Sm = -(1-( /a)—(1/b)—(1/e)—.... FUL /ab) +...) 


—1] 
+3 Pm(1—n MD )+ By -P™ taba... babt....} 
—1\(m—2 . 
a a ) pm~3/1—a3—)3 —e3—.... ta8d3-4....} 
+ Bim Din 2) (m= 3)M=4) pm 561 95 —b5—c5—.... Fado +... 


6 ! 


Cr ee ee 


Where 7 is the number of primes in P?. .*. The coefficient of P™ is zero. 


pmri 
- Sm=— 7 U- (1/a) 1-1) 1 /e)]. 
v1) 


2} 


+ B,——Pm-\(1—a)(1—b)(1—c)... 


m(m—1)(m 


—B, 7 =) pm~9(1—a5)(1—b3)(1—c2) .. 


4 Bn ima Fn n=) pm—5(4 


—a>)(1—6>)(1—c5) .... 

When m==1, 8, =#P2[1—(1/a)][1—(1/0)][1—(1/c)]... . 

When m=2, S,=3P?(1—(1/a)][1—(1/d)][1—-1/e)].. + PU —a)—b)d—e).. 

When m=8, S,=3P4[1—(1/a)][1—(1/b)][1—(1/c)].. +4P? 1—a)(1—b) A —e).. 

When m=4, S,=3;P5>({1—(1/a)][1—(1/b)][1—(1/c)].. + 4P? 1 —a)(1—b)—e).. 
— x, Pl—a*®)(1—b8)(1-c?).... 

When m=5, S,=—tP®[1—(1/a)][1—(1/6) J[1—(1/e)].. +45, P# 1—a)(1—b)U1—ce).. 
— ,',P2(1—a*)(1—b8)\(1—e8).... 

When m-=-6, §,—1P*[1—(1/a)][1—(1/b) [1-1 /o)).. + P31 —a(1 —b)(1 —0).. 
—$P3(1—a*)\(1—b?)(1—c?). .. gg PA —a®)(1—b5)(1—e5).... 


PROBLEMS FOR SOLUTION. 


ee 


ALGEBRA. 


83. Proposed by J. MARCUS BOORMAN, Consultative Mechanician, Counselor at Law, Inventor, Etc., 
Woodmere, Long Island, N. Y. 


Solve x? +y=8...... (1); y?+a=69...... (2), true to four decimals. 


84. Proposed by BENJ. F. YANNEY, A. M., Professor of Mathematics in Mount Union College, Alliance, 0. 
On the present electoral basis, if all the electoral votes of each State are cast solid 
for one or the other of two presidential candidates, how many conbinations of States are 
possible for a total of 273 votes for the winning candidate ? 


x*, Solutions of these problems should be sent to J. M. Colaw, not later than May 10. 


GEOMETRY. 


91. Proposed by LEONARD E. DICKSON, Ph. D., Instructor in Mathematics in the University of California, 
Berkeley, Cal. 

If a point A remain fixed while a point B moves along a given straight line, prove 
that the locus of the vertex C of the triangle 4 BC, similar to a given triangle and lying al- 
ways on the same side of AB, is a straight line. Verify geometrically for the case in 
which the angles at A and C remain equal. 
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92. Proposed by JOSIAH H. DRUMMOND, LL. D., Counselor at Law, Portland, Maine. 


Let ABCD be a quadrilateral inscribed in a circle. Draw the diagonals AC and BD. 
Show that AB.BC : DC.AD=BD : AC. [From a note in Young’s Geometry, edition of 1830. | 


93. Proposed by G. B. M. ZERR, A. M., Ph. D., President and Professor of Mathematics in Russell College, 
Lebanon, Va. 


While surveying in a level field I notice a mountain behind a hill. Wish- 
ing to know the height of each I take the angles of elevation of the tops of both 
and find them to be 6=-45°, d=40°, I then measure a straight line a==400 feet 
and find the angles of elevation of the tops to be y=42°, u=38°. After measur- 
ing b-—300 feet more in the same straight line I find the elevations to be A=40°, 
v==-36°. Find the height of each. 


x*y Solutions of these problems should be sent to B. F. Finkel, not later than May 10. 


CALCULUS. 


73. Proposed by MOSES COBB STEVENS, A. M., Professor of Mathematics, Purdue University, Lafayette, 
Ind. 


Solve “log(1 —tanx)dx 
0 


74, Proposed by EDWARD R. ROBBINS, A. B., Mathematical Master in the Lawrenceville School, Law- 
renceville, N. J. 


A circular ring, whose radii are a and b, is cut by a plane making the area of the 
section (or sections) amaximum. Required the position of the plane, and the nature and 
area of the section (or sections). 


y*, Solutions of these problems should be sent to J. M. Colaw, not later than May 10. 


DIOPHANTINE ANALYSIS. 
64. Proposed by JOHN M. COLAW, A. M., Monterey, Va. 


Find two cubic proper fractions whose product is a square proper fraction. Cana 
general solution be made? 


65. Proposed by F. P. MATZ, D. Sc., Ph. D., Professor of Mathematics and Astronomy, Irving College, 
Mechanicsburg, Pa. 
Find (1) four consecutive numbers whose sum is a square, and (2) four consecutive 
numbers the sum of whose squares is a square. 


x*, Solutions of these problems should be sent to J. M. Colaw, not later than May 10. 


MISCELLANEOUS. 


60. Proposed by G. B.M. ZERR, A. M., Ph. D., President and Professor of Mathematics, The Russell College, 
Lebanon, Va. 

A tube of uniform cross section, small compared with its length, is bent into the form 

of a cycloid, its open ends lying at the cusps, and this cycloid is placed with its axis verti- 

cal and its vertex downwards. Equal quantities of fluids of specific gravity o, and o@, are 
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poured in at the two cusps, the quantity of each being such as would fill a length of the 
tube equal to its axisa. If the fluids do not mix, find the distance x,, x, of the upper 
levels of the fluids from the vertex measured along the cycloidal are. [From Proctor’s 
Geometry of the Cycloid. | 


61. Proposed by F. M. SHIELDS, County Surveyor, Coopwood, Miss. 


Of three chronometers, 4, B, and C, A keeps true time; B gains 5 minutes and 153, 
seconds a day by true time, and C loses 7 minutes and 15 3-7 seconds a day by true time. 
The hands of all three watches are set at 12 noon on a certain day. What is the time by 
the true watch, A, on the fifth day after time when the hands of the fast watch, B, point 
to 12, and what is the time by the true watch, A, on the tenth day after time when the 
hands of the slow watch, C, point to 12? 


x*y Solutions of these problems should be sent to J. M. Colaw, not later than May 10. 


PERIODICALS. 


The Open Court. A Monthly Magazine. Devoted to Science of Religion, 
the Religion of Science, and the extension of the Religious Parliament Idea. 
Kdited by Dr. Paul Carus; Assistant Editor, T. J. McCormack and Associate 
Editors K. C. Hegeler and Mary Carus. Price, $1.00 per year in advance. Sin- 
gle copies, 10 cents. 

The April Open Court presents its readers as a frontispiece with a unique specimen 
of Japanese art in the shape of a brilliantly colored poster called The Pure Land or Western 
Paradise, by a famous Tokyo artist, Mishima. The posters were made especially for the 
Open Court, and the sheets imported from Japan. The conception is delicate, and the 
tints little short of exquisite. 

In the leading article Dr. Woods Hutchinson, of Buffalo discourses upon Courage 
the Chief Virtue, which is opposed by the author to meekness and submissiveness usually 
taught, and contrasts the sublime fortitude of Christ to the cowardice of many interpre- 
tations of his religion. Dr. Moneure D. Conway continues his series of articles on Solomonic 
Literature, giving in the present number the mythological interpretation of the traditions 
connected with the wives of Solomon. The illustraded article of the numberis by Dr. 
Paul Carus on the Human Heart as Mirrored in Religious Art. Old wood cutsare re- 
produced, portraying the various conceptions of the soul as the vehicle of good and evil, 
while representations of modern ideas are also given. 

Captain Pfoundes of Japan writes entertainingly of the present situation in China, 
and his article is accompanied by a handsome half tone illustration of the Seven Sages of 
the Bamboo-Grove. Mr. Sandison of Glasgow reports the Gifford Lectures now being de- 
livered in Scotland by Dr. Bruce; and Mr. Edmund Noble of Boston gives us Some Paral- 
lels Between Theology and Science. Prof. I. W. HWowerth of the University of Chicago 
treats of the erying problems of social life. Poems, with a new hymn by Dr. Paul Carus, 
and a number of book reviews complete the number. 


The American Monthly Review of Reviews. An International Illustrated 
Monthly Magazine. Edited by Dr. Albert Shaw. Price, $2.50 per year in ad- 
vance. Single number, 25 cents. The Review of Reviews Co., 13 Astor Place, 
New York. 
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The Cuban crisis naturally demands more space in the editorial department of the 
American Montly Review of Reviews than any other single topic. The whole matter is re- 
viewed in the light of the latest and most authentic information received up to the time 
of going to press. The Review is convinced that the country desires and will demand in- 
tervention in Cuba, that the real question at issue is the relief of Cuba, not the settlement 
of the Maine incident, and that Spain’s final withdrawal from the Western hemisphere 
will be the only satisfactory termination of the present trouble. 


The Monist. A Quarterly Magazine devoted to the Philosophy of Science. 
Edited by Dr. Paul Carus; T. J. McCormack, Assistant Editor; E. C. Hegeler, 
and Mary Carus, Associate Editors. Price, $2.00 per year in advance. Single 
number, 50 cents. The Open Court Publishing Co., Chicago, III. 


Prof. Ferdinand Huppe, the well known Professor of Hygiene in the University of 
Prague, contributes an interesting and important article to the April Monist on the Causes 
of Infectious Diseases. Prof. Huppe is a bacteriologist of the modern school but neverthe- 
less opposes the main doctrines of Koch, Pasteur and Virchow, and few will dissent from 
the reasonableness of the position he takes, which harmonizes the facts of the new theories 
with the established principles of the old. Both physicians and laymen will be interested 
in Prof. Huppe’s presentation of modern bacteriology. 

In the same number, the famous Italian criminologist, Prof. Cesare Lombroso seeks 
to establish his favorite theory of the degeneracy of genius by considering certain regres- 
sive phenomena in evolution. Dr. Woods Hutchinson writes passionately and with rare 
ability upon Lebenslust, or the joy of life. A distinguished English lady, E. E. Constance 
Jones, discusses An Aspect of Attention. Prof. John Dewey, of the University of Chicago, 
discusses ethics in the light of evolution. And, finally, the editor, Dr. Paul Carus, in a 
long article on the Unmateriality of Soul and God, seeks to lay a firm foundation for cor- 
rect views of these momentous questions. The number concludes with entertaining Liter- 
ary Correspondence from Europe, and the usual number of Book Reviews in the field of 
science, philosophy and religion. 


SOME ERRATA IN FEBRUARY NUMBER. 


Page 42, line 34, for ‘‘defective’’ read defect. 

Page 43, line 12, for ‘‘—axy==6” read —xy-=—6. 

Page 44, line 17, for last ‘‘:,’’ read =,; line 30, omit ‘‘(’”’ before wy. 

Page 47, line 18, for ‘‘PN”’ read DN; line 19, supply ‘‘(’’ before F@+ NE). 

Page 48, line 7, for ‘‘12an+-2n? /1200=100” read 1274+ wn? /100=1200. 

Page 52, line 28, for ‘‘38(6?—1')’’ read 3(62—1?). 

Page 58, line 3, after 208, insert 608; line 38, for ‘‘13’’ read 15. 

Page 54, line 3, for ‘‘3638”’ read 368. 

Page 59, line 21, for ‘‘7m?n”’ read 7m2n. 

Page 60, line 1 of problem 70, for ‘‘7/n’’ read w/2n; and in last line, for ‘7/2’ 
read 7 /2n. 

Page 61, problem 63, for ‘‘x?’’ read x8, and for ‘‘105498” read 105489. 

Page 66, line 13 from bottom, for ‘‘Page 22”? read Page 17. 
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ON SOME CASES WHEN THE QUINTIC IS SOLVABLE BY 
ELEMENTARY METHODS. 


By A. C. BURNHAM, University of linois. 

Abel has shown thatthe general equation of the fifth degree is not solvable 
by the ordinary method of extraction of roots. Abelian equations and cyclical 
equations in which the roots satisfy a certain condition can be so solved. 
It would be of value to have the necessary and sufficient condition which must 
be satisfied by the coefficients, instead of by the roots, in order that the given 
equation be an Abelian, or a cyclical, or, in fact, be solvable by root extraction, 
so that one could immediately tell, given an equation, whether it were solvable. 
I believe no one has as yet deduced such a condition for the general quintic. 

It is the object of this paper to give, not the general condition indeed, but 
one which covers many special cases, in the hope that it may prove of interest or 
of value in further study of the subject. 

Let the general quintic be 


fle) ==@5 40,04 +4g03 $440? $A,0 +050. ... 0. eee, (I), 
and let it be divisible without a remainder by 
(ar) =u * + put g= =(. 
Now divide f(x) by p(x) and let the result be 
Fa) 


P(x) 


Fi(p, Na+ Fe (p, 1) 
P(x) 


(x) + 
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where 
Y(a)-=a3 +A,u®+A,x+A,=—0, 


A,, A, and A, being functions of p, g, a;, a, and a,, and where F’, and F, ar- 
ranged according to q are 


FP, =@? (a,—2p)+q(—a3, +a,p—a,p?+p*)+a,=0 ......... (IT) 
and 
Fi=q? +q(—a,+2a,p—3p?)+a,—a,p+a,p?—a,p?+pt=0....(I1D). 


Now if (11) and (III) were considered simultaneous and solved for p and 
q, they would give all the ten values each of p and g which would make pw=-0 
divide /(z)—0 without a remainder, but this would involve the solution of an 
equation of the tenth degree. 

If, however, (II) and (III) be considered identical and the absolute terms 
and the coefficients of qin the two be equated after dividing (II) by a,—2p, there 
results two equations in », which must possess at least one common root. 

These two equations in p are 


op? —6a,p? +(2a? +a,)p+a,—a,d,=0.............. (IV), 
and 


2p>—da,p*+(2a, +a.” )p?—(2a, +a,4,)p? +(2a,+4,4;)p+a;—a,a,—0...(V). 


These equations (IV) and (V) will have a common root when their result- 
ant, £, formed by Sylvester’s method, is equal to zero, that is, when 


R= 
0 —6b6a, 2af~t+a, a,—a,a, 0 0 0 0 
0 5 —6a, 2a~t+a? a,—a,a, 0 0 0 
0 0 5 —6a, 2aP+a, as—a,a, 0 0 
0 0 0 i) —6a, 20 PF +A, Ag—A, A, 0 
0 0 0 0 5 — 6a, 20" +A, Ag—A, 4M, 
2 —3da, a?+2a, —2a,—a,a, 2a,+a,a, 4,—a,4,4 0 0 
0 2 —38a, afP+2a, —2a,—a,a, 2a,+a,a, a,—a,a, 0 
0 0 2 —8a, af+2a, --2a,—a,4, 2aytaya, a,—a,a, 


This is therefore the condition that the general quintic be solvable by con- 
sidering (II) and (IIT) identical. 

The value of the common root p is easily found by differentiating R, and 
this value of p substituted in (II) or (III) gives in general two values of q corres- 
ponding. The value of » common to (IV) and (V) with either of the correspond- 
ing values of q substituted in p=—0=«a? + px+q gives two roots of the proposed 
equation (1). Two more roots are given by taking the same value of p with the 
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other corresponding value of q. 

We see that the condition R—O among the coefficients requires that, for 
some one value of p, there shall be two values of q, 7. e. that, for example, there 
exist among the roots such a relation as 


U,+%,—=%,+2, 
with 


Uy La = Up 4, 


where «,, 1, %3, %3, ©, represent the five roots. The other root, the fifth, is 
then given by 7,—2p—a,. 

In case of equal roots, so that for a known value of » the two values of q 
are equal, or in any case when it is desirable or easier, three of the roots can be 
found from 7¢:(«)=0 when any pair of corresponding values of pand q are known. 

In this discussion no restriction is placed upon the character of the values 
Of @,, Gp, ...... a, orporg. They may be complex. 

Whenever, therefore, the coefficients of a quintic satisfy the condition 
(VI), then p can have at most only nine values (instead of ten as in the general 
case) and the equation is solvable by this method. q may at the same time have 
ten values. 

Kxample: Let the given equation be 


25> —10xv4 +1723 + 76a? — 22874 144=—0. 


In this case the condition (VI) is satisfied and equations (IV) and (V) 
have a single common root, p==—8. Then from (IJ) or (III), we have 


g? + 16q —-36=0, 
from which g=2 or —18. Therefore 
v?—3x+2=0, from which «—1 or 2. 
or «*—38¢7—18=0, from which r=—8 or 6, 


and finally <=2p—a,——6+ 10=—4, and the roots are 1, 2, —3, 4 and 6. 


Urbana, Ill., December 27, 1897. 
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NOTE ON THE PRACTICAL APPLICATION OF A SUBSTITU- 
TION GROUP IN SPHERICAL TRIGONOMETRY. 


By DR. G. A. MILLER. 


et 


Several years ago Professor Study published a very valuable article* on 
spherical trigonometry in which he demonstrated the fertility of the group con- 
cept in this branch of elementary mathematics. His efforts were directed toward 
making the theory more general and more complete, and he explicitly states that 
the practical geometer would not find any results in his article which he could 
directly employ. 

In what follows, our aim, on the contrary, is entirely practical. It is our 
belief that a fair knowledge of spherical trigonometry can be obtained more quick- 
ly by devoting one lesson to the substitution group given below than would 
otherwise be possible. 

We let a, b, c represent the three sides of a spherical triangle, and a, f. 
y the supplements of the angles opposite these sides, taken in order. From the 
polar triangle we have that the substitution 


aa.bfp.ey + 


will transform any formula into one which is equally true. It is also evident 
that any formula which has been derived without assigning any particular value 
to any one of the six parts is transformed into a formula which is equally true 
by means of the substitutions 


ab.af be. BY. 


Hence such a formula is transformed into one that is equally true if these 
substitutions are applied successively. In other words, any substitution of the 
group generated by the given three substitutions transforms any such formula in- 
to one that is equally true. This substitution group (G) is well known. It is 
composed of the following substitutions : 


1 
abu.afBy aa.bB.cv 
acb.ay fi afcaby 
ab.af ayvbacp 
ac.ay ap .ba.cy 
be. By ay.bB.ca 


aa.by.cf 


If a general formula like 


*Study, Saechsischen Abhandlungen, 20, pp. 87—231. 
tThis means that a is replaced by a and that a is replaced by a, etc. 
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sinacos?-+ cosbsinc + sinbeosccosa==0 


is not transformed into itself by any one of the substitutions of G besides unity, 
we obtain 12 and only 12 formulae from it by transforming it by the substitu- 
tions of G. From each one of these 12 formulae we may obtain the other 11 by 
applying to it the substitutions of G which differ from unity. These 12 formulae 
thus form a closed system in regard to G. It is of interest to observe the closed 
systems in regard to the different subgroups of G and to interpret them geomet- 
rically. When a general formula like 


cosa—cosbcosc— sinbsinccosa 


is transformed into itself by one substitution of G which differs from unity 
(bc.f7) we may obtain 6 and only 6 formulae from it by transforming it by all the 
substitutions of G, and from each one of these 6 we may obtain the other 5 in a 
similar manner. Each of these six formulae may be obtained from any given 
one of them by transforming it by means of either one of two substitutions of G. 

In general, if such a formula is transformed into itself by just & substitu- 
tions of G we may obtain 12+ formulae from it by transforming it by the sub- 
stitutions of G, and all of these can be obtained from any one of them by .trans- 
forming it by means of the substitutions of G, & substitutions giving the same 
formula in each case. It is clear that & must be a divisor of 12; 7. e. the num- 
ber of the substitutions of G that transform any -general formula of the spherical 
triangle into itself is a divisor of 12. 

If we replace a, 8, y by A, B, C respectively, the first half of the substi- 
tutions of G form a subgroup which may be employed in a similar manner to de- 
rive the formulae of the plane oblique triangle from each other. Hence 
this group might be made a very useful and general aid to remember the formu- 
lae of trigonometry. The explicit introduction of G into the text-books on 
spherical trigonometry would also furnish the means of making the student thor- 
oughly acquainted with sume of the elements of a concept of great fertility. 


Cornell University, March, 1898. 


DEPARTMENTS. 
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SOLUTIONS OF PROBLEMS. 


ARITHMETIC. 


87, Proposed by E. W. MORRELL, A. M., Professor of Mathematics, Montpelier Seminary, Montpelier, Vt. 


A and B set out from the same place, and in the same direction. A travels uniform- 
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ly 18 miles per day, and after 9 days turns and goes back as far as B has traveled during 
those 9 days; he then turns again, and, pursuing his journey, overtakes 6 223 days after 
the time they first set out. It is required to find the rate at which B uniformly traveled. 
[From Greenleaf’s Arithmetic. | 


Solution by J. F. TRAVIS, Student in the Ohio State University, Columbus, Ohio. 


Let 2=number of miles B traveled per day. Then 

223 x 2:==total distance B traveled. 

18 x 9=162—number of miles traveled by A in 9 days, and 

162—9x2=:number of miles A is from starting point. 

(9x 2)+18=—2+2—=number of days A traveled backwards. 

, 94+%+2—total number of days A traveled. 

924—(9+4+ 2+2)—133— 3+2=-number of days in which A must overtake B. 
To overtake B, A must travel [223 x $—(162—9 x 4)]+18 days. 

. (223 x 2—(162—9 x 2)] +18=134—$-+2, from which we find §—10—= 
number of days. 


This problem was also solved by F. R. HONEY, G. B. M. ZERR, and M.A. GRUBER. Mr. Gruber 
gave an alegebraic solution and discussed the problem in general. 


88. Proposed by J. A. CALDERHEAD, M. Sc., Professor of Mathematics, Curry University, Pittsburg, Pa. 


Find the principal of a note given March 19, 1891, bearing interest 6%. Pay- 
ments: September 1, 1892, $243.50; January 19, 1898, $6.90; April 13, 1894, $19.10; Septem- 
ber 19, 1894, $110.90. Amount due February 22, 1897, $229.10. 


Solution by COOPER D. SCHMITT, A. M., Professor of Mathematics, University of Tennessee, Knoxville, 
Tenn.; P. S. BERG, B. Sc., Superintendent of Schools, Larimore, N. D., and NELSON L. RORAY, Professor of Math- 
ematics, South Jersey Institute, Bridgeton, N. J. 

The amount $229.10 due February 22, 1897, has been running 2 years, 5 
months, 8 days. Hence the principal is easily found to be $200. 

The payments of $6.90 and $19.10 are evidently less than the interest. 

Hence the $200 has been running since September Ist, 1892, or 2 years, 
18 days. But the payments $6.90, $19.10 and $110.90 must be added to the 
$200, making $336.90. 

Working back we find that this on September Ist, 1892, was $3800. But 
$243.50 was paid on this date; hence we have $548.50 as principal and interest 
which has been running since March 19, 1891, or 1 year, 5 months, 12 days. 

Whence amount—$5438.50. Rate=6%. Time=1 year, 5 months, 12 
days, and hence principal is easily found to be $500. 


Also solved by G. B. M. ZERR. 


89. Proposed by NELSON L. RORAY, South Jersey Institute, Bridgeton, N. J. 


Solve by pure arithmetic. A criminal having escaped from prison traveled 10 hours 
before his escape was known; he was then pursued so as to be gained upon 3 miles an hour: 
after his pursuers had traveled 8 hours they met an express going at same rate as them- 
selves, who had met the criminal 2 hours and 24 minutes before; in what time from the 
commencement of the pursuit will they overtake him? 
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Solution by M. A. GRUBER, A. M., War Department, Washington, D. C.; MARTIN SPINX, Wilmington, 0.; 
F. R. HONEY, Ph. B., New Haven, Conn.; ALBERT J. GIBBS, Salida, Col.; and AMELIA BACH, Salida, Col. 


When the pursuers met the express they had been in pursuit 8 hours. 
When the express met the criminal, the pursuers had been following the crimin- 
al 8—22?=-53 hours, and the criminal had been escaping for 10+52—152 hours. 

As the express and the pursuers traveled at the same rate, the distance 
traveled by the criminal in 153 hours was traveled by the pursuers in 8+22== 
102 hours. The pursuers, in this time, gained 102?x3=81{ miles. This dis- 
tance was evidently traveled by the criminal in 153—102—5{ hours. 

.. The criminal’s rate of travel was 314+51=6 miles per hour. 

The crimiual therefore had the start of 10 x 6=60 miles. 

But the pursuers gained 3 miles per hour. Then, to gain 1 mile they had 
to travel $ hour, and to gain the 60 miles they had to travel 60 x 3=20 hours= 
the time required. 


Also solved by J. H. DRUMMOND, WILL RYAN, D. G. DORRANCE, Jr.,W. H. DRANE, G. B. M. 
ZERR, FREMONT CRANE, M. HE. GRABER, B. F. YANNEY, and J. A. MOORE. 


———e 


ALGEBRA. 


81. Proposed by JOHN M. COLAW, A. M., Monterey, Va. 


a,” 
Show that A 
(4,—@,)(U, —G,)(@,— 44)... (Ay — Ap) 
Ae” + A, 
(Ay—,)(dy— Ag)... (Ag—Mn) (Qn — 4 )(An— Gg)... (An—Ap_1) 


is zero if ris less than n—1; to 1 if r==n—1, and to a4, +a,+a4,+...a, if r=n. 


[C. Smith’s Treatise on Algebra, Ex. 58, page 104. ] 


Solution by ALFRED HUME, C. E., D.Sc., Professor of Mathematics, University of Mississippi, University, 
Miss. 


The fractions being reduced to their least common denominator, every term 
of the numerator contains the factor a,—a, except the first and the second. If, 
in the numerator, we put a,—<@,, the first two terms become the same with op- 
posite signs and each of the remaining terms has a zero-factor. Hence the num- 
erator vanishes under this supposition, and, therefore, a,—da, is a factor of it. 
Similarly every factor of the denominator may be shown to be a factor of the 
numerator. Now the latter is a homogeneous expression of a degree less than 
that of the denominator by n—1—r, there being n—1 factors in the denominator 
of each of the original fractions. 

If r<n—1, the numerator is of lower degree than the denominator. But, 
as proved above, there are as many conditions that cause the numerator to vanish 
as there are factors in the denominator. In this case the number of these 
is greater than the degree of the numerator, which is, therefore, identically equal 
to zero. 
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If r=n—1, the numerator and the denominator are of equal degree, and, 
being composed of the same factors, the fraction equals 1. 

If r-=n, the degree of the numerator is one greater than that of the denom- 
inator. Hence, besides the factors common to both, there must be in the numer- 
ator one other factor of the first degree. Since this factor must be symmetrical 
with reference to a,, @,, as, etc., it IS a; Fag +a,+...ay. 

This last is, therefore, the value of the fraction, the numerical coefficient 
independent of a,, @,, @3, etc., evidently being unity. 

Also solved by C. W. M. BLACK. 


82. Proposed by B. F. YANNEY, A. M., Mount Union College, Alliance, Ohio, and F. P. MATZ, D. Sc., Ph.D. 
Mechanicsburg, Pa. 


ye tyete=a 
2? +2e+a4%==b? find x, y, and z. 
ap? 4+ xy + y?=C 
[C. Smith’s Treatise on Algebra, Ex. 31, page 172.] 


I. Solution by P. 8S. BERG, A. M., Principal of Schools, Larimore, N. D. 
From (1)+()4+(@), 2(y? +2? +22)+yz+er+ry=a*® +b? +7. ..0.... (4). 
Squaring (4) 
A(y? +27 4+ 0®)? +4(y2 +22 +27 )\(yz+2nt+ cy) +(yz+2u4+ay)*=(a? + 6? 4 ¢?)*? ..(5). 
From 2(1)* + 2(2)? + 2(8) 
A(y? +22? + 47)? +4(y* +2? +27 )\(yz+ ent wy)—2(y2z+204+ary)* =2(a4t + b4+407)..(6). 
From 1/{[(5)—(6)]/3} 


y2+eutuy=ty {t[(2a?b? +2b?%c? 4+ 2a?c?)—(a4+b44+et)]} 0.0... 1. ..(7), 
Put second member=m; then from 1/[6(7) +2(4)] 

2(yAztay=H=ty [2(a? +b2 +07 )+6M)] oo. ee ce eee eens (8). 
From (4)+(7)—2(2)  2y(ytz2+a)=a?—b? +e? +m... eee ee (9). 


From (9)+(8) and restoring m 


_ a?—b? +¢% + 3y/ [1207 b? —3(a* + d® —c? )?] 
Oey (2a? +b? + 0? )21/[1207b2 Ba? FD? |} 


Simmilanly. ¢on__ 0 thre Ehy [120262 3(a2 EDP e2)2] 
Yo PSE y (Qa? $0 $e) [12ah*— Ba? FOF He) 
b? +¢%®—a?+4)/[12a? b? —3(a? +b* —c?)?] 
1/{2(a? + b* +e?) +2) [1202 b? —3(a? + b? --c?)]} 


and « —= 


II. Solution by J. SCHEFFER, A. M., Hagerstown, Md. 
Subtracting (1) from (2) we get (a—y)(a+y+2)—b? —a’, or putting r+ y 


+2=8, (x—y)s==b? —a*...... (4), and subtracting (1) from (8), we thus get 
(a—z)s=c? —a?....(5). From (4) and (5) we obtain y-==(sa4-a? —b?)/s....(6), 
and z—=(sa-+a?—c?)/s...... (7). Adding x to both members of (6) and (7), we 


have «+ y+z=(dsa+ 2a? —b? —c*)/s, or 8? =dsx+2a*” —b* —c? 0... (8), whence 
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w—=(s? +b? +¢? —2a?) /88...... (9), and then by (6) and (7), y=(s? +a? —2b? 
+¢7)/38...... (10) ; z=(s? +a? +b? —2c*)/3s...... (11). 


Substituting in (3), expanding, and arranging, we obtain, 
s4—(a? +b2+0¢?)s*=a?b? +a%c*% +b? c? —at— bt —c?# eee 
whence s*=3[a? 4-5? +c? +1/3./ (20° b? + 2a?c? + 2h?c? —at—bh4—c*)], or put- 
ting the irrational part=S, so that S=1 3.) (2a2b? + 2a? c? + 2b*%c? —a4+— bt —c?) 
beens (18). s®?=2(a? +62+c?+S)......(14). 

Substituting now in (9), (10), (11), we obtain 


e==[8(b? +¢? —a?) +S] /6s ; 
y=[8(a? +c? —b?)+S]/6s ; 
z==[3(a? +b%—c?)+S]/6s. 
(18), (14), and (15) suffice to determine the values of x, y, and z. 


III. Solution by G. B. M. ZERR, A. M., Ph. D., President and Professor of Mathematics, The Russell College, 
Lebanon, Va. 


(1)—(2) gives (y—a)(a+y4 z)=a? —b* 0... (4). 
(1)—(8) gives (g—2)(a+y4+2z)=—a*--c® 2... (5). 
(4)+(5) gives y=[(b? —c? )r+ (a? — b? )z]/[a? —c?].....- (6). 
(6) in (8) gives (a*+b4+38ct +a?b? —8a%c? —8b*c? x? + (at +a? b* +36? ce? — 254 
—8a*c*)xz+ (at —2a? b? + bt 2? =atc? —2a*ct*+e%8...... (7). 


Let z=vz in (2) and (7), and divide (7) by (2), 


(atb? —2a?b4 +b6—atc? + 2a? ct —c®)v* + (ath? —2b6 4 8b4c? +a? bt —8a? b*c® — 
ate? +2a2c4—c® vate? + 2a2ct —e8 —atb2 —b&—8b2 et — a2 b4 + 8a2b2 0c? —3b4e2, 


or v?+2Av—B, suppose. .°. v=+)/(4A?4+ B)—A. 


eee Heath [1202023 $b? 7)? ] 
~ V(ltote®)  /{2(a? +b? +0?) 2y/ [1207b? —3(a? +b? —c*)* hf 


*, ¢=(b? +c? —a®?£C)/D, suppose. 
y=(a? +c? —b°?C)/D. 
g(a? +b? —c?F £C)/D. 
Prof. Cooper D. Schmitt remarks that nine different solutions of this problem can be found in the 


Mathematical Magazine, Vol. II, Nos. 8 and 10, on pages 141 and 193. 
Prof. Zerr sent three solutions. 


108 


GEOMETRY. 


85. Proposed by S. F. NORRIS, Professor of Astronomy and Mathematics, Baltimore City College, Balti- 
more, Md. 


Prove by pure geometry. Give direct proof, if possible. 
If the bisectors of two angles of a triangle are equal, the triangle is isosceles. 
[From Wentworth’s Plane Geometry, exercise 48, page 72.] 


I. Solution by J. M. COLAW, A. M., Monterey, Va., and EDMUND FISH, Hillsboro, IU. 

In triangle ABC, let AD, CE, be the bisectors of angles A and C,and AD 
=CEH. Then angle A=angle C, and triangle ABC is isosceles. 

Suppose a circle passed through A, C, and E£. 
It will also pass through D. If not, suppose that it 
cut AD in any point P short of D. Then arc EB> 
are PE, since 7 ECA(=ZDCE)> Z PCE. 

Also, are PE=are PC, since 7 EAP=: 7 PAC. 
Whence arc 4#P>are EPC. 

‘, chord BP>chord CE. But by hypothesis, 
AD=CE. .. AP>ADPD, which is absurd. In the 
same way it may be shown that the supposition that 
the circle, which passes through A, C, and EF, cuts BD 
in any point P’, beyond D, also leads to an absurdity. The circle must there- 
fore pass through D. Hence / EAD(=3}/ A)=Z DCE(=}Z0). 

. ZA=ZC, and triangle ABC is isosceles. 


II, Solution by OTTO CLAYTON, Teacher of Mathematics and Physics, Remington High School, Reming- 
ton, Ind. 


Draw the bisector AG meeting the given bisectors CE and BF of the given 
triangle ABC, in the point O. Revolve ACG about AG as an axis until AC co- 
incides with AB. Then the point C will fall within the segment AB, on the 
point B, or without the segment AJB, according as / ACO is greater, equal to, or 
less than 7 ABO. And the point F will fall within AZ, on the point £ or with- 
in FB, according as £ ACO is greater, equal to, or less than 7 ABO. 

But Z ACO cannot be greater than ABO, for (C'O+OE)-=CE would be 
less than (BO+ OF’ )=BF, which is contrary to the hypothesis that CE—BF. 

Likewise / ACO can not be less than / ABO, 
for (B’O+ OE)=CE would be greater than (BO+ OF) 
—BF, which is contrary to the hypothesis. There- 
fore / ACO= 7 ABO, and C fallsupon B. Therefore 
the triangle is isosceles. | 

I think this is a simple proof and does not in- | 
volve anything outside of the first book of Wentworth. ] 

In the proof I did not show how O#L+0C" is “™ 
less than BO+OF’. When the perpendicular OP falls between OF and OB the 
reason is obvious. When OP falls without, construct equilateral triangles F’ OH 
and C’OK. ‘Then prove HE less than KB. 
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IIT. Solution by the PROPOSER. 


Let the bisectors BE and AD be equal, prove triangle ABC isosceles. 

Three suppositions are possible. 

Ist, A> ZB; 2nd, ZA</B; 8rd, ZA=ZB. 

First, suppose ZA>/Z/86: then #2ZA>3ZB. 
Construct 7 FAD=/7CBE. Then in the triangle FAB, 
FB>FA (greater side opposite greater angle). Lay off 
on BF a distance BG equal to AF, and draw GH parallel 
to FA. Then the triangle BGH=triangle FAD (BG= 
FA, by construction, 2GBH—/7FAD, for the same 
reason, / BGH= / DFA, exterior-interior angles. ) 

.. DH==BA (homologous sides of equal triangles) which is absurd, because 
BE==AD, by hypothesis, and BH is only a part of BE. 

Second, in a similar manner it can be shown that / B cannot be greater 
than A; 7%. e. ZA cannot be less than 7B. 

Third, as / A can neither be greater nor less than / B, it must be equal 
to 7B... the triangle is isosceles. Q. E. D. 


For other demonstrations of this problem, see Vol. II., pages 158, 189— 
192. Enprtor. 


86. Proposed by WILLIAM HOOVER, A. M., Ph. D., Professor of Mathematics and Astronomy, Ohio Univer- 
sity, Athens, Ohio. . 


Prove that the four conics which have S for focus and which touch the three sides 
of each of the triangles ABC, AEF, BFD, CDE, have their latera-recta equal. 


Solution by the PROPOSER. 


Reciprocate with respect to S; then we have the three altitudes of 
an equilateral triangle passing through a point, and the circumscribing circles of 
the four triangles formed by joining the feet of the perpendiculars equal. 

The Jatera recta of the given conics are then equal. 


87, Proposed by WALTER HUGH DRANE, A. M., Professor of Mathematics, Jefferson Military Academy, 
Washington, Miss. 
Given any two straight lines in space, AB, CD, which do not intersect. So construct 
upon one of the lines as base, a triangle, having its vertex in the other line, such that its 
perimeter shall be a minimum. 


No solution of this problem has been received. 


88. Proposed by FREDERICK R. HONEY, Ph. B., Instructor in Mathematics in Trinity College, New Haven, 
Conn. 


Prove that the volume of the frustum of a cone is equal to one-sixth of the altitude 
multiplied by the sum of the areas of the upper base, the lower base, and four times the 
area of the section midway between the upper and lower bases. 


Solution by FREMONT CRANE, Sand Coulee, Mont.; ALOIS F. KOVARIK, Instructor in Mathematies and 
Physics, Decorah Institute, Decorah, Iowa; G. B. M. ZERR, A. M., Ph. D., President and Professor of Mathematics, 
The Russell College, Lebanon, Va., and the PROPOSER. 


Let R=radius of the lower base ; r—radius of the upper base; p==radius 
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of the base mid way between the upper and lower bases ; and a=altitude of frus- 
tum. Then p=3(R+r). .. 40? =Cr+r)?*. 

Volume of frustum—t7a(R? +r? + Rr)=t7a(2Qh? + 2r? + 2Rr)=t7al_Rh? + 
r?+(R+r)*)=t7a( kh? +7? +4p?*). 

The same method applies to frustums of pyramids, and all solids coming 
under the prismatoid formula as special cases. 


Also solved in a more general manner by B. F. SINE, P. S. BERG, J. SCHEFFER, HARVEY N. 
DAVIS, W. H. DRANE, and CHAS. C. CROSS. ; 


CALCULUS. 


68. Proposed by EDWARD DRAKE ROE, JR., A. M., Associate Professor of Mathematics, Oberlin College, 
Oberlin, Ohio. 


x 
2 r r 

If a® to r steps be denoted by a*, and if y=a”, prove that 

r,r—l 1 k=r r,r—1 k—1 
Diyaar® © *'@ (logny 11 4loge)+ 3 at # 7 @ ~ (logayr-*, 

ke=2 
Solution by the PROPOSER. 

If y==f;(4)%@, we obtain, by taking the logarithm of both sides of the 


equation, and differentiating, the formula 
Dyfi (a) blog fy (2) De fo @) + fy} PO fo (a) De fr (@). 
2 2 
If in this f,(7)=2, f,(a)=a", that is if y==«* =a", we obtain 


2,1 2,1 
Dyy=at* logx(1+ logs) fae e ; 
and the formula to be proved is true when r=2. It is evidently not true for val- 
ues of 7<<2. Assume that it is true for all other values of r. 


r+1 r 
Let y=az « =pe®, In the above formula put, f;(7)=2, f,(7)=a", and we get 


Y r+l_y r 


D,y=x - ‘logeD 2" +2 wy, 
but by this assumption this is 


r+1 a k=r ri r—l k—-1_y 
D,y=x « loge[att id =(logn)"- W14loge)]+2 x ‘loge = peta te (logayr—* 


mri? oy 
rt1lisr,r- a rt+1 rl ; k—1__ 
—gt ‘et 2 "2(logny’ (1+ loge) + 2 gv ar (loga)+1-® | 


But this expression has the same form with regpect to r+1, that the as- 
sumption had with respect to r, and since the assumption was true for r=2, it is 
also true for all values of r greater than 2, which is what we had to prove. 


Erlangen, Bayern, Hauptstrasse 8811, 26 February, 1898. 
Also solved by C. W. M. BLACK, W. W. LANDIS, and G. B. M. ZERR. 
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69. Proposed by GEORGE LILLEY, Ph. D., LL. D., Professor of Mathematics, University of Oregon, Eugene, 
Oregon. 


An elliptic fence encloses a field whose major and minor axes are 2a and 2b, respect- 
ively. The ends of a rope, the length of which is equal to the length of the fence, are fas- 
tened outside the fence and at the extremities of the major axis. A horse is tethered by 
means of a ring which slides freely on the rope. Over how much ground can he feed ? 
What is the length of the outside border? Find these values in square feet and feet, true 
to six decimal places, when the area of the field is one acre and a=20. 


Solution by MELLEN WOODMAN HASKELL, A. M., Ph. C., Associate Professor of Mathematics, University 
of California, Berkeley, Cal. 

The outside border will evidently be a curve parallel to the given ellipse, 
so that the two curves will have common normals. Let ds denote the element of 
arc on the ellipse, dS the element of arc on the parallel curve lying between the 
same normals, d¢@ the angle between those normals, dA the element of 
area bounded by those normals, by ds and dS, and p the length of the rope, then 


dS=ds+pd¢, and dA=pds-+ tp’? d¢@. 
Integrating around the ellipse, since in this case the perimeter of the ellipse 


fas is equal to p, and also the complete integral f d@ is evidently 27, we have 


S=p(1+27) and A=—p*?(14+7). 


A simple calculation then gives 
p=806.698 feet, perimeter of ellipse ; 
S—5875.293 feet, length of outside border ; 
A—2695155 square feet, included area. 


MECHANICS. 


57. Proposed by J. C. NAGLE, M. A., M. C. E., Professor of Civil Engineering, Agricultural and Mechanical 
College of Texas, College Station, Texas. 


Over the intersection of two inclined planes slides a cord of uniform mass through- 
out its length. Find the equation to the path described by its center of gravity. 
Solution by the PROPOSER. 

Let AB, BC be the inclined planes, EBF the position of the cord at any 
instant. Let the length of the cord be a; let BC be the x-axis, AB the y-axis. 
Let EB=z. Then the center of gravity of EB will be at G, the mid-point of HA, 
and of RF at M, the mid-point of BF. Let L be the center of gravity of whole 
cord. By moments about M, 


GMxz=LMxa, or GM/LM==a/z......... 


But from similar triangles, 


GM BM _ =a: 
LM” HM }(a-—z)—-2 7" 
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Whence 2az==2? +a7—2Qav .... ce ees ...- (2). 

Also from the figure, GM/LM==3z/y=a/z, from which z=yp (2ay).......--. (3). 
Substitute this value of z in (2), square and arrange terms, and there results, 

4x? —8uy + 4y* —4ar—4ayt a?=—0 oo. ee eee eee (4). 


Equation (4) is that of a parabola, tangent to the axes at a distance of 3a 
from the origin. 


59. Proposed by WILLIAM HOOVER, A. M., Ph. D., Professor of Mathematics and Astronomy in Ohio State 
University, Athens, Ohio. 


Find the radius of a sphere of given specific gravity which will rest just immersed in 
a fluid whose density varies as its depth. 


I. Solution by HENRY HEATON, M. Sc., Atlantic, Iowa; E. L. SHERWOOD, A. M., Superintendent of 
Schools, West Point, Miss., and W. W. LANDIS, A. M., Professor of Mathematics, Dickinson College, Carlisle, Pa. 


Put r—radius of sphere, s,—its specific gravity, s,==specific gravity of the 
fluid at the depth of 1 foot, and a=62.5 pounds=weight of a cubic foot of water. 
The weight of the sphere is 4as,zr?. Tne weight of the sphere must equal the 
weight of the fluid displaced. To find this, put x=the distance of a horizontal 
section of the sphere below the surface. The weight of an equivalent quantity 
of the fluid between two sections whose distance apart is dw is as, 7(r? — x” Jada. 
Hence the weight of fluid displaced is 


a / 
81/82 . 


2r 
asf (r2?—x? jada=as,mrt+—fas, mr. 7 
0 


II. Solution by ALFRED HUME, C. E., D.Sc., Professor of Mathematics, University of Mississippi, Univer- 
sity, Miss.; and J. C. NAGLE. M. A., M. C. E., Professor of Civil Engineering, in State Agricultural and M. hanic- 
al College, College Station, Texas. 
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Let the origin of codrdinates be taken at the lowest point of the sphere, 
the axis of x vertical, that of y horizontal. The equation of the section of the 
sphere made by the zy-plane is y?==2Rx—«*, FR being the sphere’s radius. 

If p be the density of the liquid at a‘'depth of unity, then at a distance « 
above the origin, the density is p(2R—«a). The weight of the displaced liquid is 


2R 
{ my? dx. p(2kh—2x)q. 
0 


If ¢ be the density of the sphere, its weight is 47R3cq. 
These being equal 


feR*=p { (2Rr—a?)(QR—n)dr, 


the limits being 2R and 0, =4peht; R=c/p. 


III. Solution by the PROPOSER. 
Let 6, 0’ be the respective densities of the sphere and of the fluid ata unit 
depth, and take the upper extremity of the vertical diameter of the sphere for 
origin, that diameter being in the axis of «. 
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O0’e—=the density of the fluid at depth v, and for equilibrium the mass of 
sphere immersed equals the mass of fluid displaced. 
Then, 7 being the radius ef the sphere, 


°v Or 
0.4773 —{{ my? dx.0¢= { mo'e(2rxe—u* \du==0'sart,  .. r= d/0"” 
a a 0) 
Also solved by J. SCHEFFER and G. B. M. ZERR. 


60. Proposed by J. SCHEFFER, A. M., Hagerstown, Md. 


What must be the ratio of the two legs of a uniform and heavy right triangle sus- 
pended from the center of the inscribed cirele, if this triangle will rest with the shorter 
leg in a horizontal position ? 


I. Solution by WILLIAM HOOVER, A. M., Ph. D.. Professor of Mathematics and Astronomy, Ohio Univer- 
sity, Athens, Ohio. 


If a and b be the longer and shorter side about the right angles, and 7 the 
radius of the inscribed circle, we should have 


srlatbt+y/(a?4+b?)j=dab oo... eee. (1), 
or r=304+5b—3)/ (a? +b?) Looe ee eee. (2), 


The triangle is kept in equilibrium by the action of the weights of the sides 
vertically downwards and the reaction of the point of support. 
Taking moments about this fallen point, 
ra==(3b—r)y (a? +b?) +b0Gb—7) 2... eee (3), 
the sides being taken proportional to their weights. 
r from (2) put into (8) gives, by reduction, 


Ba=4b or a==$).. ee ee (4). 


II. Solution by HENRY HEATON, M. Sc., Atlantic, Iowa, and W.W. LANDIS, A. M., Professor of Mathemat- 
ics, Dickinson College, Carlisle, Pa. 


If a and 6 represent the legs of the triangle the distance of the center of 
gravity from the leg ais 4). The radins of the inscribed circle is 
r==3fa+b— (a? +0*)]. 
To secure equilibrium in the desired position 7 must equal 4), or 
b==t|a+b)—y, (a? +b?)]. 


Whence b=-da, or b/u==4. 
In this triangle the centee of gravity is directly above the center of the 
inscribed circle. Hence the equilibrium is unstable. 


III. Solution by G. B. M. ZERR, A. M., Ph. D., President and Professor of Mathematics in Russell College, 
Lebanon, Va., and J. SCHEFFER, A. M., Hagerstown, Md. 


In order that AB may be horizontal the point of suspension O and the cen- 
ter of gravity G must be in the same straight line perpendicular to AB. 
Let AB=2, BC-=ma, AC=«,)/C14+m?). Then WB=r-==radius of in-circle. 
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2(a—7r)+2(ma—r) +2r=a¢74+ mrt ay (14+m?) 
r==se[1+m—j7/(1+4+m?)]. 


GH=1BC=1mr, KH=)AB—HB=10—r. 


.KA=se[y/A4+im?)—m))], GK=1CK 


4CK=ha)/(44+m?). 
'KG?=GH?+KEH’, da? (4+m?)=)m? 2? +40? [p/1+m?)—m]?. 
$0) +m?)—m)?=s5, or yp 1 +m? )—m 


* AB: BC=8: 4, and HB: AB: BC: AC 
Also solved by J. C. NAGLE. 


. —-4 
. M—-s. 


—-1:3:4: 5. 


DIOPHANTINE ANALYSIS. 
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60. Proposed by G. B.M. ZERR, A. M., Ph. D., President and Professor of Mathematics, The Russell College 
Lebanon, Va 


It is required to find six positive numbers, such that if each be diminished by five- 
half times the fifth power of their sum the six remainders will be rational fifth powers 


Solution by the PROPOSER. 

Let wu, v, w, %, y, z, be the six numbers required, and let u+tu+w+a«ty 
+ 2==8, 
Then w—$s5==h5s85/g5, v—$s%°=h35/q>, w—3s5 =1585/q?, 
a— Ss —ms5/q>, y—3s5§=n58°/q>, 2— 


§g5— 595 /q5 | 
Adding these six equations we get 


s— 1585 ==(85 /q5)(h'+h5 +15 +m5+n° +p5) 
Let h +h 415 +m>+n°4+ p> =—¢q 


', S=%. 


=gel$t (h'/q*)], v=sele+/¢*)], w=szelh4+ (l/9°)], 
t—=gig|$+(m*/q>)], y=gel$+(n*/q*)], 


2—=salpt+(p?/q?)]. 
Let h==4, k=5, l=6, m=7, n=9, p11, q=—12. 


— 1217 — 625205 688887 _ —_ 9808 
U—=—F 5559: V=%95b2694; W— <bom) CH 9626979 Y= 


Y= sPies, t= TR 
Let h=5, k=10, 111, m=—16, n=19, p=—29, q==380 


_ I 3) 
“——~*962624° 
19441. pw. 121% 60911051. 3862411 = 68226099. z= 81261149 
U=99 9839) V-7 5583: WHF 6 900009 MU 486000009 VHT FFEO 0000) ~~ 777600000° 


AVERAGE AND PROBABILITY 


58. Proposed by HENRY HEATON, M. Sc., Atlantic, Iowa 


From a point on the surface of a circle two lines are drawn to the circumference 
Required the average area that may be cut from the circle in this way if the lines are 
Query I. 


supposed to be drawn at equal angular intervals. 
How does this differ from problem 32 ? 
Query II. 


Is sector the proper word to use for the surface thus cut off ? 
Query ITI. 


Is it absolutely correct to use the word random in average problems ? 


115 


I. Solution by the PROPOSER. 


For each pair of lines a second pair may be drawn in opposite directions, 
dividing the surface of the circle into four portions each of which is included be- 
tween two of the lines and the circumference. Hence the whole number of sur- 
faces thus cut off may be arranged in sets of four such that the areas of each 
set shall equal the area of the circle. Hence the average required is ¢ta?z, 
where a is the radius of the circle. 

Query I. As problem 32 does not describe how the lines are to be drawn 
to form the ‘‘sector’’ this is a particular case of that problem. 

Query II. This query was proposed for information. Some one may be 
able to give authority for the use of the word in this sense. It is contrary tothe 
usual definition. 

Query III. It is the opinion of the writer that the use of the word random 
in average problems is the result of confusion of ideas, and although sometimes 
convenient 18 never correct. 


II. Solution by G.B. M. ZERR, A. M., Ph. D., President and Professor of Mathematics, The Russell College, 
Lebanon, Va. 


Let P be the given point. Through P draw the two chords MN, Sh di- 
viding the surface of the circle into the four surfaces A, B, C, D. 

Then A+B4+C4+D=77?. 

Since P can be taken anywhere on the surface of the circle and the lines 
MN, SE can make any angle from () to z, the average area of A=average area of 
B==average area of C=average area of D. 

o. A=Bh=C=D= irr’. 

After carefully examining problem 32 I am inclined to think the above re- 
sult the true answer to that problem also. 


59. Proposed by J. SCHEFFER, A. M., Hagerstown, Md. 


A eirele is rolling along a horizontal straight line. The uniform velocity of the cen- 
ter is v. Find the average velocity of a point of the circumference. 


Solution by JOHN M. COLAW, A. M., Monterey, Va.; JOSIAH H. DRUMMOND, LL. D., Portland, Me.; M. E. 
GRABER, Mt. Vernon, 0.; and the PROPOSER. 


For the cycloid traced by the point, we have 


v=ad—asind 
y=a—acosh j, 


dx=a(l1—cos#)d@; dy==asinédé. 
J. ds? = dx? + dy?, =2a? dA? (1—cosf), = 2a? d4? (2sin? 36), 
*, ds=2asinz dé, 
Now OT=vt=aé. .. dt=(a/v)dé. 
. ds/dt=2asin}4d~-(a/v)d4, = 2vsin34, the variable velocity of P. 
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2v { sindoae 
. 0 
.. the required average= =4v/7. 


{7 ae 
0 


MISCELLANEOUS. 


Also solved by G. B. M. ZERR. 


56. Proposed by S. HART WRIGHT, A. M., M. D., Ph. D., Penn Yan, N. Y. 


In latitude 40° N.=A, when the moon’s declination is 5° 23’ N.=0, and 
the sun’s declination 9° 52’ S.=—0’, how long after sunset will the cusps of the 
moon’s crescent set synchronously, the moon having recently passed its conjunc 
tion with the sun ? 


[Note. Problem 56 is identical with problem 54, and need not be here 
reproduced. See January number, pages 27 and 28, for two solutions. Eprror. | 


57. Proposed by GEORGE LILLEY, Ph. D., Professor of Mathematics, University of Oregon, Eugene, Ore. 


A particle is placed very near the center of a circle, round the circumfer- 
ence of which n equal repulsive forces are symmetrically arranged ; each force 
varies inversely as the mth power of its distance from the particle. Show that 


man(m— 


; , 1 
the resultant force is approximately 5m + ) CP, and tends to the center of 


the circle, where m, is the mass of the particle, CP its distance from the center 
of the circle, and 7 the radius of the circle. 


I. Solution by the PROPOSER. 


Let the particle be at P, and C the center of the circle. Suppose the forces 
to be at A,, Ag, -..... CP=«x, and £A,CB=@. Then /A,CA,=/4A,CA, 
=.... .=360°/n=f, say. Draw A,N at right | 
angles to COB. Consider the force at A,. Then, 
X=[m,/(A,P)”]cosA,PN=[m,(reos#—«)] 

/(r? +2? —2racos6)2m+t), 


Let m,/r@tD=M. Then, since « is 
small, neglecting terms containing higher powers 
of « than the first, we have 


cos24.a.7—3a(m+t) 


X=M Eee 5 


4-3(m— 1yor—hom-+y | 


To obtain the total force on P along X take the sum of n such expressions 
for all values of 6 from 6=a to 6=a+(n—1)f. Hence, 
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50+m)eos[a + 2(n—1)6]sinenf n cos[2a+(n—1)A]sinnZ : 


SX= E , 
X=M sing J 2sinf 


p-k(m41) 


myn(m—1)_ 


97 (9717 ame »yp—h(m+1 — 
+n(m—1)xr | 5, ma 


Similarly, for the force along Y, 
Y=[m,/(A,P)"|sinA,PN= Mrsin6(1 —2ucos)—20" +) = kgin f+ ky xsin2¢, 
where k=Mri0@—™ and ky =M(m—1)r-2™+, 
For the sum of n such expressions, 2Y=0. Hence, the resultant is 


(Sx) 4(2Vy2} _inynim—I) OP. 


ym rl 


Since the forces are equal and symmetrically arranged in the cireumfer- 
ence, their resultant will act towards the center of the circle. 

II, Solution by ALFRED HUME, C. E., D. Sc., Professor of Mathematics, University of Mississippi, Univer- 
sity, Miss. 

It is assumed that the forces are placed at equal intervals along the cir- 
cumference, that the repulsive action is proportional to the mass acted on, and 
that each force acts with unit intensity upon a unit mass at a unit’s distance. 

Because of the symmetrical arrangement the resultant force will act in the 
direction PC, C being the center of the circle and P the position of the particle 
whose mass iS m,. 

Let the line connecting the forces with C make angles of a, 2a, da, etc., 
with the radius through P, so that na=27. 

The distance of the first force from P is 1/(r? —2r.CP.cosa+CP?), the co- 
sine of the angle which its direction makes with CP is 


(reosa— CP) /)/(r? —2r.CP.cosa+CP?), 
and the force itself is 
m,/(r? —2r.CP.cosa+CP?)™. 
Writing d for CP, the component of this force along PC is 
m,(reosa—d)/(r? —2r d cosa + d?)xm™+t), 
Putting this in the form 
m,(reosa—d)(r? —2r d cosa+d?)—2m*)), 
expanding by the binomial theorem, multiplying, and neglecting the third and 
higher powers of d, this becomes, 
m,r-™-{ —d + [r—3(m F 1)r—1d? Joosa+ (m+ 1)dcos? a 
+3[m+1)(m+3)]r-ld?cos* a}. 


The sum of all such components 1s 
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myr-™1{ —nd +[r—3(m-+ 1)r-ld? ](cosa+cos2a+cosdsa+ ..... COSNa@ ) 
+(m+1)d(cos*a+cos*2a+cos*3a+...... COSna) 
+3[(m+1)(m+3)]r—1d? (costa + cos82a+cos?da+.....- cos’nay}. 


By trigonometry, 
coss(n+1)a.sinéina 
cosa+cosQa+.. ...cosna 0088 (n + Da-sin ine . 
SiInaa@ 
cos(n+ 1l)a@.sinna 
sina 


3 


__cosa(n+d)a.singna@  dscosz(n+lya.singna 
A4singa@ 4sinza@ 


cos*a+cos?2a+..... Cos*na==3{ n + 


cos'a+cos*2a+...... cos?*na 


The value of these series when na=27 are 0, n/2, and 0, respectively. 
Hence the expression for the approximate value of the resultant force re- 
duces to 
m,n(m—1 
mr-™- —nd-+(3n)(m-+1)d], or mn a. 


Also solved by G. B. M. ZERR. 


PROBLEMS FOR SOLUTION. 


ARITHMETIC. 


95. Proposed by WALTER HUGH DRANK, A. M., Professor of Mathematics, Jefferson Military College, 
Washington, Miss. 


Solve by arithmetic, if possible. 
A man sold a house for $7500 and gained a certain per cent. on the cost. If the cost 
had been 1624% less, his gain would have been 25% greater. Find the cost of the house. 


96. Proposed by RAYMOND SMITH, Tiffin, Ohio. 
How many acres in a square field whose diagonal is 10 rods longer than the side ? 


x*» Solutions of these problems should be sent to B. F. Finkel, not later than April 10. 


ALGEBRA. 
85. Proposed by J. M. COLAW, A. M., Monterey, Va. 
Sum the infinite series 


1 1 1 


86. Proposed by J. MARCUS BOORMAN, Consultative Mechanician, Counselor at Law, Inventor, Etc., 
Woodmere, Long Island, N. Y. 


Solve #7? +yz=-16 ..... (A); y®+ae==-17...... (CB); 2? +ay=22...... (C), 
for all the roots. 


[This is Col. Titus’ problem—see ‘‘Maseres’ Tracts,’’ pages 188-276—and is solved by Dr. Wallis in 
51 pages, and by Mr. Frend in 88 pages, 8vo., but by the writer in 1 or 2 pages, 4to., or less. J. M. B.] 
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87. Proposed by the late B. F. BURLESON, Oneida Castle, N. Y. 


A starts to travel around a circular island at a given point and travels at the rate of 
5 miles in 4 hours, One half hour after A, B starts from a point directly opposite from A 
and travels in an opposite direction at the rate of 4 miles in 3 hours. One hour afterwards 
C' starts from the same point as A and travels in an opposite direction to A at the rate of 
3 miles in 2 hours. One half hour afterwards D starts from the same point as B and trav- 
els in an opposite direction to B at the rate of 2 miles in 1 hour. Required the size of the 
island, and when they will all be together, and how far each will have traveled at the ac- 
complishment of this event. 


x*x Solutions of these problems should be sent to J. M. Colaw, not later than June 10. 


GEOMETRY. 


94. Proposed by EDMOND FISH, Hillsboro, III. 


A tower 4 B=a, is surmounted by a flag pole BC=b. A point D is so taken in a line 
perpendicular to the foot of the tower that angle BDC isa maximum. Prove that AD is 
_amean proportional between AC and AB. 


95. Proposed by WILLIAM HOOVER, A. M., Ph. D., Professor of Mathematics and Astronomy in @hio State 
University, Athens, Ohio. 


At each point of a parabola is described the rectangular hyperbola of four-pointic 
contact; prove that the locus of the center of the hyperbola is an equal parabola. 


96. Proposed by W. F. BRADBURRY, A. M., Head Master, Cambridge Latin School, Cambridge, Mass. 


Isosceles triangles are constructed externally on the three sides of a triangle as 
bases, with the angles at the bases each 30°. The triangle formed by joining the remote 
vertices (the 120° vertices) of these isosceles triangles is equilateral. [Geometric——not 
Trigonometric—solution. | 


x*y Solutions of these problems should be sent to B. F. Finkel, not later than June 10. 


CALCULUS. 


75. Proposed by 0. W. ANTHONY, M. Sc., Instructor in Mathematics in Boys’ High School, New York City. 
Solve the differential equation 
d?y 


dx 


+n? y= Yy. 


a? 
76. Proposed by E. B. ESCOTT, Cambridge, Mass. 
Solve the partial differential equation 
g’r+4pqs+p2t+p*q* (rt—s*?)=a?, 
[forsyth’s Differential Equations, page 376. | 


72. Proposed by T. E. COLE, Columbus, Ohio. 


Derive the equation of a point in the pedal of a bicycle as the wheel rolls along on a 
plane. 


x*yx Solutions of these problems should be sent to J. M. Colaw, not later than June 10. 
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MECHANICS. 


66. Proposed by B. F. FINKEL, A. M., M.Sc., Professor of Mathematics and Physics, Drury College. Spring- 
field, Mo. 


A conical stick of timber, length a, radius of base 7, and density 6, is de- 
pressed, apex downward, in a liquid, density 6’, so that the base is just level 
with the liquid. If left free to rise, required the greatest altitude to which it will 
ascend, 


67. Proposed by G. B.M. ZERR, A. M., Ph. D., President and Professor of Mathematics, The Russell College, 
Lebanon, Va. 


Find the horizontal and vertical components of the moon’s ‘‘disturbing 
foree’’ for any point on the earth’s surface making an angle @ with the line join- 
ing the center of the earth to the center of the moon. 


y*y Solutions of these problems should be sent to B. F. Finkel, not later than June 10. 


AVERAGE AND PROBABILITY. 
63. Proposed by COL. CLARKE. 


Three points are taken at random, one on each of the three faces of a tetrahedron ; 


what is the chance that a plane passing through them cuts the fourth edge ? 
[From Williamson’s Integral Calculus, page 410.] 


64. Proposed by Rev. W. A. WHITWORTH, A. M. 


Ois a given point within a triangle; Pis a random point within the same. The line 
through O and P is produced so as to divide the triangle into a trapezium and a triangle. 
Find the average area of this triangle. [From the Hducational Times, London, Eng.] 


y*y Solutions of these problems should be sent to B. F. Finkel, not later than June 10. 


BOOKS AND PERIODICALS. 


Theoretical and Practical Graphics. By Frederick N. Willson, C. E., A. 
M., Professor in the School of Science, Princetun University. (Author's Edi- 
tion) 1897. 4to. Pages vili+ 264+ Appendix. 


This is a most attractive work, not only conquering graphics entire, but containing 
much more of highest geometric interest, including a fairly complete course on higher 
plane curves. 

The part of the subject where Church so long held supremacy in America with his 
Descriptive Geometry justly appreciated for its elegance, is paralleled by Professor Willson 
in his Chapter I and Chapters IX—XITI, 117 pages in all, including 219 figures in the text, 
where he not only covers with equal conciseness and elegance the matter of Church’s 138 
pages of text and 21 pages of illustrations (102 figures), but in addition has treated many 
new and important matters, such as the Conoid of Pluecker (articles 338, 356, 477) a favor- 
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ite surface of Sir Robert Ball, applied in his Theory of Screws, which itself may be looked 
upon as in part an application of non-Euclidean geometry, also the Cylindroid of Frézier 
($9 338, 360, 489), the corne de vache (§ 361, 475-6), and some special helicoids (§ 480-4), and 
has also covered the Third Angle (or ‘shop’) Method of employing descriptive geometry, 
and given a very full treatment of development (§ 405-20). The mathematical surfaces 
are beautifully illustrated. 

The general plan of the book, while providing a comprehensive graphical training in 
the form of a progressive course, admits of specialization, of shorter courses, with notice- 
able flexibility. In fact, eight subgroupings are indicated for independent courses. Com- 
parison with the special treatises scrupulously cited shows the extent of matter on all top- 
ics usually treated to be surprisingly great. Professor Willson has a gift for condensing 
without loss of clearness. With this power, he does well to restate for convenient refer- 
ence many of the fundamental definitions which he presumes already in some form pre- 
viously mastered, for example the definition of the trigonometric functions on page 31. 

But I still prefer the definition in the note on page 121, ‘‘a straight line is the line 
which is completely determined by two points,” to the author’s second thought given in 
the preface, “‘the line that is completely determined by any two of its points.” 
The spheric space of non-Euclidean geometry, though movable as a whole in itself, is such 
that two geodetic lines in it always cut in two points. Of course no spherical trigonomet- 
ry is employed in the author’s solution of the problems of trihedrals, pure a graphic pro- 
cess, as it should be. Weare glad to find as an appendix the brief but very weighty paper 
on Trochoids which was so highly and justly praised when presented to the American As- 
sociation for the Advancement of Science. We cannot forbear to dwell upon the superb 
illustrations, which make the book a portfolio of art. The author is particularly happy in 
deciding conflicts of nomenclature, as where he refuses to follow Javary (§ 508) in calling 
the geodesic on a cone a conical helix. 

The author has been extraordinarily painstaking in the proof-reading, and the book 
is practically free from error. A few trifles have been noticed— 

Page 165, § 483, first line, for ‘‘prism’’ read ‘‘ecylinder.”’ 
Page 171, § 442, first line, for ‘‘axes’’ read ‘‘bases.”’ 
Page 37, sixth line from below, for 90° read 9°. 

Page 67, § 194, seventh line, for ¢ read 0. 

The slip on page 55, § 166, in stating the brachistochrone and tautochrone properties 
of the cycloid is so evidently a reference to a reversed or inverted figure inadvertently 
omitted that it also is trivial. 

As to the briefest hint of contents by chapters: I. Definitions, classification. II. . 
Free-hand sketching. III. Draughtsman’s outfit. IV. Use of instruments. V. Higher 
plane curves. VI. Conventional representation. VII. Lettering. The treatment of let- 
tering is particularly full, and sixty-four alphabets are given. VIII. Copying processes. 
IX. Descriptive geometry of Monge. X. Projections, intersections, development of sur- 
faces, with applications to elbow joints, blast pipes, arch construction, &e. XI. Trihedrals. 
XII. Projection of sphere. Here the now disused orthographic projection is somewhat 
condensed, but the stereographic, which is used, is far more complete than in Church. 
XIII. Shades and shadows. XIV. Perspective. XV. and XVI. Isometric and Clino- 
graphic projection, with applications; also, crystals in oblique.sprojection. XVII. Bridge 
details, toothed gearing, &c. Out of a host of beautiful figures, we may mention 92 as 
particularly efficient in teaching homology or complete plane perspective. 

It is a particular pleasure to welcome this book, because it is on just the lines where 
English and American mathematics has hitherto been sterile. 

Even now, the tremendous, the fundamental importance of von Staudt’s geometry 
of position, the pure projective geometry, both for science and philosophy, is realized by 
few. For example, in the Bolyai type of non-Euclidean geometry, not only is the straight 
line infinite, but also it has two distinct points at infinity ; it is never closed, even by points 
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at infinity. Writing in 18385, even the superhuman penetration of Lobachévski attributed 
this essential openness to the straight in itself. In the introduction to his ‘‘New Elements 
of Geometry” he says: ‘I consider it unnecessary to analyse in detail other assumptions 
too artificial or arbitrary. Only one of them still deserves some attention; namely, the 
passing over of the circle into a straight line. Moreover, here the fault is visible from the 
beginning in the violation of continuity, when a curve, which does not cease to be closed, 
however great it may be, must change immediately into the most infinite straight line, 
since in this way it loses an essential characteristic. 

In this regard the imaginary geometry (the non-Euclidean geometry) fills out the 
interval much better. When in it we increase a circle all whose diameters come together 
at a point; finally, we so attain to a-line such that its normals continually approach, 
although they no longer can cut one another. This characteristic does not pertain to the 
straight, but to the curve, which, in my paper ‘On the Foundations of Geometry,’ I have 
called circle-limit. Of course, it was not until in the next decade (1847) that von Staudt 
published his immortal ‘‘Geometrie der Lage, but long afterward Helmholtz suffers still 
more seriously for lack of the pure projective geometry, treating the projective questions 
which necessarily came up in his extended optical researches, sometimes by means and 
methods of his own make; sometimes only by general reasonings. 

Again in Mind (1876) Helmholtz misses thus a fundamental difference. He says, 
p. 315: “Itis in fact possible to imagine conditions for bodies apparently solid such that 
the measurements in Euclid’s space become what they would be in spherical or pseudo- 
‘spherical space. * * * Think of the image of the world in a convex mirror. * * * 
Now, Beltrami’s representation of pseudo-spherical space in a sphere of Euclid’s space is 
quite similar, except that the background is not a plane, as in the convex mirror, but the 
surface of a sphere, and that the proportion in which the images as they approach the 
spherical surface contact, has a different mathematical expression.’’ 

But in reality these differences are so fundamental as to make all the difference 
between Euclidean and non-Euclidean ; for the changed measure for distance in the mirror 
world is still Euclidean, parabolic, using an imaginary conic in the plane background as 
‘‘absolute’’ in Cayley’s sense. Thus Helmholtz repeated, reproduced the old, but false, 
theorem that in space of positive curvature two geodetic lines, if they in general cut, must 
necessarily cut in ¢wo points. He never attained the conception of single elliptic space, 
the type-form, but speaks only of ‘‘spherical space of three dimensions.”’ 

It is to be hoped that Professor Willson’s book may hasten the day in America when 
courses in descriptive geometry and pure projective geometry, no longer confined to science 
schools, may be available in every college, and when there may be a more adequate realiza- 
tion of the power of spatial imaging as an instrument in scientific research. 

Austin, Texas. Dr. GEorGE Bruce HALsten. 


New Psychology. By John P. Gordy, Ph. D., LL. D., Head of the Peda- 
gogical Department of the Ohio State University. 8vo. Cloth, 402 pages. Price, 
$1.25. New York: Hinds & Noble. 

This is the best elementary Psychology that has yet appeared. The plan of this work 
is the same as that of Dr. Gordy’s ‘‘Lessons in Psychology,’’ a book published in 1891 and, 
probably, read by a larger number of teachers than any similar work on the subject. The 
New Psychology is entirely rewritten, and the subject is treated in a simple, clear and 
philosophical manner. It should be in the hands of every teacher who desires to acquire a 
good working knowledge of the development and activity of the human mind. B.F. F. 


Mechanical Drawing. By J. C. Tracy, C. E., Instructor in the Sheffield 
Scientific School of Yale University. 1898. New York: Harper & Brothers. 


This book affords an excellent introductory course. Its aim is to prepare the student 
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for a more extended course in any one of the special lines of drafting. Itis comprehensive 
enough for use in schools and colleges, and, at the same time, is admirably suited to the 
needs of the student who must study the subject with little, if any, help from a teacher. 
The book closes with a valuable chapter on Perspective by E. H. Lockwood, M. E., instruc- 
tor in the Sheffield Scientific School. J.M.C. 


Supplemento al Periodico di Mathematica. ODiretto dal Dott, Giulio Laz- 
zerl. 


Etude sur le Triangle et sur Certains Points de Geometrographie. Par M. 
E. Lemoine, Ancien éléve de |’Ecole Politechnique, 4 Paris. Pamphlet 24 pages. 
Reprint from the proceedings of the Edinburgh Mathematical Society, Vol. XIII. 


Elementi di Geometria.By G. Lazzeri e A Bassani Professori nella R. Ac- 
cademia Navale, Livorno, Italia. Large 8vo, paper covers, 380 pages. 

This work is divided into five books. Book I contains five chapters. Chapter I treats 
of lines and planes; chapter IT, of segments, angles and dihedrals; chapter ITI, first notions 
on circles and spheres; chapter IV, parallel lines and parallel planes; chapter V, lines and 
planes perpendicular. Book II contains four chapters. Chapter I treats of polygons; chap- 
ter II, of solid angles; chapter III, of polyhedria; chapter IV, of distances. Book III 
contains four chapters. Chapter I treats of the relation between lines, planes and spheres ; 
chapter II, of relations of polygons with circles and of polyhedria with spheres; chapter 
III, of geometry of the sphere; chapter IV, of surfaces and solids of revolution. Book IV 
contains seven chapters. Chapter I treats of the general theory of equivalence; chapter 
II, of the equivalence of polygons and of polyhedric surfaces; chapter III, of the equival- 
ence of spherical polygons and spherical pyramids; chapter IV, of equivalence of prisms; 
chapter V, of the extent of limits; chapter VI, of the equivalence of polyhedra; chapter 
VII, of equivalence of circles and the three round bodies—sphere, cylinder and cone. Book 
V contains five chapters. Chapter I treats of the theory of proportion; chapter IT, of 
homology and similarity ; chapter III, of measurement; chapter IV, of the application of 
algebra to geometry. 

From the above outline of the contents of this work, it is clear to be seen that the 
authors have not followed the old stereotyped order of presenting the subject of geometry, 
but have treated it in a wholly original manner. The figures of solid geometry are very 
artistic, representing, as near as it is possible for diagrams to do, the real spatial figure. 
The book contains 312 figures. At the end of each book there is a long list of theorems for 
original work, making a total of 1,067. B. F. F. 


Mélanges Sur la Géométrie du Triangle. Par M. EK. Lemoine, Ancien 


éléve de |’Kcole Politecnique, & Paris. 

This paper was presented at the meeting of the French Association for the Advance- 
ment of Science, August 8, 1895. In this paper, Mr. Lemoine has derived many interesting 
properties of the triangle, and established a number of theorems in’ reference to the tri- 
angle and its relation to conic sections. In the Geometry of the Triagle, as studied from 
the mcdern point of view, Mr. Lemoine is the recognized leader and authority. 3B. F. F. 


Yale Entrance Examinations in Mathematics. Compiled by Richard Math- 

er, Ph. B. 1898. New Haven, Conn.: Boardman School Press. 
This book contains the Yale entrance examinations in methematics from 1884 to 1898, 
and furnishes a very interesting and useful collection. The book will prove especially ac- 


ceptable to preparatory and other schools where students are being fitted for college. 
J. M.C. 
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Application de la Geometrographic a lV’ Examen de Diverses Solutions d’un 
meme Probleme. Par M. E. Lemoine, Ancien éléve de |’Ecole Politecnique, a 
Paris. + Extract du Bulletin de la Société Mathematique de France. Pamphlet, 
19 pages. 


Questions Relatives ala Géométrie du Triangle, a la Geometrographie et ala 
Transformation Continue. Par M. E. Lemoine, Ancien éléve de |’Kcole Politec- 
nique, 4 Paris. Pamphlet, 32 pages. 

A paper presented to the French Associatioa for the Advancement of Science, at its 
meeting April 8, 1896. 


Integral Calculus. By Daniel Alexander Murray, Ph. D., Instructor in 
Mathematics in Cornell University. 288 pages. 1898. New York and Chica- 


go: American Book Company. 

This book is one of the Cornell mathematical series. While written primarily for 
use at Cornell, this text is admirably suited for any one beginning this study. The first. 
two chapters, treating, respectively, of ‘‘integration, a process of summation’? and ‘‘inte- 
gration, the inverse of differentiation,’’ are more extended than is usual in elementary 
works, and will prove an important aid to the student in gaining a clear idea of what the 
Integral Calculus is, and of the uses to which it may be applied. The subject matter is 
presented in a simple manner, but there has been no sacrifice of rigor of treatment. Chap- 
ters of more than ordinary interest are those on Integral Curves and on Ordinary Differ- 
ential Equations. Many practical problems and illustrative examples are found throughout 
the book, while the appendix contains important additional matter. In short, the matter, 
contents and details of treatment characterize a well-constructed text-book, which is 
worthy the attention of teachers. J.M.C. 


The American Journal of Mathematics, January, 1898, has the following 
leading papers: The Motion of a Solid in Infinite Liquid under no Forces, by A. G. Green- 
hill; Surfaces of Rotation with Constant Measure of Curvature and their Representation 
on the Hyperbolic (Cayley’s) Plane, by Geo. F. Metzler; Sur les méthodes d’Approxima- 
tions successives dans la Théorie des Equations différentielles, par Emile Picard. There 
is a frontispiece portrait of G. Darboux. 


The American Monthly Review of Reviews. An International [lustrated 
Monthly Magazine. Edited by Dr. Albert Shaw. Price, $2.50 per year, in ad- 
vance. Single number, 25 cents. The Review of Reviews Co., New York. 

In history-making times like these a truthful record of passing events becomes an 
imperative need. Thedaily newspaper is ephemeral and not easily preserved for reference. 
The American Monthly Review of ‘Reviews has all the value of the newspaper, besides dis- 
tinctive merits of its ewn. As an epitome of current history it is complete, compact, terse, 
impartial, absolutely reliable, and judiciously edited. As a piece of journalistic history- 
writing, what could be more brilliant or fascinating than the May number of this publica- 
tion, with its story of the Spanish-American war crisis? Merely as a souvenir of this past 
eventful month the AReriew has a certain unique fitness. 


The Cosmopolitan. An International Illustrated Monthly Magazine. Ed- 
ited by John Brisben Walker. Price, $1.00 per year in advance. Irvington-on- 
the-Hudson, New York. 

One of the most popular literary magazines published in America. 
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The American Journal of Mathematics, for April, has three interesting pa- 
pers, as follows: On the Focal Surfaces of the Congruences of Tangents to a given Sur- 
face, by A. Pell; Displacements Depending on One, Two and Three Parameters in a Space 
of Four Dimensions, by Thomas Craig; and, Further Researches in the Theory of Quintic 
Equations, by Emory McClintock. 


The following periodicals have been received since the last acknowledge- 
ment: Journal de Mathématiques Elémentaires, (ler Mars, 1898); The American 
Journal of Mathematics, (January, 1898); L’ Intermédiaire des Mathématiciens, 
(Fevrier 1898); Miscellaneous Notes and Queries, (Nov.-Dec., 1897); Bulletin of 
the American Mathematical Society, (February, 1898); The Kansas University 
Quarterly, (January, 1898); The Monist, (January, 1898); The Literary Digest, 
(January to March 19, 1898); The Ohio Teacher, (March, 1898); The Educational 
Times, (March 1, 1898); American Journal of Mathematics, (April, 1898); L’ In- 
termédiaire des Mathématiciens, (Mars 1898); Journal de Mathématiques Elémen- 
taires, (15 Mars 1898); The Monist, (April, 1898); Bulletin of the American Math- 
ematical Society, (April, 1898); The Mathematical Gazette, (February, 1898); The 
Educational Times, (April, 1898). 


NOTES. 


In a letter from Dr. Alexander Macfarlane, among other things he says : 

The following extract from Dr. Laisant’s book ‘‘La Mathématique : Phil- 
osophic Ensciguement’’ may encourage the editors of the MonrTHry. 

Parmi toutes les nations du monde, il w’ en est assurément par une plus in- 
térsessante que les Etats-Uuis d’ Amerique, au point de vue du développment 
rapide qu a pris ce pays, des progrés prodigieux de son industrie, de 1’ énergieet 
de |’ initiative dont il a fait preuve. Mais tant d’ activité obligée, imposeé 4 un 
pays neuf par les conditions de son existence, se cuncileait mal avec des recher- 
ches pureuant théoriques, avec la poursuite sentimentale de la verité pure. Aus- 
si le nombre des mathématiciens Americains a-t-il été longtemps des plus reduits. 
I] y a environ vingt-cing aus, mon ami regretté J. Houél |’ un des savants les 
instruits de sou temps, et dont |’ érudition mathématique était immense, m’ aitre 
tenait dans une de ses lettres de la situation mathématique des diverses nations 
et arrivait a’ cette phrase typique dont je n’ ai jamais perdu le souvenir. ‘‘Quant 
aux Etats-Unis, ils importent juste la quantité de science pure que est necessaire 


a leur industrie.”’ 
C’ était trés’ exact alors. Dupuis cette époque, au savant anglais, Sylves- 


ter, mort il y a peu de temps, fut appelé a professer a Baltimore; il y fonda un 
important journal mathématique, et provoqua une sorte de révolution intellectu- 
elle & ce point de vue, en quelques années seulement. Aujour d’ hui, la Societé 
Mathematique Americaine de New York comprend & peu prés le méme nombre 
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de membres que la Societé Mathématique de France. La Mathématique sons toutes 
ses formes et dans toutes ses parties, est professée dans une foule de publications 
et cultiveé par des savants qui ne le cé dent en rien a leurs confréres d’ Europe. 
Klle n’ est plus au object d’ importation emprunté a1’ ancien monde; c’ est de- 
venu un article essential de la production nationale, et cette production augmente 
chaque join comme importance et comme quantité. Ce phénoméne sg’ est accom- 
ph, je le repete, en un trés petit nombre d’ années et il est assez curieux pour 
valoir la peine d’ une indication. 

Malgré ce développment extraordinaire, et peut-étre 4&4 cause de ce dével- 
oppment |’ industrie Americaine n’ a rien perdu de son activité, bien au contrai- 
re, elle prend 4 tache et parfois avec une sorte de fiévre, de transporter les ré- 
sultats de la science pure dans le domaine des applications dés qu’ elle les juge 
utilisables ; et c’ est par centaines que |’ on pourrait compter les publications 
Americaines s’ occupant chaque jour, sous une forme ou sous une autre, de 
Mathématique appliquée. 

Believing this to be of interest to our readers also, we have published the 
extract in full. 


HRRATA. 


Page 27, line 2 from bottom, for ‘‘meridian’’ read vertical circle. 

Page 48, line 11, for ‘‘quadrate’’ read (bi-)quadrate; line 18, after ‘‘15’’ insert 
‘‘Add, etc., «? —Qay+y?=—25. .*. H(a—y)=—5i at once.”’ 

Page 44, line 12, after (II), insert ‘‘as any figures for (XIII)...... (XV) or 
(M) will show’’; line 22, for ‘‘or’? read and, and insert (VI) before 
‘‘above’’; line 380, omit ‘‘(’’ before 203 ; line 38, for ‘‘a==”’ read a = ; line 
38, for ‘‘in’’ read into. 

Page 86, line 7, for *‘2%- 32(2?—1)s+t’’ read 2”-3[2(2? —1)s+t]; line 8, for ‘‘2"—4 
2(23—1)s+t’ read 2”~-4[2(23—1)s+t]; line 11, for ‘“‘b=r,—2"—-lt” read 
b= % == 2" —*F, 

Page 89, line 28, after ‘‘8r/z’’ insert log before expression in parenthesis. 

Page 90, line 8, omit ‘‘to’’; line 15, read p==r[1—(4/7)@]. 

Page 98, line 5 from bottom, for ‘‘power’’ read powers, and in next line, for 
‘fsum’’ read swims, 

Page 95, line 13, for ‘‘2P8’’ read 3P®, and for ‘‘S,’’ read S,; line 14, for 
‘fo ...1/42’? read ....+1/42; in problem 83, read y? +2=60....(2). 


Page 96, in problem 78, read f “log(1 + tanx)dx ; problems 64 and 65 in Diophan- 
0 


tine Analysis, should be 66 and 67. 
Page 96, problem 92, for ABx BC : DCX AD=BD: AC, read ABx BC+ DCx 
AD: ABXAD+BCXCD=BD: AC. 
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PROPOSITION XXXIV, in which is investigated a certain curve arising from 
the hypothesis of acute angle. [An equidistantial of a straight has its chords be- 
tween rt and the straight. | 

Let the straight CD join equal perpendiculars 
AC, BD standing upon any straight AB. Then AB, 
CD being bisected in the points M and H (Fig. 42.), 
MH is joined perpendicular (by Proposition IT) to 
each. Again in this hypothesis the angles at the join 
CD are supposed acute. Therefore in the quadrilater- 
al AMHC (by Corollary I after Proposition III) MH : 
will be less than AC. Hence now, if in MH produced Fig. 42. 

MK be taken equal to AC, the points C, K, D pertain to the curve here investi- 
gated. Then the angles at the join CK will be themselves acute (by Proposition 
VII). 


Therefore the join LX, which bisects, and therefore (by Proposition II), 
is at right angles to AM, CK, will be likewise (by Corollary I after Proposition 
IIT) less than AC. Wherefore, if in LX produced we assume LF equal to AC 
or MK, the point / also will pertain to this curve. Further, joining CF, and 
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IK we find likewise two other points pertaining to the same curve. And so on 
for ever. 

But what I say for finding points between the points C and K, the same 
also holds good uniformly for finding points between the points K and D. Ob- 
viously the curve CKD, arising from the hypothesis of acute angle, is the line 
joining the extremities of all equal perpendiculars erected upon the same base 
toward the same part, which assuredly can come under the name ordinates. It 
is, I add, a line of such sort, that on account of the hypothesis of acute angle, 
from which it arises, it always is concave toward the parts of the opposite base 
AB. Quod quidem hoc loco declarandum, ac demonstrandum a nobis erat. 

Proposition XXXV. If from any point L of the base AB the ordinate LF 
is drawn to this curve CKD: TI say the straight NFX perpendicular to LF must 
on both sides fall wholly toward the convex parts of this curve, and therefore it will 
be tungent to this curve. 

Proof. For if possible, let a certain point X (Fig. 48.) of NF-X fall with- 
in the cavity of this curve. Let fall from the point X to the base AB the per- 
pendicular XP, which prolonged through X meets the 
curve in acertain point R. Nowthus. In the quad- 
rilateral LFXP the angle at the point X will be neith- 
er right nor obtuse: else (Proposition V and Proposi- 
tion VI) would be destroyed the present hypothesis 
of acute angle. 

Therefore the aforesaid angle will be acute. 
Wherefore (from Corollary I after Proposition IIT) 
PX and so much more PR will be greater than LF, Fig. 43. 

But this is absurd (from the preceding) against the nature of this curve. 

So NF produced must fall wholly toward the convex parts, and so it will 

be tangent to this curve. Quod erat demonstrandum. 


|To be Continued. | 


SUMMATION OF SERIES. 


By G. B. M. ZERR, A. M., Ph. D., President and Professor of Mathematics, The Russell College, Lebanon, Va. 


sinh@ _ 4? ( (2 )( 42 G2 
7 =(14+—,) ltos-y )( lt yey (1+z5°) ee, 
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62 y2 6 ne 
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~ 6 180' 38385 87800'5 "°°" 
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ae (ge tet get ge tg t t= 
1 1 1 1 1 1? 
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| (4 1 1 1 1 1 1 
~ogilye t ge tart get grt )== 180 
de 44 ty fi oT (2 
an 14 4 avy 44° 5a cee 90 tee ew ewe ), 
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1 1 1 1 1 
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442 42 462 
.. log ( 1+ 3 )4+ log( L+sy-3)+ log( 1+ 5) + Lees 
62 4 A6 A8 
=log| 1+ (4 at “eit eit wee eee ) |. 
ae 1 1.1 166 ( 1 1 11 | 
“72 Tp tae t pe tae t ra )-+ te tar tape tart se ee ee ) 
a ( 1 1 1 1 26 ( 1 1 1 1 
Bn \jo T3830 tae t ae t eo eevee )--S jet 3s * pet at eos ee ee ) 
7 A2 4 6 1748 
cee eee 9 9 45 510 
4 (4 1 1 1 _ . 
(otartertaten } } 
1 1 1 1 1 id 
and 55 + 33 tee + ay t Lewes a (5), 
16 1 1 1 1 
gee (get get grt yet Jas 
1 1 1 1 m4 > + 
and —,-+ 3A tT Bit aa Tt cae 96 ce et we ewes (6), 
64 ( 1 1 1 1 1 
Bre \ {6 367 eT 76 +o... en. Ja 
1 1 1 a § 
and ts + 3a + 56 + ze T wee eee 960 wee te tw we (7), 
256 ( 1 1 1 
Gas \Vqe tb get Ret ge Fe 
1 1 1 1 17 78 
and ie 38 + 58 + 78 + see eee 161980 a (8). 
- . 1 1 1 a * 
(1)—©) gives oe t 2 _ G2 + 2 + ol... On swe ee wt we te tw we ee (9), 
. 1 1 1 1 a4 
\— oO ——. ——. —— ——. = —____ 
(2)— (6) gives sc tage t grt egrt 0 (10) 
; 1 1 1 1 m8 
(3)—(7) gives oe + qe+ eet get Lees aal7(7 11 Re (11), 


(4)—(8) gives ont + rt st , . =sp a500 Lee cece ee eey 
(5)—(9) gives a x. + = — + et rt ceeeas =", ceees 
(6)—(10) gives — 5 + — at —_ at Lees = ae Deke. 
(7)—(11) gives — = + sr at —_ a foes, aes Deeeeeee 
(8)—(12) gives —— = ~ : * a a =e a 
3 of (J) gives - + - tazt a ee = i ==(18)....... 
3 of (5) gives yt ag ct — + — tosses = - Love eeee eee 
fof (1) gives. + gta t ppt = - Lecce ences 
i of (5) gives “+ a+ poe tart cone = i“ (9)... eee, 
+ of (1) gives —— + 4 oe toot bene = 7 (9) =(20) .. 
14° 28 " 3.12 " 4.16 24 

} of (5) gives y-+ soy + aay t-yogt wees == Lees 
7)—-18) gives 4+ tat saat set beens 7 Lee ee ee ee eee 
(19)—(20) gives Set rst a saat clees i 

(21)—(22) gives at — soit sagt a ~ Levee eeeeeues 
24 Sit a ++ Lecce “ “—( 1 =~) Leek ect tee teen e eee 


(21). 
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oo 3 8 15 24 mtd 7m? 
(2)—(8) gives get By: get “Bet tee eee me ™(>- 1 ) Lee e ere. (27), 
, 3 8 15 24 7 Y Md 
(3)—(4) gives oat ny + Get 53 + 6.....=— z( 1-5 ) cee tet wt eee (28), 
os 8 24 48 80 _ 1 
(5)— (6) gives “Bat pat wat oat ce ee ee — Q ( 1 =) re (29), 
, 8 24 48 80 at td 
(6)—(7) gives at He + wet oe t veces = 9G ( 1—- _ Lees (30), 
, 8 24 48 80 78 177? 
(7)—(8) gives “ant Be + zy t oat beeeee = 960 (1 168 ) Leas (31), 
(9)—(10) gives so also (26)—(29) 
3 15, 35. 68 _ mt ( m® 
petptg tat = 1) tee (32), 
(10)—(11) gives so also (27)—(80) 
38 15, 385. 68 _ at ( m® 
sotgetge tite =H eS EET CEESEEeE (33), 
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3 15 85 68 8 ( a: 
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; ; 1 ] 1 
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Squaring (5) gives with (6) 
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Squaring (6) gives with (8)' 


1 1 1 1 1-4 
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1 1 1 9450 
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“( i (1 i ; 50 ae ttt (538) 
J (1- gh )(a-y(a- fy... m0 
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From (A) by inspection, 
1 1 1 1 76 
72.92.32 + [292.42 + [2 .g2 get 92 92 gat Lee eee =a Lee e eee eee tees (55). 
1 1 1 78 
12.92.92.427 [2.9292 527 [oR ge pet tee eee = Opi cee wee (56) 
1 1 1 men 
Generally TO? (m1? 12.3? nt Tt Ong OD: 
When 67 ~ sinha =( 1+75)(1 4. =) ( 1+33)( — ale 44 =) (58) 
on 1? 2° se 


1 ed m4 a 78 


=lta7t Ey t a7 + ort: (59) —=1+4+(1)+ (38) +(55) +(56) + ....(60), 


From (B) by inspection, 


1 1 1 78 
[232 pet 1238 7387 32 pe yet Lee eee BC) a (61). 
1 1 1 78 
12.3252,.72 7 [232 5292) Bebe 7eget oc Bl (62) 
1 1 ren 

Generally 17.32 ton factors ' 12.52 ton factors * ee  AMOn ty (63). 

4 ( 4 ) 4 4 } 

7 _ _ _* 
When 6=z, cosh7==\ [2 ) 1+-35 ( 1+ Be )( 1+ 7 »... (64) 

1? a4 mr 8 78 

=l+ 57+ art ert ert .(65)=1+4(5) +4? (40) +4°(61) +.44(62) + .(66). 
2cosha=e" +e-"™==2(1 +2?)[] + (3)? [14+ 4)? J+ (2)?7] 00 eee, (67). 
2sinha—=e" —e-"—=4a[1+4+ ($)*][14+ G4) 14+ G)* 14 G2] «0. ee. (68). 


The number of series summed above is deemed sufficient for illustration, 
although many more could be summed from the above relations. 
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DEPARTMENTS. 


SOLUTIONS OF PROBLEMS. 


ARITHMETIC. 


90. Proposed by B. F. FINKEL, A. M.,M.Sc., Professor of Mathematics and Physics, Drury College, Spring- 
field, Mo. 


Find the greatest number of inch balls that can be placed in a box 10 inches square 
and 5 inches deep. 


Solution by MARTIN SPINX, Wilmington, Ohio, and the PROPOSER. 


Using as a base a side of the box, we can place on this base, by square ar- 
rangement 50 balls. But by placing 5 balls in the first row, 4 in the second, and 
5 in the third, and so on, we can place 50 balls in the first layer, there being 6 
rows of 5 balls, and 5 rows of 4 balls. These eleven rows will leave .839 inches 
between the eleventh row and the end of the box. By placing the second layer 
of balls in the trihedral spaces of the first layer, the two layers will occupy a 
space 1 inch+ 7/{1?—[#(4)/3)]?} inches, 1.8165 inches, high. 

Since the centers of the first row in the second layer are .289 inches in 
advance of the centers of the first row in the first layer, it follows that eleven 
rows can be put in the second layer, there being .339 inches—.289 inches, or mere 
inches more room than is needed. But the second layer contains 49 balls,—the 
six odd rows containing 4 each and the five even rows 5 each. In this we can 
place in the box twelve layers,—50 balls in each of the odd numbered layers, 
and 49 in each of the even numbered layers. This makes a total of 594 balls. 


Also solved, with different results, by G. B. M. ZERR, CHAS. C. CROSS, and FREMONT CRANE. 


90. Proposed by F. M. PRIEST, Mona House, St. Louis, Mo. 

A owes $6000 which is drawing 6% interest. He wishes to pay off the debt in six 
equal annual payments, the first to be due in one year. The whole portion of the claim 
unpaid at the énd of each year to be accounted as principal, and to draw interest to the 
time of the next payment. Required the amount of each payment, so the six annual 
payments will discharge the obligation, interest and all. 


I. Proposed by P. S. BERG, Superintendent of Schools, Larimore, N. D.; J. A. MOORE. Professor of Mathe- 
matics. Millsaps College, Millsaps, Miss.; M. E. GRABER, Mt. Eaton, O.; MARTIN SPINX, Wilmington, 0., M. A. 
GRUBER, A. M., War Department, Washington, D. C. 


Let z=annual payment. 
Put a—debt, r=rate of interest, and »==number of annual payments. 
We then have the general formula, 
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(100 + 1) 100 


to nth payment 
I —xr—0, 
100 


which reduces to 
a(100 + r)"==2[100(100 + 7r)"™—-14 100?(100+7r)"-2+4+ .... +100"%-1(100 +7) +100]. 


Now, substituting 6 for r, 6 for n, and 6000 for a, we obtain 
6000 x 1.06%=2(1.065 + 1.064 + 1.063 + 1.06? + 1.06 +1). 
*, ==8511.1146738536 + 6.9753 185376 =1220.1757 4+. 


ii, Solution by F. R. HONEY, Ph. B., New Haven, Conn. 


Let «=amount of each annual payment. 

.*. 6000 + .06 x 6000— x=-6360—x—amount left after first payment. 

And 6860—2 + .06(6860—2z)—2=—6741.6—2.06z—amount left after second 
payment. 

Similarly, 7146.096—3.18386z—=amount left after third payment. 

Similarly, 7574.86176—4.374616z—amount left after fourth payment. 

Similarly, 8029.3534656— 5.63709296z=amount left after fifth payment. 

Similarly, 8511.114673536—6.9753185376z=amount after sixth payment. 

Then 8511.1146738536 —6.97581853762=—0. 

. 6.975818538762=8511.114673586. 

*, =$1220.176=annual payment. 


III. Solution by G. B. M. ZERR, A. M., Ph. D., President and Professor of Mathematics, The Russell Col- 
lege, Lebanon, Va.; W. H. DRANE, A. M., Professor of Mathematics, Jefferson Military College, Washington, Miss. 


The portions of the principal paid each year are as 

1, 1/1.06, 1/(1.06)?, 1/(1.06)8, 1/(1.06)4, 1/(1.06)5; or as (1.06)5, (1.06)4, 
(1.06)3, (1.06)?, 1.06, 1; or as 1.838226, 1.262477, 1.191016, 1.1236, 1.06, 1. 

1.888226 + 1.262477 + 1.191016 + 1.1236 + 1.06 + 1==6.976319. 

(1/6.975319) x $6000 = $860. 1757. 

$860.1756 + $6000 x .06=—$860. 1758 + $360 =$1220.1757, first payment. 

$6000 — $860. 1757 —$5139.8243, amount still unpaid. 

(1.06/6.975319) x $6000=$911.7862. 

$911.7862 + $5139.8248 x .06=$911.7862 + $3808.38895—$1220.1757, second 
payment. 

$5139.8243— $911.7862—$4228 0381, amount still unpaid. 

[(1.06)? /6.975319] x $6000 =$966.4934. 
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$966.4934 + $4228 .0381 x .06=$966.4934 + $253 .6828—$1220.1757, third 
payment. 
$4228.0381— $966.4934—$3261.5447, amount still unpaid. 
[( 1.06)? /6.975819] x $6000==$1024. 4880. 
$1024.4830 + $38261.5447 x .06=$1024.4830 + $195.6927=$1220.1757, 4th 
payment. 
$3261.5447— $1024.48380==$2237.0617, amount still unpaid. 
[(1.06}4 /6.975319] x $6000==$1085. 9520. 
$1085.9520 + $2237.0617 x .06==$1085.9520 + $134.22387—$1220.1757, fifth 
payment. 
$2237 .0617 —$1085.9520=—$1151.1097, amount still unpaid. 
[(1.06)>/6.975319] x $6000=$1151.1091. 
$1151.1091 + $1151.1097 x .06—$1151.1091 + $69.0666==$1220.1757, sixth 
payment. 
$1151.1097—$1151.1091==$0.0006, unpaid still. 
The above is all the work necessary for determining each equal payment, 
and at the same time working out the problem in full. 
__ 6000 x .06(1.06) ® 
(1.06)6 —1 
91. Proposed by J. A. CALDERHEAD, M. Sc., Professor of Mathematics in Curry University, Pittsburg, Pa. 
$1000.00. Cleveland, Ohio, May 26, 1893. 
Two years after date I promise to pay John Davis, or order, one thousand dollars, 


for value received, interest six per cent. payable annually. J. M. Lewis. 
Indorsements: December 14, 1895, $560.56; May 11, 1896, $10.02; June 14, 1897, 


$545.06. 
Find, by the United States’ Rule, the amount due August 2, 1897. 


A short method by algebra is, p== ==$1220.176. 


Solution by G. B. M. ZERR, A. M., Ph. D., President and Professor of Mathematics, The Russell College, 
Lebanon, Va.; WALTER HUGH DRANE, A. M., Jefferson Military College, Washington, Miss.; and MARTIN 
SPINX, Wilmington, Ohio. 


Principal, . $1000.00 
Interest to December 14, 1895, 2 years, 6 months, 18 days, , 153.00 
Amount, . ; , ; $1153.00 
First payment December 14, 1895, . ; . ; . 560.56 
New principal, $ 592.44 
Interest to June 14, 1897, 1 year, 6 months, 58.3196 
Amount, , . . , $ 645.7596 
Second payment, May 1, 1896, , ; ; 10.02 
Third payment, June 14, 1897, ; ; . 545.06 555.08 
New principal, ; $ 90.6796 
Interest to August 1, 1897, 1 month, 18 days, 1254 
Amount or balance due, $91.4050 


Daniel G. Dorrance gets as a result $100.80. He computed interest on the annual payments. Mr. 


Drane, in a second solution does the same, but he gets a result of $100.138. 
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Remark. Mr. Drummond raises the question as to whether Mr. J. F. 
Travis’s solution of problem 87, Arithmetic, is strictly an arithmetical solution. 
To my mind it is strictly an algebraical solution. A pure arithmetical solution 
of a problem would involve only the operations of addition, subtraction, multi- 
plication, division, involution, and evolution, without the use of equations. A 
solution in which the result sought is represented by some character, and then 
this character operated upon until certain conditions of the problem are fulfilled, 
which conditions are then stated in the form of an equation from which the num- 
erical value of the character is to be determined, is an algebraic solution. It is 
immaterial what sort of a character is used, whether it be (4), 3, 2, ¢, or any 
other character. However, the solution referred to is a very good one, and by 
the use of such solutions students in arithmetic are given, unconsciously to them- 
selves, a most excellent preparation for the study of algebra. The mathemati- 
cian is often called upon to solve probléms in a certain way. When a problem 
is proposed and the restriction put upon it, viz., that it be solved by arithmetic, 
or algebra, or geometry, the problem often becomes impossible. From such un- 
fortunate restrictions, has arisen the idea of the insolvability of the three famous 
problems of geometry, viz., the Trisection of an Angle, the Duplication of the 
Cube, and the Quadrature of the Circle. ‘These problems are each easily solved 
if the solutions are not restricted to the use of the straight edge and compass 
only. But with these restrictions they are absolutely unsolvable. 

There are many problems whose solutions cannot be effected when 
restricted in the way previously mentioned, but those referred to above are the 
only ones that have become famous. 


ALGEBRA. 


81. II. Solution by C. W. M. BLACK, A. M., Professor of Mathematics, Wesleyan Academy, Wilbraham, 
Mass. 


[See problem and solution I, in April number, page 105.] The proposi- 
tion cannot be proved unless ¢ is integral and positive, as can be shown by sub- 
stitution of numerical values. 

Consider the only two fractions in whose denominators any factor as 
(a,;—a,) appears, putting them in the form 


(a,”)/[(a, —a_)(a,—@,)(a, —a4) ..... (a,—a,,)]—(a5") 
/[(a.4—G_)(dy—G5)(Ug—A,) ...-. (a, —ay)]=(a,") 
/((a,—a, )(a,"—*P a," 34+ Pea, t— 0... + Py_-2)| 
—(a,")/[(a,—a,)(a.”-*P ,a,™-3+ Pram 4*— ..... + Pp_-2)], 
where P,=the sum of the products of a,, a4, ...... a, taken k at a time. 


Combining, we have 


140 


[a,"(a,”?— Pa." 3+ Poa” 4*—...... + P,,_2) 
—a,"(a,"?—P,a," 34+ Pra,” 4*—...... Pn -2)| 
/[(a,—a, )(a,™ *#— Pa" 34+ Pia," 4*—...... + Py—2) 
(a,%2— Pa." 3+ Pya,” 4*—...... +Py_o)] ...- ee eee. (1). 


Put the numerator of (1) in the form 


(a,"a,"——a’"a,"—?)—P, (a,"a_™ 3—a,'a,"-3)4+..... ct Py_o(a,"— 9") 
=," 2a" —*(a, r—N+2_ r—n+2)__ P, a,” 3a,"—3(a, r—N+3__,, r-n+3) 
+ eee ev we + Py ola,"—a,”) eee oe (2). 


If n is not greater than r+ 2 each group of (2) and consequently the whole 
expression is divisible by (a,—a,). Ifn>r+2, let n=r+s; then change (2) to 
the form 


a,"a,"[(a. n—2-r_q, n—2—1) —P (ty n—3—-T__q, n—8—r) + ooo... 
+ Ps_2(a, "8" "—a, n—s—r) |= [Ps_ia, n—s—lg, M—s-1(g ,P-ntstl__ gq rn rstt) 


— Pa,” 8 a,” 8-2 (a, Mts T2— q r—ntst2) 
+ oes eve + Pp_ola,"— a,")| eee ore (3), 


the term in the second group of (8) being the same as the corresponding term of 
(2). Each group in (8) is also divisible by (a,—a,). Accordingly in all cases 
(1) can be reduced to a form in which (a,—a,) is not a factor of the denominator, 
and as the two fractions forming (1) are the only ones that contain (a,—a,) in 
their denominators, the original expression need not contain (a,;—a,) in its de- 
nominator ; that is, (a,—a,) will divide into the numerator formed by adding 
the fractions as they stand. 

In like manner we prove that any other factor (a, —a,), etc., will divide 
into the numerator, or the numerator will be divisible by the entire lowest com- 
mon denominator. 

Now if r<n—1 each fraction, and consequently the sum of all, will have 
a numerator of lower degree in a,, a@,, 43, etc., than the denominator. But as 
the numerator is divisible by the denominator, this is possible only when the 
numerator equals zero. 

If y=n—1, numerator and denominator will have same degree, and the 
quotient can be only a numerical factor. Now in the numerator a,” has for its 
coefficient the product of all factors not containing a,, which same coefficient it 
has in the expansion of the denominator. Therefore the quotient must equal 1. 

If rn the numerator is of a degree 1 higher than the denominator and 
the quotient must be of the first degree. In the numerator the coefficient of a," 
is the same as the coefficient of a,”—'(—a,"—) in denominator, these being the 
highest powers of a, in each. Then one term of the quotient must be a,. In 
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like manner we show that a,, dg, ...... a, must all be true of quotient, and as 
the expression is symmetrical with respect to these, the value must be 


GEOMETRY. 


87. Proposed by WALTER HUGH DRANE, A. M., Professor of Mathematics, Jefferson Military Academy, 
Washington, Miss. 


Given any two straight lines in space, AB, CD, which do not intersect. So construct 
upon one of the lines as base, a triangle, having its vertex in the other line, such that its 
perimeter shall be a minimum. 


I, Solution by the PROPOSER. 


Let AB and CD be the given straight lines. Pass planes through the line 
AB and the points C and D. In the plane of ABDE, inclined the same way and 
making the same angle with the line AB as ABFC, construct a parallelogram 
equal to CABF. Draw DG intersecting AB pro- 
duced in P. Join PC. Then PCD is the re- 
quired triangle. 

Procr. Take any other point P’ in the 
line AB, Join P’D, P’C, and P’G. — Triangle 
P’'CA=triangle P’GA and triangle PCA =trian- 
gle PGA. Two sides and included angle being 


equal in each case. .*. P’'C==PG and PC==PG. 
Now. P’D+ P'G>PD+PG. 
. P'D+P'C>PD+PC. Q. E. D. 


By passing planes through CD and the points A and B, by a similar con- 
struction we may construct a minimum-perimeter triangle upon AB as base with 
its vertex in CD. 


Also solved by Ff. &. HONEY. 
II. Solution by G. B. M. ZERR, A. M., Ph. D., President and Professor of Mathematics, The Russell College, 
Lebanon, Va. 
Let «+b(a—a)=cy be the equation to EF with AB and AY as axes, and 
AB, EF the given lines, AB=a. Then if cot# + beotm—c the vertex C will move 
on EF, Let AC=r, CB=s. ° 


_a(sin#+ sing) 


Then + 8G op) —=mMinimum...... ee eee eee ee ees (1). 
cotd + beotp=c... 2... eee, be eee eee (2). 
inf A bsin?é 
From (1), df — Si from (2), qf — manana 
dw SIN w ap sin® p 


', sing==bsin4, this in (2) gives 


142 


b? 4+-c? —] co? —b? +] AD+DB 
7 ——___ —_ ee a TT 
cot I, , cotp Dbe coté + cot DG a/DC, 
_ DO 2abe 


b8—b?’—b+beRres41 ° 
DC must be > EG and <HF. 
Let AG=m, EG=n, AH=h, HF=k. 


_ hn—km _ a(h—m) 
Pn OTE hn—an—km? “ak hn—an—hin 


b must be less than unity or EF may intersect AB. 


Let m==n==1, h-=-a=10, k=4. .°. b=}, c==5, DC=35. 
cotp==13,1, cotG==18.  .+. 6==48° 27’ 6", p==6° 381’ 56". 


AD==DCcot#=38. 


89. Proposed by B. F. FINKEL, A. M.,M. Sc., Professor of Mathematics and Physics, Drury College, Spring- 
field, Mo. 


Describe a circle tangent to three given circles. [From Chauvenet’s Geometry, page 
318, ex. 218. 


Solution by G. B. M. ZERR, A. M., Ph. D., President and Professor of Mathematics, The Russell College, 
Lebanon, Va.; and F, R. HONEY, Ph. B., Instructor in Mathematics in Trinity College, New Haven, Conn. 

In figure 2 let L, M, N be the circles radii a, b, c.. 

With J as center and radius b—a describe a circle, also with N as center 
and radius c—a describe a circle. Draw a circle through L tangent to the circles 
last described at 7, S then the center of this circle is the center of one of the tan- 
gent circles. Similarly we can find seven other tangent circles. 

Of the eight circles one is tangent to the three circles externally, one is 
tangent internally, three are tangent to two externally and one internally, and 
three are tangent to 
two internally and 
one externally. 

In figure 1, to 
find a circle passing 
through a point & and 
tangent to two circles 
C,C’. Let H bethe 
point where the ex- 
ternal common tan- 
gent meets C’C pro- Fig. J. Fig. 2. 
duced. Through A’BE describe a circle cutting EH again in EB’. Draw BR 
meeting HE in U, and draw UP tangent to (C, then the circle through PEE’ is 
the circle required. 
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Two tangents can be drawn from U. 
If we had used the point where the internal common tangent cuts CC" we 
would have determined two other circles, four in all, satisfying the condition. 


Also solved by PROF. F. E. MILLER, and CHAS. C. CROSS. Prof. Cooper D. Schmitt did not solve 
the problem but gave several references where solutions are given. Pro‘. J. Scheffer gave a short his- 
torical note on the problem. 


In a future issue of the MonTHLY, we expect to publish a somewhat ex- 
haustive discussion of this very interesting problem. 


90. Proposed by G. B. M. ZERR, A. M., Ph. D., President and Professor of Mathematics in Russell College, 
Lebanon, Va. 


. The bisectors of the angles of the opposite sides (produced) of an inscribed quadri- 
lateral cut the sides at the angular points of a rhombus. 


Solution by G. I. HOPKINS. A. M., Professor of Mathematics in High School, Manchester, N. H.; J. K. ELL- 
WOOD, A. M., Principal of Colfax School, Pittsburg, Pa.; J. W. SCROGGS, Principal of Rogers Academy, Rogers, 
Ark.; NELSON L. RORAY, Professor of Mathematics, South Jersey Institute, Bridgeton, N. J.; HENRY N. DAVIS, 
Providence, R. I.; ALOIS F. KOVARIK, Professor of Mathematics, Decorah Institute, Decorah, Ia.; and the PRO- 
POSER. 


In the triangles AEK and LEC, 7 AEG= 
LLEC, ,EAK=ZLCE. 

LEKA=ZELC. .«. 2 DKL=7ZCLEK. 

.. FH is perpendicular to KL at its middle 
point. Similarly, HZ is perpendicular to GH at its 
middle point. 

.. In the right triangles KOG, KOH, KO=K0O, 
GOOF. 

~. KG=KH. Similarly KG==GL=LA. 

.. KGLA is a rhombus. 


This problem was also solved in a similar manner by EF. T. BUSH and S. L. ROWAN, of the Fresh- 
man Class of the University of Mississippi; P.S. BERG, W. H. DRANE, F. R. HONEY, E. R. ROBBINS, 
B. F. SINE, J. SCHEFFER, and J. F. TRAVIS. 


CALCULUS. 


70. Proposed by J. OWEN MAHONEY, B. E., M. Sc., Graduate Fellow in Mathematics in Vanderbilt Univer- 
sity, P. 0., Lynnville, Tenn. 


we n 2r—1 
cosax am ® , 
Prove J ——_-da== 4 — 2 rhe @ 


where 7 is an integer. a is positive, and @ is et (7 2”), 
Solution by the PROPOSER. 


tay e e . 
Consider the integral SS where a is real and positive. The 


poles given by y?”"==—1 or z==1"=cos(a/2n) + isin(a/2n)—=e"/™) —=@ (say). 
It is evident that all the roots of y”==72 are given by w?"-!, where r may 
have the values 1, 2, 8, ...... nN. 
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Hence y=q@*"—!, About the origin O as center describe a semi-circle ABD 
with a very large radius, limited by the axis of X (see figure.) About the poles 
¢, which correspond to the points y”=1, describe circles with a very small radius 
p. The proposed function being holomorphic i in the portion of the plane lying 
between the circumferences p and the contour ABDA, the integrals 


gray 

1+y%" 
relative to the circles and the boundary ABDA are equal. For points on the 
circles 9 y=q@?"-! + pe! , and the integral becomes 


dy 


2r—1 3 2r—1 
20 ea G? et . . . 20 ettG) 
: 2 re 2 iperdb, =4 (2r—1) (20-1) 
0 1+(w*"-!+ per) 0 2naCr—l) 


dé 


(when pe becomes infinitesimal), 


2r—1 - 
wr 2r—1 paiG) n 2r—1 
| e¥) 7 4 . 
——=-—-7] 


ad A = i 3S wr lenin 
0 2n pet 


For points on the semi-circle ABD, y==-Rcos#+7iRsin@, and the integral 
becomes, 


v Reet R(cose +isin6) 


v 0 1+ R2rei2ne ’ 


which is evidently equal to zero when R=o , and we have left the integral along 
DA, which is 


fe @) ° , lo) ° 
eure 7 eare dx erred a 
a, d= —41— > Gj2r—leat wo oS. ne —____ 
we a + g—atx cosax 
— tan dx,== 2 “44 72n 


iv 9] 
cosaxdx xr Nf art 
> merst eat Gd) 


Theretore J. a In = 


Is this result correst’? Forsyth gives, on page 41 of his Theory of Func- 
tions, the integral 


or) " , . 2r—1 
f cosatdy OS prt pai@” 
J _@ 1+ gm 2n r=1 


[Prof. Zerr remarks that the result is correct, as is easily seen from the 
following : 
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Let cosaz/(1 + 27")=f(z). 


f. Kajdn=f- flajda + f . Kayla f(a)dz— f . fl(r)de= f ' f(a)dx 
+ f f(2)dr= af f(e)dx. 


oo oo n 2r—1 
Af fojde=3 fo f(«)dz,= —i Me ; Goer leat J 


r=1 


71, Proposed by J. C. CORBIN, Pine Bluff, Ark. 
Form the differential equation of the third order, of which 


y=c e+e. est +6, e” is the complete primitive. 
I. Solution by EDGAR ODELL LOVETT, Ph. D., Princeton University, Princeton, N. J. 


1°. This problem is a familiar one to students of differential equations. 
The original primitive together with the results of three successive differentia- 


tions, may be written 
y— ec, — e—3%c, —e"c, 0), 
y —2ec, +3¢—3%¢, —e*c, —0, 
y —4e?%c, —9e—8¢, — ec, =0, 


y"' —8ere, + 27e-8¢, — ¢"c,=0 


‘= dy — dey to d3y 
where y=? VY =a? Y= dab 


The above is a system of linear and homogeneous equations in the quan- 


tities 1, e%*c,, e-8”c,, and e*c,, hence the determinant of their coefficients van- 
ishes, that is 


y 1 1 1 y 1 ] 1 , 1 1 
y 2 —3 1 — y—y 1 —4 0) =4 J 2 —9 — . 
y" 4 9 l 7 y'—y 3 8 O a y 7 7 a 
y" 8 —27 1 y"—y 7 —28 O 
whence 
y—y 1 0 7 
y'—y 8 2 | 2 vy? 7 | =; 
yy 7 O Y Y 
or finally 


y —Ty' + 6y=0 


is the differential equation of the third order whose complete primitive is 
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y— ae — be—8* —ce*—0. 
2°. Ifthe problem be generalized and the complete primitive taken in 
the form 
y—aem™ —bhe—(m+n)@— ce"—(), 
the corresponding differential equation of the third order is readily found to be 
y’ —(m? +mn+n? )y +ma(m+njy=0. 


The values m==2 and n=1 give the original problem. 
3°. If the problem be completely generalized and the original primitive 
taken in the form 


y—ae?? —bed— ce’*=0, 


the differential equation is 


y’ —(p+atryy’ + (pgs grt+rp)y—pagry=9. 


Putting p+q+r=0 we have the second case above. If in addition to p+ 
q+r=0, p=2 and q=1, the first particular case appears again. 


II. Solution by WALTER HUGH DRANE, A. M., Professor of Mathematics, Jefferson Military College, 
Washington, Miss. 


o 


(1) yoe,e+c,e-%*+c,e". Differentiate (1). 
Ye, 2 3 


(2) 


—=2¢,e%—8c,e-+¢,e". Subtract (1) from (2). 


(3) dx —y==c,e"—4c,e—**, Differentiate (3). 


d*y dy x —dx ] 
(4) a gee + 12c,e-8*, Snbtract twice (8) from (4). 
d?ye dy on. 58x ; ; - 
(5) Te ae fy 20696 . Differentiate (5). 
3 2 
(6) mine! — 3 “4 +2 oy — —60e,e-8, Add 3 times (5) to (6). 


See Johnson’s Differential Equations, page 104, example 7. 


MECHANICS. 


61. Proposed by WILLIAM HOOVER, A. M., Ph. D., Professor of Mathematics and Astronomy, Ohio Univer- 
sity, Athens, Ohio. , 

A body is suspended from a fixed point by an elastic string, which is stretched to 
double its natural length when the body is in equilibrium. Find how much the body must 
be depressed, so that when let go, it may just reach the point of suspension. 
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I. Solution by the PROPOSER. 

Let a’, a be the stretched and unstretched lengths of the string. T—the 
tension, A=the modulus of elasticity, W=the weight attached, and x=-the dis- 
tance of the latter from the point of suspension at any time ¢ from the beginning 
of motion. 

By Hooke’s law, a’==a[1+(T/A)] «0... cece eee eee ees (1). 


By the problem, when a’=2a, T=W, and (1) gives A=W. 
The forces acting are W and 7' acting downward and upward ; then 


W daz _ywe W(«2—a) 


an el ae (2). 


Multiplying both sides of (2) by 2(dxz/dt) and integrating, 


dx? 


dt” 


= = (4ax—x?) + C Lee eee eee eee eee eeas (3). 


When z=2’, (dx/dt)-=0, and (8) gives C=—(g/a)(4a2’ —2’*), and (8) is 


dx? 


a © [(4ax—2?)—(4az’—2'2)] Lecce cee eee tee ees (4). 


When the body next comes to rest, (dx/dt)=0, and x=0, giving 4az’—2’? 
=(), or 2’ =4a, or z’=0. C=0 in (3) gives 


ing. t=t ./(%)y ina 2 |" = (2) 
Integrating, ¢ LC )versin _ ; | gq) ccs (6), 


the tame for the motion. 


II. Solution by G. B. M. ZERR, A. M., Ph. D., President and Professor of Mathematics, The Russell College, 
Lebanon, Va. 


In what follows we neglect the weight of the string, assume Hooke’s Law, 
that the tention of the string is proportional to its extension beyond the natural 
length, holds throughout the motion. 

Let W=weight of body, J=natural length of string, a=extension due to 
weight W, b=extension at the time body begins to rise after depression, «=ex- 
tension at any time ¢t, 7'==corresponding tension of string. 


Then by Hooke’s Law, T= Wa/a oi... cee ce nee (1). 


The differential equation of motion is 
d2x m a 
mT = W—T. But W=Mg, T=Mgz/a. .-. qe = fg/a)la~ x) Denes (2). 


dz _ 


dt 


dx \? 
(- ) =(g/a)(2Qar—-4?) + DB. When t=0, ab, 


mn 0, B=(g/a)(b? —2ab), 


148 


-( a )* =(g/a)(Qax—x? +b? —2ab) =v", 


When «=O, A (b—2a)=velocity of projection, h=height of projec- 


; v? OD 
=e —? = Lo, 
tion Ig Da (b—2a), but h==2l and a=! 


.. 2l=(b/2l)(b—21) or b-=11 4+ 9). 


62. Proposed by J. SCHEFFER, A. M., Hagerstown, Md. 


A particle of mass m moves in the circumference of an ellipse with constant rate v. 
It is constrained to move in that circumference by attractive forces in the two foci. To 
determine the magnitude of these forces, 


I. Solution by G. B. M. ZERR, A. M., Ph. D., President and Professor of Mathematics, The Russell College, 
Lebanon, Va. 


Let P be the particle mass m, CA=a, CB=b, PF=r, PF,=r,, CD=z, 
PD=y, force along r=f, force along r, =f,;, k= 
normal reaction, X=component of f and jf, par- 
allel to AC, Y=component of f and /f, parallel 
to CB, x? /a?+y? /b?=1, the equation to the 
ellipse. The equations of motion are 


m(d?a/dt?)=X— R(dy/ds); m(d?y/dt?) 


—Y¥+R(dx/ds)...... (1, 2). 


dx a*t a d b? bx 
Now ds/dt—v, ——_ = “7 ___.. oy Oe oe ——————== 
ds y/aty?+b422  by/ rr, | 48 py aty®+bta? = ay rr, 


( dx y=( ds ) aty* _ a®yty? sv? (a® —2*) 
dt / \dt aty?+b4a® ~~ b? (a?@—e'a?) ate? a? | 
( dy y =( ds ). b4a* _ br yra? 
dt / \ dt J) aty?+b4a® ~~ a®(a2—e?a?2) ° 
d* a a®v®a(l—e?) ss bPv®a dFy | aryty avy 


7 dt? (a2 —e2e2)2 ~~ ortr 2? dt? ~—— (a®—e? a? )® or? 


R=( f+f, )oosPPG—6"( f+ fi )/y (4 +are?y?)==( f+ /1 (171). 
X =f, cosEPF, +feosHPF=f,(ae+x)/r, ~—flae—x)/r.. 
Y=f,cosDPF, +feosDPF=y( f,rt+fr,)/171. 
Substituting in (1) and (2), 


—ab?mv? x==rr ,(arz+ a*®er—barrf, +rr,(ar,c—arer, —bx)f oo. eee ee eee, (3). 


‘a? bmvt=rr, (brah, Fry (br Hayfe cc ccc eee eee ee ene (4). 
From (8) and (4) since s=(r, —71)/2e, 


Ker _ Wy _ abmv? 
atr—b?r, ar, —btr Qf (a2 +b? +a be*®)rr,;—2a2b?] | 


II. Solution by WILLIAM HOOVER, A. M., Ph. D., Professor of Mathematics and Astronomy, Ohio Univer- 
sity, Athens, Ohio. 


Let p=the radius of curvature of the curve at any position, P, of the par- 
ticle, ¢==the angle included by either SP or HP, S and H being the foci, and 2a 
=the major axis. Let CD be the semi-diameter conjugate to CP, C being the 
center of ellipse. . 

The normal components of the central attractions must together equal the 
centrifugal force. We may assume the forces in S and H as proportional 
to some power of CD ; and if the absolute intensities of the two forces are equal, 


sdy HM, 
[uCCD)" + u(CD)"|cosd=v? /P. oc. cece eee (1). 
SP.HP CD? 
But pcos¢d sar En SEE (2), 
and (1) is 2u(CDy—— 0" ce ee cee cee ee beeen eee teens (3). 
For v=a constant, requires that n==—2, showing plainly that the forces 


vary inversely as the product of the focal distances of the particle. 


63. Proposed by A. H. BELL, HILLSBORO, Il. 


From a horizontal support at a distance of ten feet apart, a beam 5 feet long and 10 
pounds weight is suspended by ropes attached to each end. The ropes are 3 and 5 feet re- 
spectively, in length. Required the angles made by the ropes and horizontal support. Al- 
so the stress upon each rope. 


Solution by G. B. M. ZERR, A.M., Ph. D., President and Professor of Mathematics, The Russell College, 
Lebanon, Va. 

Regarding the bar DE as uniform so that the middle point is the center of 
gravity, we must have, for equilibrium, the three . . 
forces AD, BE, GC passing through the same pvuint 
C, with GC perpendicular to AB. 

The/Y ABC=/CDE, and the 7 BAC= / CED. 

Let / ABC=6, 7 BAC= 4, stress on BE=R, 
on AD=R,, weight of DE=W=10 pounds. Also 
AB=10, BE=ED=6, AP=3, Ah? =100+4 25—100 
cosd=25 +9+380cosCDE. 

, 180cos#=91.  .°. cos0=,9'5==.70000.  .°. 6= 45° 34° 28". 

Dk? =1004+ 9—60cosp=25 + 25+ 50cosCED. 

, 110cosp=59.  .°. cosp==7),9, =.53686.  .°. p=S7° 33" 50". 
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Let figure 2 represent the force diagram, ab=W, be=R, ac=Rh,, Zabe= 
90°—6, Zbac=90°—q, Zach=6+ 9. 

', R= Weos@p/sin(6+ ~), R, = Weosd/sin( 6+ Pp). 

‘, R=5.5078 pounds, R, =7.1881 pounds. 


DIOPHANTINE ANALYSIS. 


61. Proposed by SYLVESTER ROBBINS, North Branch Depot, New Jersey. 
Investigate that infinite series of prime, integral, rational scalene triangles where 


the sides of every term are consecutive numbers; then take the necessary factors from the 
proper KEY, and by an expeditious method, find in their order the areas of ten initial 


terms. 
Solution by the PROPOSER. 


r 1 oy 1 1 ] —1 2 5 1 2 
I. The KEY to this series of rational triangles is Ve=t +, fy rh Te 
0 7 


71 26 862 989 1851 8691 5042 138%75 1881 1409 0226 191861 
AT) > if3) 2099 5719 “7809 213819 29119 F953» 386d) ST IeEe 40545° oteD 


28i3hd, etc. Regard the mean side as the base, and drop perpendicular from the 
opposite angle. Let «=sbase. Notice that x—2 and x+2 are the segments of 
the base, and 1/[8(#?—1*)] is the altitude of the triangle. Find such values 
for x as will render 1/[8(%?—1?)] rational. 

When «=], 2, 7, 26, 97, 362, 13851, 5042, 18817, 70226, 262087, 1 [8(? 
—1?)]=0, 3, 12, 45, 168, 627, 2320, 87383, 32592, 121635, 453948, etc. 

These values of x are the half-bases of the several triangles. They are 
also the numerators of the even convergents in the expansion of 1/3. The values 
of 7/[8(¢? —1*%)] are the altitudes of the same triangles, respectively, and they 
are also three times the denominators of the even convergents in the expansion 
of 1/38. Multiply one-half the base of a triangle by its perpendicular height, or, 
three times the product of the terms of the nth even convergent, must give the 
area of the nth triangle in the series. 

Thus, 8X2x1=6;38x7x4=84 ; 3x 26x 15=1170 ; 3x 97 x 56=16296 ; 
3 X 862 x 209 = 226974 ; 3 x 1851 x 780==31613840 ; 3 x 5042 x 2911=—440381786 ; 8x 
18817 x 10864—613283664 ; 3 x 70226 x 40545=—38541939510 ; 3 x 262087 x 151816 
==118973869476, etc. 

II. Numerators of even convergents in expansion of ;/3: 1, 2, 7, 26, 
97, 862, 1851, 5042, 18817, 70226, etc. Then $(7? —17)=6 ; $(262—2?)=—84 ; 
4(972 —7?)=1170 ; $(662? —26? )==16296 ; (1851? —97? ) =226974 ; etc 

III. Denominators of even convergents : 1, 4, 15, 56, 209, 780, 2911, ete. 
4(42—0)=6; $(15?—17)—84; $(56? —47)==1170 ; $(209? —15?) =16296 ; 3(780? 
— 56” )= 226974 ; etc - . 

IV. Let v=the half-sum of the three sides of the triangle. Then 47—1, 
4x and 4a+1 are the remainders. 

(a) [r) —1]42)[(Ge)+1]=square of triangle. 3(2? —3?)==square. 

VY {4a?)[(a? — 32)/9]} /a—hv [(2? —37)/3], the radius of inscribed circle. 

Put <=y+6 ; then 3[(y+6)? —3?]=—square=(my + 9)?. 

by? +36y+ 8l=—m*y? + l8my4+81 3; 8yt+86==m2 yt 18m. y=U18m—86) 
/(8—m?) ; and r=—y + 6=(18m— 18—6m?)/(8—m?). 
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Say m= 1/3=}, 7, 3, 9, 14, 78, ete. Substitute these values of m in the 
formula, and we obtain, when 
m= 1,¢%= 3, and 3,/[a°—37)/3j;= 0; 
5 


m= 2,%=— 6, “ = I; 
m= 3,%= 21, “ “ = 4; 
m= f,¢= 78, “ = 15; 
m=19, ¢= 291, ' ‘¢ = 66 ; 
m=38, c=1086. ‘ i = 209 ; etc. 


Here the several values of 2, the half-sums of three sides, are also three 
times the numerators of the even convergents in the expansion of ;’3, and the 
several values of 4) [(a?—38?)/3] are the radii of the inscribed circles, respect- 
ively, and also the denominators of the even convergents. Multiplying the half- 
sum by the radius of the inscribed circle, or taking three times the prodnet of 
the terms of the nth even convergent in the expansion of 1/3 will give the area 
of the nth triangle in the series where the common difference in sides is unity. 

V. Denominators of odd convergents: 1, 3, 11, 41, 158, 571, 2131. ete. 
#(38?—1*)==6; $(11?—38?)=84; .#(417—11?)=1170 ;  #(1582 —417)=—16296 ; 
#(571? — 158? )=226974 ; etc. 

VI. Numerators of odd convergents: 1, 5, 19, 71, 265, 989, 3691, etc. 
(23)?—(3)? =6 5 (93)? —(23)? = 84 5 (853*—(94)? =1170 5 (1824)? — (3853)? = 
16296 ; (4943)? —(1823 )*==226974 ; etc. © 

VII. Let «+1, 2 and x—1 be the remainders. Then 32=—the half-sum. 
(3a)(¢4+1)(~%)(a—1)==square of area. 3(%®—1"?)=square. Putev=y+2. 38[(yt+ 
2)?—1?]—square=(my+38)?. 38y? 4-12y+9=m?y? +6my4+9 ; y=(6m—12)/(8— 
m*); c=(6m—6—2m?)/(8—m?). Consent that m=1/3=}, 7, 3, 7, +%, ete. 
Substitute in formula, and x=—1, 2, 7, 26, 97, 862, 1851, etc., and the areas of 
the triangles are as follows: 7/(8xX2x1Xx0)=38x1x0==0 5 )/(6X38x2x1)=3 
X2x1=6; p(21x8x7x 6)=3 x7 xX 4=—84; 1° (18 27 XK 26 x 25)=8 x 26 x 1b = 
1170 ; 1/(291 x 98 x 97 x 96)=8 x 97 x 56=16296 ; 1 (1086 x 368 x 362 x 861=—3 x 
362 x 209==226974, ete. 

VIII. Odd convergents: j/3=1}, 3, 49, [1]. 7£3, ete. 6xX1x1=—6; (6x 
3X5)— 6==84 ; (6K11K19)—84=1170; (6*41X71)—1170=16296 ; (6158x265) 
— 16296 =226974 ; etc. 

IX. Relation of areas: 14A,—An-1=Ani1; M=14. 6; 14K6=—84 ; 
(14*84)—6=1170 ; (14K 1170) —84=16296 ; (1416296) —1170=226974, etc. 

X. When « represents the half-base, 2x—1, 2x and 2r+1 are the sides, 
a—2 and x+2 are the segments of the base , ;”[8(%?—1%) is the altitude of the 
triangle ; and 7; [8(2?—12)]/(4x?—1?) is the half-sine of angle opposite base. 
Giving x same values as in J, the half-sines are found to be 2=(2X1)/(22 +12) ; 
28 == (7X4) /(7? +42) 5 38%-=(26K15)/(262 +157) 5 Pst Pe = (9756) /(97? + 567) ; 
75658 /(862? + 209? ) = (862209) /(862? + 2097) ; etc. 

Multiply the product of two sides by one-half sine of included angle for 
area of triangle. 

[(2*2)— 1 }[(2& 2) + 12% 1) (2? +1?) ] =8K5K2z=—38XK1K2=6 ; [(2K7)—1] 
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[(2%7) + 1] [(4X7) /(42 + 7? )] = 18K 15X28 =38K4K7 = 84 5 [(226)—1][(2K 2641] 
[(15X26)/(152 + 262 )] = 51X53X 329 =3X15X26=1170 ; [(2*97)—1][(2X974-1] 
[(56X97) /(56? + 972)] =1938K195X 343%. = 35697 = 16296 ; [(2*3862)—1][(2* 
362) +1] [(209X362) /(2092 + 3622)] = 723X725X 7.58.28, = 3X 209K 862 = 226974 ; 
ete. 

Here it should be noticed that in canceling both sides the denomina- 
tor of the half-sine disappears. and three times the product of the terms of the nth 
even convergent in the expansion of 1/3 brings the area to light ; also observe, 
since sideg and denominator fall out of view, and factor 3 stands constant, the 
area must be determined by the numerator of these half-sines, and this series may 
be continued by use of Magic M=14 ; 14K2=28 ; (14X28)—2=3890 ; (14390) 
—28=5482 ; (145432) —390 = 75658 ; etc. 

Also solved by JOSIAH H. DRUMMOND, M. A. GRUBER, and G. B. M. ZERR. 


AVERAGE AND PROBABILITY. 


60. Proposed by B. F. FINKEL. A. M.,M. Sc.,Professor of Mathematics and Physics, Drury College, Spring- 
field, Mo. ; 


Four points are taken at random within an ellipse. What is the chance that they 
form a reentrant quadrilateral ? 


Solution by G. B. M. ZERR, A.M., Ph. D., President and Professor of Mathematics, The Russell College, 
Lebanon, Va. 


We will solve this problem for the quadrant, the semi-ellipse, and the 
whole ellipse. 

Let ABLI be the ellipse, and ADB’LI’ 
the circumscribing circle ; M, N, P the three 
random points ; through M, N, P draw CD, 
KF, GH perpendicular to AO, EF intersect- 
ing MP at kK. The triangle will pass through 
all the possible variations by considering only 
those relative positions of the points in which 
CD lies to the right of GH, and EF between ' 
CD and GH. . 

If the fourth point falls anywhere on 
the triangle formed by joining the points M, 
WN, P, the quadrilateral thus formed will be 
reentrant. ; 
Let OA=a, OB=b, GP=x, CM=y, EN=z, GQ=2', CS=y', ER=2', EK=z", 
LGOH=6@, 7~COD=q, / EOF=¢. 

Then we have z’=bsin§, y'=bsing, z2’=bsiny, v=1/(cosp—cos), 2’ =v[x 
(cosm—cosy) + y(cosi>—cos4)]. | 

Area MNP=}a[a(cosp— cos) + y(cos¢— cos) + 2(cos6—cosg)]=—u, when 
2<2", Area MNP—}a[x(cos/—cos@p) + y(cosé— cos) +2(cosp—cos6)]=u,, when 
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z>z’. An element of surface at M is asingdgdy, at N it is asin}-dydz, at P it is 
asinfid@dz. 

The limits of 6 are (for quadrant) 0 and 37; of pg, 0 and 6; of 4, wand 
6; of x, 0 and 2’; of y, 0 and y’; of z, 0 and 2”, and z” and 2’. 

Hence the required average area is, 


Lar 7] 6 a0 oo gi! zs" 

f ff f c (f udz +f u, dz) asindddasingpdpasinytdpdrdy 
vovow evo 0 0 
ea a np 

LLL LL L- asintabasingdgasinpaypdedyds 

0 0 7) 0 0 0 


in @ @ x! ‘ Zz"! z, 
=i. SSS f, (f, udz +f- uw ,dz)sinbsingsinydédgpdy-dady 


= af um ff (- {JS {[a(cosp—cosy’) + y(cosy— cos) ]? +[x(cosp—cosy) 


+ y(cosy— cos) + bsiny:(cos6— cosy) ]? }sin@singsiny-vdbdpdydxdy 


0 0 0 x’ 
= aris { f f f [622 sin p(cospm—cosy:)? + 6basin? p(cosp—cosy)(cosp 
FH? 9 ov eo” 0 


— cos) + 6basin psiny:(cosp—cosy)(cosd—cos Pp) + 2b? sin’ p(cosy—cos/)?* 
+ 3b? singsin? 4(cos6—cos@p)? + 8b? sin? psiny(cosd —cos@p)(cosy— cos) ] 
x sinfsingsing¢- vdédgdydx. 
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A= ab S f [2sin3 Asin p(cos~— cosy)? F2sintsin® ploos— cost)" 


+ 8sin? @sin? @(cosp—cosy!)(cosi —cos@) + 3sinOsin psin? (cos6— cos@)? 
+ 3sin? dsingsiny:(cosp—cos/)(cos#—cos@) 
+ 8sin6sin? psiny:(cosp—cos6)(cos6—cos@) |sinésingsinyvdéd pdy 


__ l6ab 


at Sf [4sin2 Gcos? p + 4sin*® pcos? p+ 4sin? Mcos? 6+ 4sin® pcos? 6 


+sin® 6cosfcosp-+ sin? pcos¢coosd—6sin Gcos@sin pcos p 
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+ 6cos’ Gcosp~-+ 6cosGcos’ pm + 12+ bcos? 6 + Bcos? p—86coscos p 
— 12sinfsing— 9( 4 ¢)sinfcosp+ 9(6— ¢)sinpcos@]sin? Osin? pdbdp 


~ aa sf" (694+ 86Acos6é— 124sin? 6— 12 6sin4d6— 60sin§— 45sinGcos6 
0 


— 10sin? 6cos4 + 3sin 5 Acos@)sin® Add 


th (34 16 11) 
_ 12 382 387? 


For the semi-ellipse above the major axis, the limits of 6 are 0 and z, and 
those of the other variables the same as above. The number of ways the three 
points can be taken in the semi-ellipse is eight times the number of ways in a 
quadrant, and hence we get 


Aj Hf" (696 + 86Acosd—124sin? 6— 126sin4 d—60sin6—45sin6cosé 
uv 0 


a . . ab ( 35 32 ) 
_ 3A ‘ 54 A 24da ——_ (| —- — —___ 
10sin? fcosé + 8sin*Acos ysin dé = oy ay?) 


For the limits of @ are 0 and 27, and the points can be taken eight times 
the number of ways in semi-ellipse. Hence 


_ ab 
7278 


20 
A » f (696 + 864cosd — 12 6sin® 6— 124sin4 6— 60sind—45sin4cos6 
0 


— 10sin3 6cos6 + 38sin5 Acos@)sin? 6d6=385ab /487. 


Let C, C,, C, be the respective chances required. 


OK 4Q\ 4735, 16 181 ); — 40, 785 _ 2), 
~ gab = =3(45 3x 822)? 1 zab (3 B22 /? 
4A, 39 


2 Tab 122?” 
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MISCELLANEOUS. 
58. Proposed by EDMUND FISH, Hillsboro, Il. 


The longest noonday winter shadow of an upright object is found to be seven times 
as long as the shortest summer shadow of the same object. Required the latitude of the 
place. 


I. Solution by S. HART WRIGHT, A. M., M. D., Ph. D., Penn Yan, N. Y. 

In the right plane triangles ABC and APC, let the vertical AC(-—=unity) 
be the rod that casts a shadow from C to B, and from 
Cto P, when the sun is at S and D. Extend CA to 
the zenith Z, BA to S and PA to D. Bisect DAS with 
QA. Let’ 7 BAC==y==ZAS. DAS is double the ob- 
liquity of the ecliptic=26—= 7 PAB=46° 54’ 30”=—v. 
DAQ=SAQ=6, and Q must be on the equator, and 
QAZ=the required latitude=-A. CP=-7CB. Put 7 
=m, and tan—!'m=f6=-81° 52’ 12”. We have CB= 
tany, and CP=tan(y+v), and mtany=tan(y+v), a 
trigonometric equation, from which we derive sin(2y 
+y)=cot(6445°)sinv. Four values of 7 result, the 
upper signs giving the only acceptable value of y=-=14° 
57’ 30". The other signs make the 7 PAC>90°. Now A=y+0=:38° 24’ 46” 
north or south, as the seasons are interchangeable on each side of the equator. 


H. Solution by G. B. M. ZERR, A. M., Ph. D., President and Professor of Mathematics, The Russell College, 
Lebanon, Va. 


Let AC be the upright object length=l, CP the earth, Sb the summer sun, 
DP the winter sun. Let ¢=—latitude, d—north, —d=—south declination of the 
sun, and let the winter shadow be n times as long as the summer shadow. 
Then /£CAB=(¢—0), ZCAP=(¢+0), CP=n.CB, CP=lItan(¢4 9), 
CB=Itan(¢@—96). 
- .*, ttan(é+0)=nitan(d—9d). 
. (n+1)tan? dtand—(n—1)tandsec? 6 + (n+ 1)tand=—0. 


2(n—1)tan¢ 


(n+ iysinze + 1": 


tan? é —- 


- tané = (n—2)+y/[(n—1)? —(n 4+ 1)?81n?20] 
(n+1)sin2d0 

Now 6==23° 27’ 30", n=7.  .°. tan@=.793428 or 1.26085. 

. O=88° 25’ 46” or 51° 84’ 14”. 

The two values of tang are equal when n=(1+sin20)/(J —sin20). 

. n=6.4118, 6=45°. When ¢=0, and ¢+6=90°, n is infinite. 

In the first case the summer shadow is zero and the winter shadow is fi- 
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nite ; in the second ease, the winter shadow is infinite and the summer shadow 
is finite. 
In formula (A), 6 and n can have any values within proper limits. 
Also solved by W. W. LANDIS, and J. SCHEFFER. 


59. Proposed by J. A. CALDERHEAD, M. Sc., Professor of Mathematics, Curry University, Pittsburg, Pa. 


When a cylindrical china jar, standing upon the ground, receives the sun’s rays ob- 
liquely, a bright curve is observed to form itself at the bottom of the jar, and it is found 
that the shape and dimensions of this curve are not affected by the varying elevations of 
the sun: account for this latter circumstance, and determine the nature of the bright 
curve. [From Parkinson’s Optics. ] 


Solution by ALFRED HUME, C. E., D. Sc., Professor of Mathematics, University of Mississippi, University 
Mississsppi. 
All rays striking any element of the cylindrical surface lie in a vertical 
plane. Their reflections form the other face of the dihedral angle whose bisector 
passes through the axis of the cylinder. These reflected rays intersect the base 
of the cylinder in a straight line. There is thus formed a system of lines, and 
the bright curve observed is their envelope. The altitude of the sun does not 
affect the position of the vertical planes; and, therefore, the intersections with 
the bottom of the jar are unchanged, and the continual intersection of the consec- 
utive lines so formed produces a curve invariable as to its shape and size. 

The bright curve is the caustic by reflection for the circle, the incident 
rays being parallel. The following general property of caustics by reflection for 
parallel rays is established in Price’s Infinitesimal Calculus: ‘‘The distance 
from the incident point in the reflecting curve to the point of intersection of two 
consecutive reflected rays, is equal to one-fourth of the chord of the circle 
of curvature at the point of incidence which is parallel to the incident ray.”’ 

A. Take the center of the circle as the origin, the X-axis parallel to the 
incident rays, the Y-axis perpendicular to them. | 
Let AB be an incident ray, BC its reflection, the 
angle between them being 20. Take BP along BC 
equal to one-half of DB, D being the intersection of 
AB with the Y-axis. Then, according to the prin- 
ciple quoted above, P is a point of the caustic. To 
find the locus of P: Draw OB, denoting it by a. 
From P drop a perpendicular to AB meeting it 
at H. Denoting the codrdinates of P by x and y, 


2= DB—H B=acosd— acosécos20, 
y= OD— PH=asinl— sacosésin20. 
From these x= facosé— tacos380, 


and y= fasind— jasin3d. 


These may be written 
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%=(4a+ 4a)cosd— (4a)cos[(3a+ ta)/(4a)]d, 
and y=(#a-+ 4a)sind—(4a)sin[(3a+4a)/(4a)]9. 

These are the well-known equations of an epicycloid, the radii of the fixed 
and rolling circles being 3a and 4a respectively. 

B. The following geometrical solution is very much like one given in 
Wood’s Optics, and was suggested by it. 

Referring to the same figure, erect at Pa perpendicular to CB, meeting 
OB at HE. Comparing the similar triangles EPB and ODB, ED: DB=BP: BD 
=1: 2. 

If, then, upon EB, the half of OB, as diameter, a circumference be drawn 
its intersection with CB will be a point of the caustic. With O as center and EO 
as radius describe a semi-circle, intersecting the X-axis at K. 

The 7 EOK=0, and arc EK=}a0. 

Also, since 7 EBP=0, the angle at the center measured by arc EP=20 ; 
and arc EP=ta.20=3a.0. 

Hence arc EP=arce EK. 

The locus of P is, therefore, generated by the circle HPB rolling on the 
circle HK, the points-P and kK being originally in contact. 

Of course the problem may be solved without assuming the property 
quoted from Price. In Rice and Johnson’s Differential Calculus an excellent so- 
lution is outlined. 


Also solved by C. W. M. BLACK, S. H. WRIGHT, and B. F. FINEKEL. 


PROBLEMS FOR SOLUTION. 


ARITHMETIC. 


97. Proposed by J. A. CALDERHEAD, M. Sc., Professor of Mathematics. Curry University, Pittsburg, Pa. 
In what time will $4000 amount to $5134.96, interest at 6% payable annually ? 


¥*x Solutions of these problems should be sent to B. F. Finkel, not later than July 10. 


GEOMETRY. 


97. Proposed by CHAS. C. CROSS, Libertytown, Md. 
Prove by pure geometry: The radius of a circle drawn through the centers of the 
inscribed and any twoescribed circles of a triangle is double the radius of the circumscrib- 
ed circle of the triangle. 


r 


98. Proposed by EDW. R. ROBBINS, Master in Mathematics and Physics, Lawrenceville School, Lawrence- 
ville, N. J. 


Construct a circle which shall pass through two given points and touch a given cir- 
cle, (1) when the distance between the points is less than the diameter of the circle, and 
(2) when it is greater. 


x*, Solutions of these problems should be sent to B. F. Finkel, not later than July 10. 


158 


MECHANICS. 


69. Proposed by B. F. FINKEL, A. M.,M. Sc., Professor of Mathematics and Physics, Drury College, Spring- 
field, Mo. 


A rough sphere of radius a and radius of gyration K, capable of rotating 
about its center, is initially at rest ; another sphere of 1/n the mass and of rad- 
ius 6, and radius of gyration k, is placed gently on it, having initially an angular 
velocity « about the common normal which makes an acute angle a with the ver- 
tical drawn upwards. Prove that the second sphere will not roll off provided 

Go > ee yal(3u+ 1)? —4y?cos*a]seca, where u=a? /nK? + db? /k?. 
[From Routh’s Rigid Dynamics. ] 
70. Proposed by CHAS. E. MEYERS, Canton, Ohio. 

A homogeneous sphere, radius r, having an angular velocity w, gradually 
contracts by cooling. What will be the angular velocity at the instant the radius 
becomes 3r? 

x*, Solutions of these problems should be sent to B. F. Finkel, not later than August 10. 


DIOPHANTINE ANALYSIS. 
68. Proposed by M. A. GRUBER, A. M., War Department, Washington, D. C. 
Find a general value for p in the expression 4p-+1=the sum of two squares. 


69. Proposed by JOSIAH H. DRUMMOND, LL. D., Counselor at Law, Portland, Me. 
Two right angled triangles have the same base which is a mean proportional between 
the two perpendiculars: find a general solution, that will give integral values for all the 
sides of both triangles. 


70. Proposed by PROF. CHARLES CARROLL CROSS, Libertytown, Md. 


Give methods for decomposing numbers into squares, cubes, or biquadrates and 
show that 612008 is the sum of ten cube numbers and that 844933 is the sum of eleven 
biquadrates in thirteen different ways. [From The Mathematical Magazine, Vol. II, No. 10.] 


x* Solutions of these problems should be sent to J. M. Colaw, not later than August 10. 


AVERAGE AND PROBABILITY. 


65. Proposed by J. SCHEFFER, A. M., Hagerstown, Md. 


‘What is the average rate of the sun’s motion in declination from the equator to 
the solstices ? 


66. Proposed by REV. W. ALLEN WHITWORTH, A. M. 


A rod 9 feet long is to be divided into three parts, of which A is to have the largest, 
B the next, and C the smallest. If the two fractures are made at random, A’s, B’s, and C’s 
expectations will be respectively 66, 30, and 12 inches. But, if one fracture be made at 
random and the larger portion of the rod be then divided at random, their expectations 
will be 64, 31, and 13 inches. 
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67. Proposed by B. F. FINKEL, A. M.,M. Se., Professor of Mathematics and Physies, Drury College, Spring- 
field, Mo. 


A person writes 7 letters and addresses n envelopes; if the letters are placed in the 
envelopes at random, what is the probability that every letter goes wrong? [From Hall 
and Knight’s Higher Algebra.] 


x*y Solutions of these problems should be sent to B. F. Finkel, not later than August 10. 


MISCELLANEOUS. 


62. Proposed by G. B. M. ZERR, A. M.,Ph. D., President and Professor of Mathematics, The Russell College, 
Lebanon, Va. 


How many bushels of wheat will a conical bin 8 feet in diameter at base and 12 feet 
high, hold, if part of the bin is cut off by a plane parallel to the side and passing through 
the center of the base ? 


63. Proposed by F. P. MATZ, D. Sc., Ph. D., Professor of Mathematics and Astronomy, Irving College, Mc- 
chanicsburg, Pa. 


Show that the path of a projectile moving with a constant velocity is an inverted 
catenary of equal strength. 


x*, Solutions of these problems should be sent to J. M. Colaw, not later than August 10. 


EDITORIALS. 


The degree of Civil Engineer has been conferred on our valued contribu- 
tor, Fremont Crane, by the University of Minnesota. 


In our next issue will appear an article on Symmetric Functions, by Pro- 
fessor KE. D. Roe, Associate Professor of Mathematics in Oberlin College, now at 
Erlangen, Germany. 


Dr, David Kugene Smith, Professor of Mathematics in the Michigan State 
Normal School, has accepted the Presidency of the New York State Normal 
School, at Rockport. 


In our last issue, the last two pages of the MoNTHLY were hurried into 
print without our having read the proof. That we might have the opportunity 
of eliminating some of the errors which thus appeared in them, we have had 
those two pages reprinted and bound in the present issue. This, we are sure, 
will be appreciated by those who wish to have the volumes of the MonrHiy 
bound. 


THE UNIVERsITy oF CHricaco. During the summer quarter (July 1 to 
September 28, 1898) the following mathematical courses (four or five hours week- 
ly) will be offered :—By Associate Professor Maschke: Theory of Invariants ; 
Functions of a Complex Variable ;—By Assistant Professor Young: Mathemati- 
cal Pedagogy (to August 15); Culture Calculus ; Plane Trigonometry (to August 
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15); College Algebra (after August 15, ten hours weekly):—By Dr. Hancock : 
Calculus of Variations ; Theory of Equations (advanced):—By Dr. Slaught: Ad- 
vanced Integral Calculus ; Plane Analytics :—-By Dr. Miller (of Ccrnell Univer- 
sity): Seminar in Permutation Groups (to Angust 15). 

General circulars of information and programmes of the Department of 
Mathematics may be obtained from the Examiner of the University. 


BOOKS AND PERIODICALS. 


Lessons in Elementary Mechanics. Introductory to the study of Physical 
Science, designed for the use of Schools and of Candidates for the London Ma- 
triculation and other examinations, with numerous exercises. By Sir Philip 
Magnts, author of Class-Book on Hydrostatics and Pneumatics, etc. New KEdi- 
tion, Rewritten and Enlarged in 1892. Fourth Thousand. 8vo Cloth, 377 pages. 
Price, $2.25. New York: Longmans, Green & Co. 


At the present time, there is a very great demand for a thorough knowledge of the 
principles of mechanics. The present high civilization, while due to many influences, is, 
however, more largely due to the increased knowledge of the laws of nature and her modes 
of operation. The little work before us is designed to give the beginner a thorough under- 
standing of all the elementary principles of mechanics. The style is lucid, the work com- 
pact and comprehensive, the illustrative problems well chosen, and the nuinerous exercis- 
es carefully graded. 


A Discussion of the Cyclic Quadrilateral. By J.C. Gregg, A. M., Super- 


intendent of Schools, Brazil, Ind. Pamphlet, 5 pages. 
This is a very good discussion, and is illustrated by two figures. B. F. F. 


Annals of Mathematics. Edited by Wm. H. Echols. Published under 


the auspices of the University of Virginia. Price, $2.00 per year in advance. 
The May number contains an article on the Calculus of Variation, by Dr. Harris 
Hancock ; Notes on Some Points in Theory of Linear Differential Equations, by Dr. Max- 
ime Bocher; On Triple Focus of a Cartesian, by Dr. Carl C. Engberg; Direct Derivation of 
Ordinary Canonical System of Elliptic Elements Employed in the Problem of Three Bod- 
ies. The June number: The Law of the Mean and the Limits of 0/0, 0/o, by Prof. W. 
F. Osgood ; Certain Invariants of a Quadrangle by Projective Transformations, by Dr. Ed- 
gar Odell Lovett ; The General Transformation of the Group of Euclidean Movenients, by 
Prof. J. M. Page; Concomitant Binary Forms in Terms of the Roots, by Miss Annie L. Mac- 
Kennon. B.F. F. 


The American Monthly Review of Reviews. An International Illustrated 
Monthly Magazine. Idited by Dr. Albert Shaw. Price, $2.50 per year, in ad- 


vance. Single number, 25 cents. The Review of Reviews Co., New York. 


‘The Progress of the World,’”’ the editorial department of the Review of Reviews, 
gives not only a complete history of the war to date, but also a full discussion of the col- 
lateral issues involved, such as the acquisition of new territory and the proposed alliances 
with other powers. . F. 


The Cosmopolitan. An International Illustrated Monthly Magazine. Ed- 
ited by John Brisben Walker. Price, $1.00 per year in advance. Irvington-on- 
the-Hudson, New York. 


In the June number is a most excellent article on Liquid Air. This article alone is 
worth a years subscription to the magazine. B. F. F. 
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NOTE ON A FORMULA OF SYMMETRIC FUNCTIONS. 


By E. D. ROE, JR., Associate Professor of Mathematics in Oberlin College, Oberlin, Ohio. 


On page 8 of the German translation of Faa di Bruno’s Formes Binaires, 
one reads : ‘‘The function ¢,[=-2a@,Pia,P2...... a, Px | can be written symbollical- 
ly in the form of a determinant as follows, 


Sp, S(p.) 5(p5) oe wee 
Sip.) 8p, S(pa)eceees 
oy= S(ps) S(p;) Sp, cee ees 


oo © © @ @ © © © © © © © # © @ @ e@ «¢ @ 


if after the development of the determinant. the symbolic products 8p.) 8p,)...- 
are converted into 8 45,4... ? 

If one endeavors to carry out these instructions, he finds that the state- 
ment holds for k=2, and k=3, but not farther. In the Annali di Tortolini (t. 5, 
1854, p. 427-8), a clearer statement of this formula is given by Brioschi, but 
without proof. Brioschi’s statement, slightly changing the notation, is as follows : 

If Upp=8p,) UrsUisr—=Sp,+ poy UrsU stUir==8p,+ps+ ps» aNd in general if every cycle 
of a substitution corresponds to a power sum whose index is the sum of those p’s 
whose subscripts enter into the cycle, then the n! products U,,,Wor,Ugr,- +» + Unrny 


corresponding to the (;. 20 8.e..M 


T, Te, Teese Tr 
numbers 1 2 8....n, give the terms of ¢,—2a,P:a,P:....a,?", which we may 
write in the form of a determinant as follows : 


), where the r’s form a permutation of the 


Ui, VUig--ee- Wan 
Us 1 Ws Oe © e we @ « U Sw) 
Or iecee eee 
U re 1 al qt 9 ee e ee e# 8 @ U V7 


It seems desirable to give here a proof of this theorem. One may be giv- 
en in this manner: We form, 


T=N 
= Pp ~-] 7 Pn--1 
Spy A Pra ,P> | wee Ant = 20/,P"(a Pra ,Pe, -.-An—1 ). 
r=l1 
r=n—1 
. . 7 Lr . . ° 
This gives ¢,—=— = tr) + &»,Pn—1, Where ) | is an abbreviation for 
r=1 
2ay"(a,Pia,P2....a@ ?m-1), We assume that the determinant formula is true 


when a—1 roots are involved. Then the preceding equation takes the form 


Vy 1 VU; 9 Vin—1 UU, 1 U, 9 Uin-1 
Vo 1 Vo yrrerere Von—1 UU | We Dee eeee Uon—1 
Oy == _ = ee © #8 © © © = © &@ © © © © © © @ + Unn ee ee © © © © © © © @ © © ww» @ © * @ w2e 
Un—11 Un—12- + -Un—1n—1 Un—11 Un—12- ++ +Un--1n—-1 


The sum & contains (n—1) determinants. Of these the r,,th one, which 
expresses Om ,, must be similar to ¢,_1, but with this difference, that everywhere 
instead of p,, p,.+p, must occur. If we denote p,+p, by p,!, we may say, the 
symbol connected with sp. must be so constituted as to always express Spt Pn: 
Any product which corresponds to a cycle which begins and ends with 7, that is, 
any product commencing with an element of the rth line, and ending with an ele- 
ment of the 7th column, like 


Up sU si oe ec eae Very yp == 8p, -+ pst. tee Der py 


can be written in the w notation as 


UnrlpsU st 6 ee ee Uryt yn S8py+-putpet...... prt py 


since the right membors of these two expressions are equal. As far as the prod- 
ucts which correspond to the remaining cycles (which cannot involve r and m) are 
concerned, they may always be written simply with w’s instead of v’s. It fol- 
lows: We may write the determinant for ¢\”, with w’s instead of v’s, provided 
that only v,. goes over into u,,t,., and Vy Into U,,, and obtain exactly the same 
expansion as before. Writing wprtty, Unrteg..--. Unrlyn —1 for the rth line in- 
stead of Up, Up... Urn—1, ANd Uyn, Uap... -- Un—in for the rth column instead of 
Up, Vope seen. Un—ir, We have for — bi, , after taking out the factor un,, 
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UU 11 Ut t2ec0ee8 U1yp—1 Uin Ui rst oeeee Uin—1 
Uy 1 al QQeseees Uoy--1 on Wort oe eee Udn—1 
(r) a 
— Pn—-1 = —Unr 
Url Ure Urr—1 Urn Urrtls seers Urn—1 
Un—11 Unm—12 er ee ee er ee Un—in oe» ee wee Un—in—1 | 


In this determinant pass the rth column over the remaining n—r—1 col- 
umns. The entire sign factor becomes (—1)"—7-!+1=(—1)"™"-"?. We can now 
combine our results conveniently as follows : 


iy UWyg-eeces Uay,—1 Mypiy- cs eee Uin 
r=n We 4 i Uop—1 UdrtT sees Uon 
—_— ,” —r—2, . 
by, — = =(—1)” r lyr oe ew rr | 
r=1 
Un—11 Un —-12- + Un--1Ir-1 Un--Ir ,1+++-Un—iIn | 


if for r=1 the first column, and for r=n, the last column is suppressed. But the 
sum of the determinants on the right hand is none other than the expansion of 


U 11 Uy grees Uin 
ul 9 1 U ) ») «ee ee Uu on 
>. 2€¢ © s © © @ & & @ @ B © © & &£ 8 8 8 @ | 
Unl Ung oe ee we Unn 


in terms of the elements of the last line. 
We have therefore proved that if ¢,_; can be expressed as a determinant 
of order n--1, ¢, can be similarly expressed as a determinant of order n. But 
the assumption is true when n—1==1, and therefore for all greater values. 
Attention may be called to the fact that this determinant gives very beau- 
tifully the general term of ¢, in terms of the s’s. Let o be the number of cycles, 
involving N,, %., ...-.- ug numbers respectively, where my4-Ng+...... NgG=N, 
into whose product any given substitution of the numbers 1, 2,3 ..... nm can be 
decomposed. The general term of ¢, will consist of the products which corres- 
pond to the o cycles of the substitution. The modulus of the substitution will be 
the product of the moduli of the cycles, viz, (—1)mttme te ng—1—=(—1)"—-6, 
The coefficient of the term will be the number of ways in which the substitution 
can occur. The first cycle can occur in (n,—1)! ways, for for the first number 
the (n,—1) remaining numbers may be substituted, for the second the (n, —2) 
remaining, etc.; for the next to the last, the last remaining unused number, and 
for the last the first number. Similarly, a second cycle can occur in (n,—1)! 
ways, and the two together in (n,—1)! (n,—1)! ways. We thus get for the gen- 
eral term of ¢,, if An,, An,, -- +++ \ng denote the sum of the n,, m2, ...... n 
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exponents respectively, 
(— 1)" on, —1)! (n,—1)! see eee (no—1)! Xn, Xn, eee 8. ) 


a result that agrees with that obtained in a somewhat different way on page 8 of 
the German translation of Faa di Bruno’s Formes Binaires. 


Erlangen, Bavaria, 4 May, 1898. 


CONVEX SURFACE AND VOLUME OF CONICAL UNGULA. 


By G. B, M. ZERR, A. M., Ph. D., President and Professor of Mathematics, The Russell College, Lebanon, Va. 


Let BD=c, DE==a, tanDBC=n, cotFEC=m. Also let DH=h, DC=R, 
Rh a R-r —Rtd 
R-r’? "hh ym 
Then «? +2?—=n?(c—y)’, 1s the equation of the cone, and «=my-+a, is the 
equation of the plane. 


HF=r, EC=d, then c=..-— 


_ nle—y)/(+n2) 
y(n (e—y)? — 2? ] 


The limits of x are my+a—a, and n(c—y) 


, 


=a7,; of y, O-and ard ; 


yo (res ne—yyA +n") 
S= af J. V ley)? — 27] 


y f 
=N/ Len?) f | x—2sin—4 (“t ne ) |ee-may 


n(c—y) 
—=ne* 1/(1—n?) | x—sin— (." )] 


y (c—y)dy 
ata AVA ne ( ee Ae 
nlatme)y/(1+n ) 0 1 [n®(e—y)?—(a+my)?] 
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n® (e—y)*—(a+my)?=[(mne+na)?*—(n?etamt m?y—n*?y)*? |/(m? —n*), 
When m* >? 
==(ne+a)(ne—a—2ny). 
When m?=—n? 
—=[(n?e+tamt m?y—n*?y)? —(mnetna)* | /(n® —m?) 
When m? <i? 
Let w=n*e+am+im*?y—n’y. 
Then the limits of wu are n?’c+am=u, and mnactan=u,. When m?>n?* 


(c—y)dy 
V La? (e—Y)? —(a4+ my)? | 


y 
n(atmey/1 tn®)f 
0 


—Masmey Orn (cm? (em? +am—u)du 
V Kami 3] u, V y [lant men)?—u? | 


__ anm(atme)*y/ 1+?) — nm(at me)?’ (14- ne): =( ne+tam ) 
sin —}{ —— 
21° [(m? —n2)3] 1 [(m? —n?)3] an+mMne 
_ nlatme)| (1+) 
V LGm? —n?)?] 


WC? am(a-+ me)? ; ( a ) 
——9), / a - — —1f _ 
S==n,/(l4+n 1 9 2 fm? —n?)?] ce? gin ne 


1 (an-+mne)*? —(n2e+am)* , 


m(a+me)? ; ( n2ctam } 
2 sin — 
y (Cm? —2?)*] antunme 


(ar me) Tantnme?—(n2epam)? 
TT Em — ney] } (an+nime) (mn? e+am) |. 
g LIEN IP AR ded) 
R—yr 21 [d(d+2r—2R)*] 
red(r—R+d) pa( Bord) 
1 [d(d+2r—2R)3]" r 
k-—- ad rd(R—r) ooo 
— [2 aos 7 ae 2 
resin (ST) V(dd+2r—IRyay! CBr? 


(P2— ve 
Let d=-2R. , SaZL I + ihe] (Re 


“Ray —ty Rr(R+1)). 
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When m?=—n2, y’==(ne—a)/2n. 


me) /(L-+n2) yey 
n(a+ me) a f | [n2(c—y)?—(a+my)?] 


y! (omy)dy _ Qneta)y [(n?e?—a?)(14+n?)] 


y [ne— a —2ny] on 


=n atney 1+ tne fs 


Teen a (Qne+a)y (nr c?—a*) 
Yi. / 992) — — -—me? 1. . 
S==)/(142 | 9 mc? sin (°- )- i —|. 


V fh? + R—r)*} mde? 4 R—d 
i a“ E — R*sin ( P 


) Rd) 1 da@R—d) |. 
But d=2(k—-Yr). 


/ 2 — 2 2 — ee 
Saab Lh +e ") Ee resin-( 7") — 302 + 2r) R=) |. 


When m? <1", 


anny) ey 
nlatme)y/ +n if, 7 [n?(e—y)? —Catmy)* | 


_n(at me) (1+n*) Uy (em? +am—u)du 
\/ [(n? — m2)? ] S, “y/ [u2--(mnet+an)?] 


_- n(a+me)y A1+n* ), y (n2e+ am)? —(mne+an)? 
y [(n? —m?)3] 


nm(a+me)? YO +n" dio @ -e+am-+ y/[(n?c+tam)*—(mnct+an)?} 
~ 9 / [m2 =m?) 3 ] V5 mne+tan ~). 


‘ 1 2 mo" e¢sin-1("_) 
S=ny, (Attn | - 9 Orsi ne 


(a+mc) 
1“ [(n? —m?)?] 


Vo (n?c+am)*? —(mnet+ an) 2 


m(a+me)* lo (niccamt v [ntetam)’—(nne samy) ) | 
VL? —m?)3] mne+an 
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—g VIM+(R-n)]PaR (B28 
S55 RR, 9 R? sin "| 


_ rd(R—r) 
, [dQR—d—2)24! 


‘[(QR—r—d)?—r?] 


red(r—k+d) lo PBor te [ORor— aay 
Ty [d(2R=d—2ry3] OF . | 


For volume, 


a a 
va2f { 1 [n?(c—y)? —2? ]dydx 
0’ x, 


y | ; a+ my 
oo 1 2 \2 2 ’ bad —] e 
== 27m n*(c— VY) —N (c—y) sin (. — I) 
sf J ne — Y) 


-—(atimy), [nr?(e—y)?—(at my)*] |dytante’ —jnredsin("_) 


MC 


y (c—y)* dy 
—in? atme) f . a eres 
_ J 1 [n*(e—y)* —(at my)? ] 


vy’ 
— ( (atmy) ‘[n? (e—y)? -- (at my)? \dy, 
7 0 


When m?>7?, 


: “y (e—y)?dy 
4n-(atme f > OS 
317 ( mc) 0 V [n*(c—y)? —(a+my)?] 


— n*(a+me) Mr  (em* +am—u)? du 
By (Cn? — 27)8 VW a, 1. [Cant men)? —u?] 


__ n® (at me) [ zeatme) "Om? +n) 
Gy [Om? — 0?) 5] 5) 


> , n?c+am 
—(a+me)? (2m? +n? )sin a(t eran 


an+nmMe 
+ (n?e—4em? ~— 8am) 4° [Can +nme)? —(am+n? P] | . 


y 
f Catmy)y/ Ln? (e—y)? —(a+ my)? dy 
0 


1 {" D>) OD) 
— mn -—an*—n*em)1 |(an+nem)?—w2ldu 
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2) 5) | aml(an-bemn)? —(n*et+am) |? 


~~ y [mez=n 


nt(atem)? , a(n eren) mnt(a+em)* 
2 Van +nme 4 


n?(atemej(am+nze > 9 
nied 5 worn) 1 [Can+nmc)? —(am+n?e)* | |. 


m*(atem)§ 


-. V=lan?ek—ln2zc'sin= Ha/ne)— - ne 
6 8 (a/ne) 6y/[On? —n?)? | 

m*(atem)s  . (ane “\ 

an +emn 


3)/ fom? —n?)3] 


2acn® +a? m+n ec? m 
| —_— 'f) ~ 


V= neh ia — sin- +1 (A) ] 
= R 


herd [ie | a 2R—r—d \- 
3(R—r)) [d(d+ 2r—2 Bye]Le7 ; ) | 


h[2Rd(R—d)+a@2(r—Rk+4+d)] . 
By [dd+2zr—2k)3]) [re CBr a)*}, 


; ,  _akh >, 
Let d==2h. .’. VSR nl" —ry/(Rr)]. 


y’=[(ne—a)/2n]. 


When m*?==n?*, 


; y (c—y)dy 
1m? me 
ene tat me) J; V [n®(e—y)?—(at my)? ] 
(c—y)? dy 1 (n?c?—a* Cin? ec? + Bane + 2a? 2a*) 
45n 


-=in?1/[a tne] {- , ‘Tne=a—2ny) = 


f. (a+my), [n?(e—y)? —(at+ my)? |dy 
0 


(4a+nce)(ne— a)“ (n* ce ar) 


— a2 —2nyldy— 
=< ]/ [neta] fo (at ny)’ [ne 7 ny] 15n 
22 42 _942\. 7 (m2p2— p72 
*, Ve=lan? et —jn ?c3sin- a/ne)— means mae ine an 
Reh 7 (3h? + Rd—2d?_ 
v= px—sin1(“5°) | Ron MeR-a)]. 


3h —r) 


But d=2R—2r. 


A E ; ne =) 2(8h? —14hr + 8r?) 
“Ss (Raon -— — #?3sin Pp + - 3 vy [rUue—r)] |. 
When m*? <n? 
(c—y)? dy 
Ly 2 po 
gn*(a + me) J" — Tn'(e—y)? (a tmy)®] 
7 n?(a+ine) “ (em? +am—u)* du 


dy (Cn? —m*)P] 7 a, y/ [u2—(an+ men)? ] 


n?(at+me) l 
FE 4em? +8am—n20)v [(n2¢e tam)2?—(an +imnce)? 
by [(n?—m?)5] ( +0 t yy [¢ far ) (a +4 ) | 


an+-imnne 


—(Qm24n2)la + mey?log( "o> am V[(m2e+am)2—(an tnney*1 7 


ty 
f (atimy), [n2Ce—y)? —Ca+my)*? dy 
0 


— mu—an?—n em), /[u? —Can+mnc)? |du 
[Cr* —am® > | - ail ( y*] 


n?(a+mc)(ain+n?c) 


7 aA L rn) ; at [(n2e+am)? —(an+nme)?] 


—3m[(n?o+am)*? — (an4 nme)? }? 


n§(atem)’, log(” ctam+t yp [(n?e+am)? —(an+nme)? ol). 
2 °8 an + nme 


. a 
=t7n* 3 —in?c3sin—! 
3 
C 


n? (atime)? (Reetamyy [nlefam)’—Canfnmey') ) 
T 3y/ [(n2?—m?)?] an+nme 


onz=actam? + n2¢?2m 


__ - es ----p/l(nPe+tam)? —(an+tume)? }. 
By [(n? —m?)$] y Lente san)! Can Fame)" } 


_ Rh | ax—sin 1 “)] 
~3(R+njbL° R 


heed lp (2Raroidty [Rory re) 
+ 3(Ronyp fd QR—d—2r)5] 


r 


h[2Rd(h—d) -+ ad? (r—kh+d) )] 
3, (d@RAd=ansp LOR ote 
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Let m=O. 


; a 
. V=4n*3 | 3x—sin (=) ] 
nc 


a} mce+1/|n*c? —a? 
a _ 


2 t 2. A? 
=t¢| 7 —sin-! (2) +a8log (ASV) aay te a") | 


Rh [7 beh. Rr? R+ [Rt] 2 4 2 
=3R—1 9 Ft sin (r/R) + 5, log ( ; )--2ry/ LR tr 1| 


SOLUTIONS OF PROBLEMS. 


ARITHMETIC. 
93. Proposed by RAYMOND D. SMITH, Tiffin, Ohio. 
A barn 20 feet square is standing in a pasture, and a horse is tied to one corner of it 
with a rope 50 feet long. Over how much land can he graze ? 
I. Solution by B. F. FINKEL, M. Sc., M. A., Professor of Mathematics and Physics, Drury College, 
Springfield, Mo. 

Let ABCD be the barn, side AB-=AD-==20 feet; A the corner to which 
the horse is tied ; and 4 =A =-50 feet, the length of the rope. 

Then DI=-BI-=380 feet; AC=DB=20,’2 feet; Hl=—\/[DI? —DE?]= 
y/ [80?—(10,/2)?] feet+10, 7 feet; Cl=KI—-KC=10,/7 feet—10,/2 feet— 
10(j 7-42) feet; Ch=CM=, (CI? /2]=—iCly, 2—d(, 14-2) feet; KID=CK 
—CL=10 feet —5(; 14-2) feet =5(4—y 14) feet ; and chord AKJ=chord [N= 
Vy [|AL? 4+ 727]. 

1/[25(4—1/14)? + 25? (p/ 14—2)* |] feet 
=10, [8(44— 14] feet. 

2 arc TkK=1(8 chord K[I—2/L* 
-=}{80) [8(4— 77 14)] —20G/’7— / 2)} feet= 
201 4y [8(4—)/14)]—G/ 7—y 2)] feet. 

The area over which the horse can 
graze =FAGPF+sector FDI+sector [bG+ 
triangle DCI +triangle BCI==FAGPEF +2 sec- 
tor FDI +2 triangle DCI=FAGPF-+ 2(quada- 
rant !DN—sector IDN) +2 triangle DCT. 

But area of FAGPF=i7AF? =18752 ; 


*See Williamson’s Differential Calculus, pages 64-65, for a proof of this rule. The discovery of this 
important approximation is vue to Huygens. The length of an arc of 30° on a cirele of radius 100,000 dif- 
fers from the true value, assuming 7=8.141592, by about 2inches. The formula is arc=}(8B—A) whon B 
is the chord of half tie are and A is chord ofthe arc. 
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area of quadrant FPDN=4t7DF? =2257 ; and area of sector IDN : 27 DF? :: 27 DF 
: are JN, or area of sector [DN=3DFxarc IN=15{1[4,/8[(4-—y 14)]—V7+ 
V 2]} square feet=50{4,/ [8(4—7/14)—y 7+1/2} square feet. 

.. Area of sector PD/=:22527—50{4,- [B(44—y 14)] -,/74 12}. 

Area of triangle DCI=3DC x IM=10x 5(,/14—2)=50(,/14—2) square 
feet. .°. The total area over which the horse can graze=18757 + 2(225a7— 
50{44/[8(4— yp 14)]-y 74-1 2})+2[50G/14—2)] =18757 4 4507 —1004,/ [8(44— 
y 14)]-y 7 +4 2+ 100(,/ 14—2)==23757 + 100 Vo 14—2—4, [8(4—-] / 14)] + Vil 
—j / 2==7249.3878 square feet. 


II. Solution by G. I. HOPKINS, A. M., Professor of Mathematics and Physics, High School, Manchester, N. 

mar x PEEWOOD. A. M., Principal of Colfax School, Pittsburg, Pa.; and P. S. BERG, Principal of School, Lari- 

Let ABCD represent the barn and A the corner to which the horse is tied. 
Then FA—-AG—50 feet, and DF=]D-=BI=GB=30. The area over which he 
can graze is divided into four parts, viz.: the three-quarters of a circle APPGA, 
the two sectors GBI and JDF, and the quadrilateral JCD. 

BN=y (20? + 202) ==-20), 2. 1. ED=10,2. 

J. CHE==,°(80? —(10, 2)? ]J—10, 7. 

Area ITBCD-<area [BD—area BCD. 

.. Area IBCD==10,; 7x10)’ 2—200=1007/14—200. 

., Area [BCD==174.1657 square feet. 

cos / IDE==(10, 2)/380==.4714. 

- /IDE-=61° 52° 30" and #7 BDA=—45°. 


~. Z/IDA=106° 52’ 380", .. ZIDF=73° 7’ 30”. 
Sectors GIC and [DIF are equal. .*. 2773° 7’ 80’==146° 15’ =—146}”. 
Area of circle whose radius is /D—302 27-9007. .°. The areas of the two 


sectors GBI and IDF (1464 /360) x 9007=-86537—3865.6257. 
Area of GAFPG=(3'50?7)/4==-1875m7. (865.625 + 1875)7=2240.6257. 
~. Area GAFPG=7039.1475 square feet. 
Entire area-==174.1657 + 7089.1475=-7213.3132 square feet—26.495 
square rods. 


This problem was also solved by G. B. M. Zerr who got as an answer 7291.9868 square feet; J. Schef- 
fer, his answer being 6889.414 square feet; Fremont Crane, his result being 6351.785 square feet; and B. F. 
Sine, his result being 7233.292 square feet. Cooper D. Schmitt did not solve it, but referfed to a previous 


solution in the MONTHLY. 


94. Proposed by J. A. CALDERHEAD, M. Sc., Professor of Mathematics in Curry University, Pittsburg, Pa. 


What rate of income do I realize by purchasing United States 4% bonds at 105 if I 
sell them in six years at 104? 


Solution by CHARLES C. CROSS, Libertytown, Md.; FREMONT CRANE, Sand Coulee, Mont.; HON. JOSIAH 
H. DRUMMOND, Portland, Me.; and G. B. M. ZERR, Pottstown, Pa. 


04 X 6==24. 
1.04+.24=-1.28, amount realized on bond. 
1.28—1.05—.23, ainount gained in six years. 
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.23+6:=.032, amount gained in one year. 
.03%+1.05=—3841%=—rate of income. 
Also solved by P. S. BERG. 


95. Proposed by WALTER HUGH DRANE, A. M., Professor of Mathematics, Jefferson Military College, 
Washington, Miss. 


A man sold a house for $7,500 and gained a certain per cent. on the cost. If the cost 
had been 1624% less, his gain would have been 25% greater. Find the cost of the house. 


I. Solution by J. K. ELLWOOD, A. M., Principal of Colfax School, Pittsburg, Pa.; and M. A. GRUBER, A. 
M., War Department, Washington, D. C. 


The increase in per cent. gained is made up from two sources: (a) addi- 
tional gain caused by decrease in cost, and (b) original compared with supposed 
cost instead of actual cost. 

16%% of cost-+(cost—% cost)==4, or 20% of supposed cost. 

Hence 25% — 20%, or 5%, must be due to changing the base, and 
(gain-+-8 cost)—(gain-cost)==5%, or ~',, or gain+5 x cost=,),, and gain==¢ cost. 

Hence 3 cost=-$7,500, and cost==$6,000. 


Solution No. 2. The rate on 2 cost=—$ of rate on cost. 

4 of cost+2 cost 4, or 20%. 

. Sof rate on cost+20%=—rate on cost+ 25%, or $ rate=-5%, and rate= 
25%. 

Hence $7,500—125% of cost, and cost—$6,000. 


Solution No. 38. Let 6r=cost. Then $7,500—6x—gain. 
$7,500 — 5x—=supposed gain. 
7500 — 52 7500— 6x 


_ +4, whence x=$1,000, 6z=$6,000. 
5a 6x 


II. Solution by B. F. FINKEL, M. Sc., M. A., Professor of Mathematics and Physics, Drury College, Spring- 
field, Mo. 


700 per cent.==selling price. 
100 per cent.==actual cost. 
700 per cent. —100 per cent. gain. 
100 per cent.— 16% per cent.—834 per cent.—conditional cost. 
100 per cent. — 834 per cent.—conditional gain. 
83% per cent.—100 per cent. of itself. 
1 per cent.=1/834 of 100 per cent.—1} per cent. 
100 per cent.—83} per cent.==(s00—83}) times 11 per cent.=£x< 100 
per cent.— 100 per cent.—conditional gain per cent. 
9. .*. £Xz00 per cent.—100 per cent.—(z00 per cent.—100 per cent.)= 

4x 100 per cent.=difference. 

10. 25 per cent.=difference. 

11. .°. £X 100 per cent. =25 per cent. 

12. 100 per cent. =5 xX 25 per cent, =125 per cent.=selling price in terms 
of actual cost. 

18. .*. 125 per cent. = $7,500. 


OI ow 0 we 
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14. 1 per cent.=;$5 of $7,500=$60. 
15. 100 per cent.=$6000 =the cost of the house. 


Also solved by COOPER D. SCHMITT, F. R. HONEY, M. FE. GRABER, EDW. R. ROBBINS, B. F. 
SINE, J. SCHEFFER, J. F. TRAVIS, EARL R. GIBSON, FREMONT CRANE, HENRY HEATON, J. H. 
DRUMMOND, and G. B. M. ZERR. 

Solved in a similar manner, though more briefiy, by Walter H. Drane. Professor Drane has some 
doubts as to whether the above is strictly an arithmetical solution and asks the question, What is the ex- 
act difference between an arithmetical and an algebraic solution? This question I have answered in the 
last number of the Montuty. The above is not an arithmetical solution at all. Professor Ellwood’s last 
solution is algebraic. My solution of problem 93, aside from the principles borrowed from geometry, is 
purely arithmetical, because all the operations are performed at once upon certain numbers and the re- 
sults of these operations summed give the final result. The selling price is printed in italics for sake of 
distinction. [Eb. F.| 


ALGEBRA. 


83. Proposed by J. MARCUS BOORMAN, Consultative Mechanician and Counselor at Law, Woodmere, Long 
Island, New York. 


Solve w2+y==8...... (1); y7+ae=60...... (IL), true to four decimals. 


I. Solution by G. B. M. ZERR. A. M., Ph. D., President and Professor of Mathematics, The Russell College, 
Lebanon, Va. 


(I) in (II) gives +#—16x2 +4=—4. 
2. tS —4, y= 8. 2. = 8.985482, y= — 7.487627 | 
a-=.537401, y=7.711199 ; 
2 = — 472833, y=7.776428. 
Solved similarly by J. H. DRUMMOND, and EDW. R&. ROBBINS. 
II. Solution by the PROPOSER. 


[N. B. Change +,...... +, only in unison,—thus S=,+(%+2,) to 
S=,tb(ytys) 5 S,=4@14+%,4) to 2, =(Y, +411) | Sg=(2+%,1) to 2g=£, (yt 
Y11), 12 roots. | 

The ‘‘Empirical’”’ gives (IH) .... 
$4 —2[S+, 1/ (8? —60)]S? + Id? =Id? te, Efy/[1/(8*—60)]. [7 =1, factor of x 
in (1); S=sumaz+2,; 2=co-sum (y+y,), ete. Analyst for 1882, IX, page 122]. 


fafi=l..... | 
(IIT)... ..$2=10+1/1003= 10+ 10.0062484....... + Se £4.472834,2 4, 
(IV) wo... S2=64),/85$= 6+ 5.9895761. TrueS= 4.472883,9+. 


Error ..... 0.000000,3. 
By (IV) S, =+3.462596,5,—its reciprocal is 2, =0.288800,4+, 
True S,=8.462598,42. Reciprocal of S is 2=0.228571,9+, 
Error..... 0.000001,9 .°. S,=0.064567,6 ; 2,=15.487627,6+4. 


[Thus reducing the ‘‘ir-reducible’’ case]. Q. V. D. 
By S=j(1/8), f=1=S2=SS,S,. Any S or 2 will give, by 


(A)...... wet, $S+)/[(8—18?s, afC1/S)]. (f= fr=1 here.) 
°(B)...... ys, $24) [60—12°>, 3f?(1/2)], the whole erght roots, viz.: 


e=0.5374014+, 2, =3.985482, 2, ,=—0.472833,9, =—4 ; 
y= 7.711199 +, yy =—7.487627, y, 1 =7.776428,1, ya= —8. 
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Compare #,-=3.985432 331970 029801 953731,229 4+ 
tq=—A. 
S,==£0.064568 668029 970198 946268,770=¢ 
y,=—7.487627 639515 066744 071631,5214 
Ya=d. 
(S),=+0.512372 360484 933255 928368 478— 
r=0.537401 577025 225760 614153,4040+ 
7, =—0.472833 908995 255561 667884,683 + 
Sq,-=-- 0.064568 668029 970198 946268,770-E 
Also, y==7.711199 545010 300343 929222,6193 4+: 
yy -=7.775428 094504 266400 142408,902-E. 


S, 2, etc., is stated = because the remaining two roots of x or y so make 


it. Note that Sg +—-—S,,. and that the two determine the final figure 0 ! 


Also 


observe the curious recurrences 777 twice, 222) 111, ete. 


The ‘Empirical’ is one of three novelties found in 1875-6. 
(C), so stated factors into S#=-, 27S*—2yS+ ,f=0! 


S6—4aS++4+4bS2—f'--0..... 


Des Cartes’ 


Also to S8—2[a+,} (a? —b)]S=e,7) [1/(a? —b)]C1/S)=0...... (Dp)! 
Change 77)[1/(a*—b)]C/S) ‘empirically’ into 4f)’ [1(a? —6)](1/S) gives 


(EK) above. 
v+(44t)?u? [1 /(a? —b) JC /S?) =f. 


NOTE. 


reasoning is faultv, and his conclusion erroneous. 
that 2+=1296 (2) and as (2) has four roots, therefore (1) has four roots. 


Josiah H. Drummond remarks of the Proposer’s solution of No. 78: 
His reasoning seems to be: 


For, say twelve decimals true correct 4f, etc., into (++), ete., by 


It seems to me that his 
It v*==36 (1) it follows 
Again +2 and +2, taken by them- 


selves, are precisely the same; the first is |2 or —2, and the second is precisely the same, save in the 
order of writing or reading them, which does not affect the mathematical result.’’ 


GEOMETRY. 


91. Proposed by LEONARD E. DICKSON, Ph. D., Instructor in Mathematics in the University of California, 


Berkeley, Cal. 


Ifa point A remain fixed while a point / moves along a given straight line, prove 
that the locus of the vertex C of the triangle .16C, similar to a given triangle and lying 
always on the same side of .14, is a straight line. Verify geometrically for the ease in 
which the angles at uf and @ remain equal. 


Solution by J. SCHEFFER, A. M., Hagerstown, Md. 


Let MN be the fixed line, denote AO, which is constant, by h, and the co- 
ordinates OD by « and CD by y, and extend AC to E, 


denote 7 ALB by E, and the constant angles of triangle 


ABC by A, B,C. We have 
h a 
AB (A+ EB)’ BCs (0 —E) 
, h oy 
‘sin(A+) © sin(C— E) 


==sinC : sind, 
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h(sinCsin#—cosCsinE) — sinC 
TTF TTT oO : bd * f —C — 1 At E 
Of, y(sinAcosH+cosAsin#) sind ’ or h(1—cotCtan E)=y(1+cotAtan£), or 


h—y==(heotC + yecotA)tan# ; but tantH=—(h—y)/e2, 


-, g=ycotA +heotC, or y=artanA—hcotCtanA, as 
the locus of C. 

For CA, we have y==«tand—A. - 

Make OF=O4A, draw FH so as to make / HGN== 
ZA, draw AG. ZHGN=OGF=/ AGO=/A. 

Since 7 BAC=Z BGC, ABCG is concyclic. 

2. LACB=/AGB=/A,.. £C=ZA, which un- 
ifies geometrically for the case in which the angles at A and 
C remain equal. 


92. Proprosed by JOSIAH H. DRUMMOND, LL. D., Counselor at Law, Portland, Me. 


Let ABCD be a quadrilateral inscribed in a circle. Draw the diagonals AC and BD. 
Show that AB.BC : DC.AD=BD : AC. [From a note in Young’s Geometry, edition of 1880. ] 


Solution by the PROPOSER, and J. SCHEFFER, Hagerstown, Md. 


Let F’ be the intersection of the diagonals. 
Then AB: BF :: CD: CP, 
or AB: CD :: BF: CF, 
and BC: AD :: CF: DF, 
Hence AB.BC : AD.CD :: BF: DPF, 
(I) and AB.BC+AD.CD: AD.CD : BF+DF(=8D) : DF. 
In like manner it is shown 
(II) that AB.AD+BC.CD: BC.DC :: AC: CF. 
But AD: DF :: BC: CF, 
or AD.CD : DF :: BC.CD: CF. 
Combining these with (1) and (II), we have 
AB.BC+AD.CD : AB.AD+BC.CD :: BD: AC. Q. EK. D. 


Also solved by B. F. SINE, CHAS. C. CROSS, WALTER H. DRANE, and G. B. M. ZERR. 


93. Proposed by G. B. M. ZERR, A. M., Ph. D., President and Professor of Mathematics, The Russell Col- 
lege, Lebanon, Va. 


While surveying in a level field I notice a mountain behind a hill. Wish- 
ing to know the height of each I take the angles of elevation of the tops of both 
and find them to 6==45°, d=40°. I then measure a straight line a=400 feet, 
and find the angles of elevation of the tops to be y=42°, uw—388°. After measur- 
ing b—800 feet more in the same straight line I find the elevations to be A=40°, 
v-=36°. Find the height of each. 


Solution by the PROPOSER. - 
Let AB=400 feet=a, BC=300 feet=b, OP=2, QR=y. 
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/ OAP=45°=f, ZOAQ=40°=0, ZOBP=42°=y, 2 OBQ=88°-=y, 
Z OCP==40°=A, Z OCQ=86°=r. 2 
OA=m, OB=n, OC=p, 2 OCA=6, 
J“. m=ycotd=xcotf, n==ycotu==xcoty. 
p=ycotv—recotr. 
Also from triangles OCA and OCB, 


m? =p? + (at+b)?—2p(atb)cosé ...... 2... eee (1). 
n?® =p? +b? —Qpbcos6 1... Li ee ee eee (2). 


The values of m, n, » in (1) and (2) and elimina- 
ting cos@, we get 


=| ab(a+b) = ab(a +b) 
eal beot? B+ acot?A—(a+b)cot? y a beot?d + acot? v—(a+b)cot? u 


Substituting we get y=1505.185 feet, s—4232.505 feet. 
Also solved by ALOIS F. KAVORIK, and CHAS. C. CROSS. 


CALCULUS. 


71. Proposed by J. C. CORBIN, Pine Bluff, Ark. 


Form the differential equation of the third order, of which 
y=c,e* +c, e—8* + ¢,e7 is the complete primitive. 


III. Solut. n by C. HORNUNG, A. M., Professor of Mathematics, Heidelberg University, Tiffin, 0.; COOPER 
D. SCHMITT, A. M., Professor of Mathematics, University of Tennessee, Knoxville, Tenn.; C. W. M. BLACK, A.M., 
Professor of Mathematics, Wesleyan Academy, Wilbraham, Mass.; G. B. M. ZERR, A. M., Ph. D., The Russell Col- 
lege, Lebanon, Va.; and the PROPOSER. 


y=c,e" + coe + 6,67 ..... (1), dy/dx=2c,e**—3c,e-**+¢,67........ (2) ; 
d? y/dx? =4c, e+ 9e,e-** + c,e”....(38). a> y/dxi—8e, e*— 2ic,e-8* + c,e".... (4). 
(2)—(1) gives dy/du-- y=, e?™— 46,07 cee eee eee (5), 
(4)—(1) gives d?y/da® —y=7c , e® —28c,e-F ee ee eee (6), 


(6)—7(5) gives d?y/dx* —7(dy/dxz) + 6y=0. 


IV. Solution by J. SCHEFFER, A. M., Hagerstown, Md. 


The equation reduces itself to what is the equation the three roots 
of which are 1, 2, —38. This equation is z2?—7z+6=0 ; consequently the com- 
plete primitive is d?y/dz3—7(dy/dx) + 6y=0. 

72. Proposed by G. B. M. ZERR, A. M., Ph. D., President and Professor of Mathematics, The Russell Col- 
lege, Lebanon, Va. 


A man has a park in the form of a parabolic segment cut off by a chord making an 
angle 4* with the axis. Within the park is a right angled triangular flower plat with one 
vertex at the center of gravity of the segment, the other vertex at the lower extremity of 
the chord, and the right angle on the diameter bisecting the chord. The park contains 30 
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acres, and the perimeter of triangle in linear measure equals the area in square measure. 
Find the length of the chord, the latus-rectum of the parabola, and the dimensions of the 
triangle. 


Solution by the PROPOSER. 
Let PQ=2y, BC==2, 2 EBC=-6=t7. .'. y?=4ax/sin® 6=8axz. 


7 Area=2sin4 { yda=4)/a f- a dx=(Sa? a ==}(2ayp/ 2). 


*, 4(2)/ 2ay)=4800 square rods, or ry==8600)//2...... 0... ee eee (1). 
If G be the center of gravity, then BG=382/5. 
PD=ty)/2, GD=GC—DC=24—- ty/ 2=,), (4e— by 2). 
PG=// (PD? + GD*)=,'5V U00y? + 162? — 40zyy2). 
J. PG= 3, vy (00y? + 162%? —2800), 
PD. DG= 7 (4ry/ 2— 10y? )4(2880 —y?). 
hy V/ LOOy? + 162? —2800) + 24=4(2880—y?). 
J. 2y/ (100y? + 16%? —2800)== 14400 — 5y? —8x. 
. 2y4— 144400y? + 80xy? — 23804002 
+ 208512000=0.............. (2). 
(1) in (2) gives 
yi —5776y3 + 11520,/ 2y? + 8840480y=831776001/2, 
y>==57716y8 + 16291.740672y? + 83840480 y—469202 18. 18536. 
*, y=5.6908 nearly, 2y=11.38806, length of chord. 


a==894.7101, PD=4.0236, DG=353.3604, PG=358.8833, area PDG= 
711.7673, 4a=.0181=latus rectum. 
Solved with different results by C. W. M. BLACK, and J. SCHEFFER. 


Nore on solution of Problem 69, Calculus, April number, page 111: ‘‘It seems to me that this solu- 
tion does not solve this question. The fence prevents the horse from grazing on the ground within it; 
then, the rope must extend from one end of the major axis around, outside of the fence, to the other end, 
and is twice as long as that half of the fence. Hence the horse may graze around to the end of the minor 
axis on the other side of the field. The horse, starting from there and Keeping the rope tight, will de- 
seribe a curve as the rope unwinds from the fence, until he arrives at a point opposite the other end of 
the minor axis, being then half way around: proceeding, he reaches the other end of the minor axis (his 
starting point) and describes the other half of the curve. Josiah H. Drummond. 


MECHANICS. 


64. Proposed by FREDERIC RB. HONEY, Ph. B., Instructor in Trinity College, New Haven, Conn. 


Let the isosceles triangle abc, whose plane is vertical, and whose base be is horizon- 
tal, and supported at each end 6 and c, represent three rods jointed at the points a, b, and 
c. Let any load ZL be suspended at the vertex a. It is required to find the value of the 
angle between the sides of the triangle and the base which shall make the sum of the 
weights of the rods a minimum, the length of the base be being fixed. 
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I. Solution by the PROPOSER. 


The rods ab and ac are in compression. Let C=number of pounds per 
square inch the material resists in compression. The rod bc is in tension. Tet 
‘T—number of pounds per square inch the material resists in tension. 

Let W=sum of weight of rods. 

Let L==load. 

Let w-=weight per cubic inch of material employed. 

Let 4-—angle between the sides of the triangle and 
the base. 

Length of rods ab+ac=-be x secé, 

Tension in rod be==3Lecoté, 

Compression in each of the rods ab and ac==3Leosec?é. 

Number of square inches in section area of rod be needed to resist the ten- 
sion==3Leot4/T. 

Number of square inches in section area of each of the rods ab and ac= 
3 Leosec@/C, 

Weight of rod bce==length x section area xX weight of cubic inch of material 
—=be x (4Leot4/T) x w. 

Similarly, weight of rods ab + ac-=bcesecf x (3Lcosec4'C) X w. 

And W=bce x (3Leot@/T) x wt besec4 x (4 Leosec4 /C) X w 


1 secfeosech cot 
=bexiLw ep Tt 


Differentiating, dW/dé=bcx 


: secfcosecftan4— secfcosecheotA cosec? A 
+ Lawl — — ———F i ie 


Putting dW/d#4=0, we have 


: sec4écosecftand— sec4eosec4cot4 cosec? A 
hex 34 Lw| ————— oot 77 )=0 


Dividing by bex 4Lweosecf, and transposing 
; p g, 


secftand—secheath cosecl 


a 7 


Dividing by secf, [(tan#f—cotf):C]=cot# 7. 
Ttan4— Tcot A= Ceot?, 


Dividing by cot#, Ttan24—T=C, tan?4=|(C+7) 7], tand=1 [((C+T)/T]. 
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II, Solution by J. C. NAGLE, M. A., M. C. E.,Professor of Civil Engineering in Agricultural and Mechanical 
College of Texas, College Station, Texas. 


The sum of the weights of the rods will be a minimum when their areas 
are &@ minimum, which will occur when the stresses are made a minimum. By 
resolution of forces we have for the sum of the three stresses in ab, beand ae, call- 
ing the equal angles 6: sum of stresses equals 


1 cos 
Wo — 3 sind ). 


Kquating the first derivative to zero, we get, after reduction, cosé=#. 
Therefore (=60° and the triangle is equilateral. 


65. Proposed by G. B, M. ZERR, A. M.,Ph. D., President and Professor of Mathematics, The Russell College, 
Lebanon, Va. 


The distance. parallel to the axis, from the mid-point of a chord to the are of a par- 
abola, is constant. Show that the center of gravity of all segments formed by the chord is 
an equal parabola. 


I. Solution by the PROPOSER. 

Let A be the vertex of the segment ; (h, k) its codrdinates ; 5b the con- 
stant length from A to the center of the chord ; @ the inclination of the chord to 
the axis ; y?=4az, the equation to the parabola ; (m, ) the codrdinates of the 
center of gravity of the segment. 


Then h=m=acot?4, n=k+8b-=2acoté+ 8b. 
*, cotf¥=[(n—386)/2a]= yp (m/a). 
*, m/a=|[(n—38b)/2a]?. Let n=p+dh. 


. p> =4am, an equal parabola. 


II. Solution by GEORGE LILLEY, Ph. D., Professor of Mathematics, University of Oregon, Eugene, Ore. 
Take the diameter through the mid-point and the tangent at its extremity 
for axes, 
Then y?=4cx, where @ is the angle between the axes and e=a/sin?4@, 
Since the diameter bisects the area of the segment, 


k 
f 2x,/ Cex)de 
Oo 


LS : 
{ 2y/-(ex)dar 
& 0 


= 5k 5 y=, 

where k is the distance from the arc to the mid-point. 
But c=acot?0+2k; y=2acotd, referred to the vertex and rectangular axes. 
*. (y)? =4a(a—8k) or y? =4a(x—3k), which is the equation of an equal 


parabola with its vertex on the axis at a distance 3k from the given one. 


Also solved by J. SCHEFFER. 
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DIOPHANTINE ANALYSIS. 
62. Proposed by JOHN M. ARNOLD, Crompton, R&. I. 


Find, if possible, four square numbers in arithmetical progression. 


I. Solution in Imaginaries by G. B. M. ZERR, A. M., Ph. D., President and Professor of Mathematics, The 

Russell College, Lebanon, Va. 

I have not, thus far, succeeded in obtaining a solution in real numbers, 
but the following in imaginaries. 

Let (c—y)2, 22 +y?, (w+y)?, (ety)? +2ay be the numbers. 

Let s=m*—n?, y=2mn. 

(mt —n2=—Amn)?, (m2 +n?)?, (mF —n24+2mn)?, (mF —n? +2mn)? + 
4Amn(m?—n?). 

The last is a square when m= ; let m=n+1. 

. (1—-2n?)?, (Qn? +2n+1)?, (Qn? +4n41)*, 4nt4+24n3 +320? + 12n+1. 

Assume, 4n4+24n3482n2 +12n+1==(2n?+6n+h)*; also 4n*+24n* + 
(32 +a?)n? +(124+2ab)n+14+b*=(an+))?. 

‘a? ==44+4k, G+ab=6h, k?=1+4+50". 

BB —B8k2+17kK—-1050. .°. k=1 or 2 or 5. 

. n=Oor—§43, (—l1ljor—l. 

1, 25+12)/(—11), 25, 25-2127 (—11), 25-24), (— 11), or [6 y/“(—11)]?*., 
(5)2, [6p (—11)]?, {1 £25 + 1/ 6961/2] Fv [(25— v/ 6961 )/2]}*. 


II. Comment by JOSIAH H. DRUMMOND, LL. D., Counselor at Law, Portland, Me. 
Let v2? —2eyty?, r2t+y?, e+ 2ryty*?, o% +4xy+y* be the four numbers ; 


two of them being squares, we have to make 2? +y*=Q...... (1), and +? +4zy 
+y?=O...... (2). Let c=my, then from (1) m?+1= 0 =(say) (p—m)*, from 


which m=(p?—1)/2p. From (2), m?+4m+4+1=Q=(say) (pm—1)*. m= 
(2p +4)/(p? —1)=(p?—1)/2p, or (p?—1)? =4p* + 8p. Hence 4p? +8p= 0. Or 
p?+2p= 0 =(say) q?—2pq+p*, and p=q?/[2(q+1)]. Then 4p* +8p=[(q? + 24) 
/(q+1)]*, and p?—1=(q? +2q)/(q4 1), and p?=(q*° +8q¢ +4 1)/(q +1); 

p= [(q? +49? +494 1)]/(q4+1). 

The only methods, which I know, of making the numerator rational, give 
g=0, and p=1, and m-=0. 

Taking p?+2p=p?q* and proceeding in a similar manner as above, we 
get p=[1/(q?—-1]1/ (gt + 4q%—2q* —44 +1), and we get q=0, and p=-—1 or q= 
—1 and p=0. 

I have tried inany other methods and all give p=1, or p=—1. While all 
this does not demonstrate that the question is impossible, I shall believe that it 
is so, until I see a solution. 


63. Proposed by A. H. HOLMES, Brunswick, Me. 


Given 73 4-y3—20' x 105489, to tind four positive integral values each for 
rand y. 
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Solution by the PROPOSER. 


3 + y3==20° x 105489 or =848912000. Take v==1, 2, etc., until we find 
a==150, y=945,. Put 945=a and 15-6. ‘Then since there must be four values 
for each, we have. x3 +y%=a3 +3, or e8 — bo a8 —Yy? oo ee eee (1). 

Now suppose o+b3—ai—y?, Let s=a—u and b=mu—y. 

6. @—8a?ut 8au2?—wW4+mu3—38miaryt 38muy? —y=a3 —y3, 

Let m:==a?/y? and we have u==day?/(a3 +y?). 

*, a==[a(a3—2y3)]/(a3 +y*) and b=[y(2a? —y3)]/(a3 +3). 

Now to find z andy in «3 — b?==a?—y? it is evident one of the above values 
must be taken negatively, but it cannot be the value of } since the result would 
be at least one negative value. 

*.in (1) we have, w#==[y(2a*—y*)]/(a'4 y?) and b==[a(2y?—a?)] /(ae+ 
y?). Whence we find y=a,[(a4 b)/(2a—b)] =945 pC 98%) <945 pC 8A). 

*. y==756, and we find #==744. 

*, w==15, 744, 756, and 945 ; y=945, 756, 744, and 15. 


Also solved by JU. H. DRUMMOND. 


74, Proposed by SYLVESTER ROBINS, North Branch Depot, N. J. 


It is required to take from the proper key suitable material and hastily construct a 
‘nest’? of 10 or 15 prime, integral, rational trapeziums, each containing an area equal to 
the square root of the product of its four sides. 


Solution by the PROPOSER. 


If the business require great haste, write n, —two or more, convergents in 
the expansion of any number of the form of ; (a?+1), say } 2, 175, 4710, 7717, 
1‘ 26, 1 87, ete. Observe the number of trapeziums, [n(m—1)]/2 is always tri- 
angular. 

» 17==4, 33: 42=-16, 17K 1° =17, 17x 8?=—1088, 33°=—1089. 

y 10==3, 18, Wht: 3?-—9, 10x 1?=10, 19?=-361, 10x 6?=—360, 117?= 
18689, 10x 87?-=18690. 9, 10, 360, 861 ; 9, 10, 18689, 13690 ; ; 060, 361, 18689, 
13690. 

p O==F, 4, FS, 18 2 4, 5. 80, 815; 4, 5, 1444, 1445; 4, 5, 25920, 25921; 80, 
81, 1444, 1445 ; 80, 381, 95990, 25921 ; 1444, 1445, 25920, 35921, 

1 2: =1, 4,4, 14, 44: 1, 2,8,953 1, 2, 49, 50; 1, 2, 288, 289; 1, 2, 1681, 
1682 ; 8, 9, 49, 50; 8, 9, 288, 289; 8, 9, 1681, 1682 ; . 49, 90, 288, 289; 49, 50, 
1681, 1682 ; 288, 289, 1681, 1682. 

Should it be desired to obtain several nests of this kind of rational trape- 
ziums from a single series, take the convergents from the expansion of quantities 
of the form ; (a? +b), where 0 is greater than 1. 

| 8=}, 2/1, 3, 7/7, 11, 26/15. 1), 97/56, 788: 3, 4, 48, 49; 3, 4, 675, 
676 ; 3, 4, 9408, 9409 ; 48, 49, 675, 676; 48, 49, 9408, 9409 ; 675, 676, 9408, 
94095 0... 

1, 3, 25, 27 51, 3, 861, 863 ; 1, 3, 5041, 5048 ; 1, 8, 70225, 70227 ; 27, 25, 
361, 368 ; 27, 25, 5041, 50438 ; 27, 25, 70225, 70227 - ai , 863, 5041, 5048 ; 361, 
363, 70225, 70227 ; 5041, 5048, 70225, 70227. 


b] 


} 
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/6== 22 218 2158 | 21362 211462 
] == «eeee 9 see @ @ @ 8 9 eoee ee @ 881 «ees 8721 oe fe @ 8 + °~-8$63829 

Here is material for 15 trapeziums of the kind required. 

/6=5 49 485 4801 47525 470449 4656965 

oe ee oe 2Orrrrs*198°5°%22196O0°4°%°°190402°° 2551920605 °** *1T9O01TI8 
These convergents furnish material for 21 trapeziums. 
45 2 127 590 1 1307 2024 9403 11427 20830 
Vl==4, ¢- 4,9, 34 23, 9, Pe, ESS, FEE, We, Pt ged, Ut, FOBAY, 


Tio ds eee, Jees'9. In the nine odd convergents may be found the roots of 


36 trapeziums. In the 2d, 6th, 10th, 14th, 18th, the roots of 10 trapeziums, and 
in the 4th, 8th, 12th, 16th, the seed-corn of 6 trapeziums of the kind desired. 


Also solved by G. B. M. ZERR. 


Note. Professor Zerr’s solution of No. 60 is splendid, but he has left out a very difficult part of the 
solution, and has not referred us to the solution elsewhere. h, k, 1, m, n, and p must be so taken that 
the sum of their fifth powers is a perfect fifth power, and I do not remember where I can find a solution 
of that question. J. H. Drummond. 


MISCELLANEOUS. 


59. If. Solution by C. W. M. BLACK, A. M., Professor of Mathematics, Wesleyan Academy, Wilbraham, 
Mass. 


[See problem and solution I, in May number, page 156.] Consider the 
rays of light in a plane parallel to the axis of cylinder. It is easily seen that 
they are all reflected from an element of the cylinder, parallel and in another 
plane which together with the given plane makes equal angles with the normal 
plane along the reflecting element. These planes of reflection, being all perpen- 
dicular to the base, will intersect in lines perpendicular to the base, and the lo- 
cus of the ultimate intersections of adjacent planes will be a caustic cylinder 
whose elements are perpendicular to the base of the given cylinder. As the di- 
rection of the rays of light is still oblique the intersection of the caustic cylinder 
with the base will be a luminous curve. The elevation of the sun does not affect 
the positions of the planes of light, and so does not affect the form of the caustic 
cylinder or of the luminous curve. 

The curve is the envelope of the projection wpon the base of the successive 
planes of light. Let circle represent base of cylinder, AB projection of incident 
plane, BC of reflected plane, AB being parallel to axis of X (see figure in May 
number, page 156.) 

OB=r, £ABO=ZCBO== 7 BOK=a, BKX=2a. Equation to BK is 
y==(«— OK )tan2a==(*%— trseca)tan2a. 

Let tana=a, Then y=[x—ery(1t+a?)][(2a)/—a?)].. 00. (1). 

Differentiating with reference to a, equating to zero, and clearing of frac- 
tions, we have 

a®—l)a®’r+ 2a(14 a?)? —r(1+a?)?-=0 


whence «/r—(1+8a*)/[2(.1+4?)? ]. Substituting in (1), 
y/r={(1+8a2)/[21 4 a2)? J—[A+a2)! /2]}[(2a)/—a?)J=a2 1 +a2)?. 
(y/7)3 =a/(1+a?)2; (y/r)t =a?/(14+a¢a?). 
a®—=(y/r)? /[1—(y/r)8 J; p Ata? )=1/p/[1--(y/ri] owe ee cee (2). 


183 


1—a?=[1—2(y/r)! ]/[1-(y/7)? J. 


a/(1—art==(y/r)s [1 —(y/r)8 Y/Y /n)8 ccc cc eee eee een (3). 
Substitute (2) and (8) in (1), 
a 2(y/r)§ py [LL—(y/r)} 7 | 
v=(  Qyv[l—(y/r)8] )» 1—2(y/r)8 
y[1—2(y/r)3 | r 


* 2G/n)s yy Gyr] 2y T= GF] 


or x==3(r3 +2y3 )y“ (3 —y3 ), the equation sought. 


60. Proposed by S. HART WRIGHT, M. D., A. M., Ph. D., Penn Yan. N. Y. 
When the sun’s declination is 28° 27’ 15” North=0, in what latitude will 
it shine on the north side of buildings during the first half of the forenoon, and 
on the south side during the other half, and what will be the length of the day ? 


I. Solution by the PROPOSER. 

Let P be the north pole, PA a meridian, Z the zenith, HS the horizon, 
the sun rising at S, and describing the small circle arc SBA, during the forenoon, 
reaching A at apparent noon, ZH a prime vertical, bisecting the semi-diurnal are 
SBA at B, and right-angled at Z, the declination==6, and latitude-=A, tand—=a, 
and tanA=y. 

Then PB=—90°—6, PZ=90°—A, and ~ZPB=-h=the hour-angle at the 
pole, and measures the time of describing the arc BA on the south side of ZH. 

cosh==tandcotA—ay. 

The hour angle measuring SBA=2h, and cos2h==—tandtanA=—ay. But 
cos2h==(2a?/y?)—l=—ay. .. y3—(y?/a@)+2a=0. Solving this cubic, gives 
a positive root y==2.1099, and A--64° 88’ 30", 

.*. R=156° 16" 4"=10 hours, 25 minutes, 4 seconds, and 2h==20 hours, 
00 minutes, 8 seconds, length of day. 


II. Solution by JOHN M. ARNOLD, Crompton, R. I. 

In the triangle ABC formed by the zenith, the pole, and the sun when 
crossing the prime vertical, A=90°, B==the hour angle, a—sun’s polar distance, 
and c=-the co-latitude. 

In the triangle A’B’C’ formed by the north point of the horizon, the pole, 
and the sun when rising, A’=90°, B’=supplement of the hour angle at rising, 
c'==the latitude, and a’=a=—90°—d=—66° 82’ 45”, 

From trigonometry, cosB=cotatanc...... (1) ; cosB’==cota'tane’ ..... (2); 
c +c==90°....(3). From the conditions of the problem, B’==180°—2B....(4). 
From (2) and (3), cosB’=cotacote. Eliminating cote by (1), cosB’=cot2a/cosh. 
Eliminating cosB’ by (4), 2cos*B—1=-—(cot®a/cosB). Putting cosB=y and 
substituting the numerical value for cot?a, y3=#y+.094118=0. Finding the 
two positive roots of this equation, y=.5815 and .2056. From the first root B-= 
54° 27'=8 hours, 37 minutes, 48 seconds. Length of day=4B=—14 hours, 
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31 minutes, 12 seconds. From the second root, B=78° 8'=—6 hours, 12 minutes, 
32 seconds. Length of day—20 hours, 50 minutes, 8 seconds. 
Values of B substituted in (1) give for the latitude 36° 44’ and 64° 39°. 


III. Solution by C. HORNUNG, A. M., Professor of Mathematics, Heidelberg University, Tiffin, 0. 


Let Z be the zenith, P the pole, N the north point of the horizon, S the 
place on the horizon where the sun rises, and S’ the place of the sun on prime 
vertical when it has moved half the way to the meridian. Also let ¢=the re- 
quired latitude, é=the sun’s declination=28° 27’ 15”, and P=the hourangle of the 
sun when rising. Then without allowing for refraction and semi-diameter, we 
get from the spherical triangles PNS and PZS', —cosP—tan¢gtano...... (1); and 
cos$P=cotdétand...... (2). From (1) and (2) we have tan?¢—(1/tand)tan? 6+ 
Ptand==0, or tan? ¢—2.31224tan? dé—.18704=0. Whence tan¢==2.27614, and d= 
66° 16’ 54” the required latitude. From (2) P=158° 1’ 28". Hence from sun- 
rise to noon is 10 hours, 82 minutes, 5.8 seconds, and the length of the day is 21 
hours, 4 minutes, 11 seconds. 

Solved by J. SCHEFFER with result, latitude 36° 43’ 31", and length of day 14 hours, 31 minutes, 6 
seconds. 

61. Proposed by COOPER D. SCHMITT, A. M., Professor of Mathematics, University of Tennessee, Knox- 
ville, Tenn. 

The product of n numbers, each the sum of four squares, may be express- 
ed as the sum of four squares in (48)"—! different ways. 


Solution by G. B. M. ZERR, A. M., Ph. D., President and Professor of Mathematics,The Russell College, Leb- 
anon, Va. 


In Vol. II, No. 2, page 47, it is demonstrated that the product of two num- 
bers each the sum of four squares may be expressed as the sum of four squares 
in 48 different ways. 

Let a?,a2,a°,a2...... a,” be the n squares. 

Then a?Za2—=(m? +m? 4+-m+m2) in 48 ways. 
aZagaz=(mPfazZ+mfaztmPaez+mfa?)=nP +n? tne +n’) 

in 4x 48 x 48==2? .482 ways. 
afvagazag—(nfagtnpagtngaPetnga? (oP toe +0s +04) 
in 4x 22.48? x 48—24.48° ways. 
azazaZagaz=(prpepep,?) in 4x 24.48% x 48==2°.484 ways. 
', dpaZavag...... Ay? == (22 +2% +2° +27) 
in 22-4, 48"—-1 ways=—(2)%-2) |(48)"—! ways. 
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PROBLEMS FOR SOLUTION. 


ARITHMETIC. 


98. Proposed by J. SCHEFFER, A. M., Hagerstown, Md. 


A poor man borrowed $20.00 which he repaid in eleven monthly installments of $2.00 
each; what was the annual rate of interest (reckoned as simple interest)? 


99. If 300 cats catch 3800 rats in 300 minutes, how many rats will 100 cats catch in 
100 minutes ? [From Milne’s Practical Arithmetic. ] 


x*,y Solutions of these problems should be sent to B. F. Finkel, not later than Sept. 10. 


ALGEBRA. 


88. Proposed by E.S. LOOMIS, Ph. D., Professor of Mathematics in Cleveland West High School, Berea, 0. 
(1). The Indemnity Savings and Loan Company made two loans of $1000 each to 
‘fA’’, one of its borrowers, under the following terms: In the first loan ‘‘A”’ agrees to 
cancel the $1000 by making 120 payments of $13.50, the first payment to be considered as 
made on the first of the month in which the loan is made, and the 119 subsequent pay- 
ments to be made on the first of each subsequent month; in the second loan ‘‘A”’ agrees 
to cancel the $1000 by making 120 payments of $13.50, the first payment being made on the 
first of the month following the loan, and the 119 subsequent payments being made on the 
first of the subsequent months, Does the Company sustain any loss in earnings by the 
second loan over the first loan, and if so how much, and when is (or are) this loss (or these 
losses) sustained, the rate of interest in each loan being considered as 103% per annum ? 
(2). Deduce a formula for each case of proposition (1), by means of which one can 
find the balance of the loan uncancelled at the end of any month, if the loan is fully can- 
celled in 120 payments. 


x*y Solutions of this problem should be sent to J. M. Colaw, not later than Sept. 10. 


GEOMETRY. 


99. Proposed by WILLIAM HOOVER, A. M., Ph. D., Professor of Mathematics and Astronomy; Ohio State 
University, Athens, Ohio. 


Find the locus of the vertices of all right cones which have the same given 
ellipse as a base. 


100. Proposed by CHARLES C. CROSS, Libertytown, Md. 


O, O,, O,, O, are the centers of the inscribed and three escribed circles of 
a triangle ABC. Prove AO.A0O,.A0O,.A0,=AB?*.AC?. 


101. Proposed by E. W. MORRELL, A. M., Professor of Mathematics, Montpelier Seminary, Montpelier, Vt. 


AB is the diameter of a circle and Q, any point on the circumference ; Q,, 
Q,, Q,.... are the points of bisection of the arcs AQ,, AQ,, AQ,.... Prove 
that BQ,, BQ,, BQ,....BQ,=OA". (AQ, /AQ,). 


y*y Solutions of these problems should be sent to B. F. Finkel, not later than Sept. 10. 
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CALCULUS. 


78. Proposed by COOPER D. SCHMITT, A. M., Professor of Mathematics, University of Tennessee, Knox- 
ville, Tenn. 


; tang\/2" , , 
Investigate value (=~) where x is 0 and n has consecutive values 1, 2, 
wv 


0, 4, ...... Is there any law governing the different results? When n-=1, re- 
sult is 1; when n==2, result is e* ; n=8, gives a, etc. 


79. Proposed by GEORGE LILLEY, Ph. D., Professor of Mathematics, University of Oregon, Eugene, Ore. 


Find the area included between y—sin™ x+cos€ x; y=7e(sin™ xcos® x) and 
the length of its boundary, true to six decimal places, when 7=38.14159, 
e==2.7182, , 


«*, Solutions of these problems should be sent to J. M. Colaw, not later than Sept. 10. 


MECHANICS. 


71. Proposed by the late B. F. BURLESON, Oneida Castle, N. Y. 


Three men own a sphere of gold the density of which varies as the square of the dis- 
tance from the center. If two segments be cut off each one inch from the center of the 
sphere it will be divided into three parts of equal value. Determine the diameter of the 
sphere. ’ 


72. Proposed by REV. A. L. GRIDLEY, Pastor of First Congregational Church, Kidder, Mo. 


Prove that the motion of a ball falling through the earth influenced by gravity alone 
would be similar to the motion of a pendulum. | 


x*y Solutions of these problems should be sent to B. F. Finkel, not later than Sept. 10. 


DIOPHANTINE ANALYSIS. 


71. Proposed by A. H. BELL, Hillsboro, Ill. 


Find five numbers such that the product of any two plus 1 will equal a 
square. 


72. Proposed by H. C. WILKES, Skull Run, W. Va. 
Given 2? +y?+2?—p? +q?+r?, to find unequal integral values for «, y, z, 
p, qg, and r. 


73. Proposed by M. A. GRUBER, A. M., War Department, Washington, D. C. 


Qu? — yy? Oo ‘) 


Find integral values for x and y in (572 o. 


x*y Solutions of these problems should be sent to J. M. Colaw, not later than Sept. 10. 
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AVERAGE AND PROBABILITY. 


—— 


67. Proposed by HENRY HEATON, M. Sc., Atlantic, Ia. 


A witness in court who undertook to recognize the signature of an individual failed 
four times in succession. What is the probability that he was correct the fifth time? An 
actual occurrence. 


68. Proposed by J. K. ELLWOOD, A. M., Principal of Colfax School, Pittsburg, Pa. 
What are the odds against throwing 7 or 11 at one throw with two dice ? 


x*x Solutions of these problems should be sent to B. F. Finkel, not later than Sept. 10. 


MISCELLANEOUS. 


64. Proposed by G. B. M. ZERR, A. M., Ph. D., President and Professor of Mathematics, [The Russell Col- 
lege, Lebanon, Va. 


Find the caustic by reflection of an hyperbola, the bright point being the center. 


65. Proposed by J. M. COLAW, A. M., Monterey, Va. 


Three circles, radii in ratio 1, 3, 5, are tangent externally and enclose one acre > what 
are the radii ? 


x* Solutions of these problems should be sent to J. M. Colaw, not later than Sept. 10. 


EDITORIALS. 


Professor Fellows has been elected Professor of Mathematics in the Uni- 
versity of Missouri. 


Dr. George Bruce Halsted is spending the summer in Japan, his visit to 
that country being in the interest of mathematics. 


Dr. Alexander Ziwet, of the University of Michigan, has been granted one 
years leave of absence. Dr. Ziwet expects to spend the time abroad. 


Dr. G. A. Miller, of Cornell University, gave a course on Permutation 
Groups during the first term of the summer quarter, at the University of Chicago. 


Prof. John B. Faught, of the Indiana University, has been assigned a $600 
Fellowship at the University of Pennsylvania, where he expects to go the com- 
ing year to do graduate work. 


Prof. T. U. Palmer, of the University of Alabama, and Professor Drope, 
of the University of Arkansas, are doing advanced work in mathematics at the 
University of Chicago, during the summer quarter. 
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Prof. G. B. M. Zerr has been elected Principal of the Kast Chester High 
School. Professor Zerr will now be located only a few miles from the University 
of Pennsylvania, to whose mathematical library he will have access, and of which 
he will make good use. 


BOOKS AND PERIODICALS. 


Klements of Trigonometry with Tables. By Herbert C. Whitaker, Ph. D. 
(University of Pennsylvania), Central Manual Training School, Philadelphia, 
Penn. 8vo Cloth, xvi+182 pages. Price, $1.00. Philadelphia: D. Anson 
Partridge. 

Among the many noteworthy features of this book are: The concise and accurate 
statement of definitions ; a table of Circular Measure, i. e., where degrees and minutes are 
reduced to radians; clear presentation of fundamental conventions; a brief but compre- 
hensive discussion of the Theory of Logarithms; and an excellent introduction to the 
study of Complex Quantities and Hyperbolic Functions. The discussion of the Theory of 
Logarithms and the setting forth of the method by which Napier invented his system will 
be of great value to all students of Trigonometry and Algebra. The work, in every way, 
is worthy of the highest patronage by teachers who are contemplating a change of text- 
books on this subject. B. F. F. 


Prisnotdal Formulz and Earthwork. By Thomas U. Taylor, C. E. (Uni- 
versity of Virginia), M. C. E. (Cormell University), Associate Member of the 
American Society of Civil Engineers; Member of the American Mathematical 
Society ; Professor of Applied Mathematics, University of Texas. First edition, 
first thousand. 8vo Cloth, x+102 pages. Price, $1.50. New York: John 
Wiley & Sons. 

The object of this admirable treatise on Prismoidal Formule and Earthwork is to pre- 
sent a ready method of estimating the usual quantities in earthwork computations by 
graphical methods. The method outlined by the author applies to the majority of earth- 
work calculations, whether the volume be calculated by the Newtonian or average end- 
area formula. In this respect the work will be of great value to the civil engineer. The 
author, in writing the book, has also discovered the original authors of the usual formals 
associated with the prismatoid and ascribes the honor to Newton, Hirsch, Koppe and Kin- 
klin as can be verified by history. The introduction to the work is of great historic inter- 
est and value. B, F. F. 


Lectures on the Geometry of Position. By Theodore Reye, Professor of 
Mathematics in the University of Strassburg. Translated and Edited by Thom- 
F. Holgate, M. A., Ph. D., Professor of Applied Mathematics in Northwestern 
University. Part I. 8vo Cloth, xix+248 pages. .Price, $2.25, net. New 
York: The Macmillan Co. 


It is believed that Professor Reye’s work, Geometrie der Lage, is the best in any lan- 
guage. In translating the first part of this incomparable work into English, the transla- 
tor has placed within easy reach of the English-speaking student the most refined discus- 
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sion of pure geometry extant. There is scarcely another field in mathematics at once so 
interesting and so fruitful of discovery and yet lacking much of the abstruseness charac- 
terizing other modern mathematical subjects as is Projective Geometry, or Geometry of 
Position. Notwithstanding the fact that the subject is the most stimulating branch of 
mathematics and admits of various beautiful and convenient applications to technical 
and natural sciences, yet it has not thus far received the attention of teachers of mathe- 
matics it so richly deserves. It is to be hoped that this very excellent translation by Dr, 
Holgate will be the means of introducing the subject in the course of mathematics in every 
college in this country. The translation, in general, is rather liberal than literal, thus 
presenting in good, readable English, without destroying the charm of the original writing, 
the geometric ideas contained in the text. 

Some very decided improvements over the original have been made, viz., The ar- 
ticles have been numbered ; the examples set at the end of the lectures to which they are 
related and a few new ones added; explanatory notes have been inserted where they 
seemed necessary or helpful, and an index has been compiled. 

The following is the table of contents: 

Lecture I—The Methods of Projection and Section—The Six Primitive Forms of 
Modern Geometry: Lecture [I—Infinitely Distant Elements—Correlation of the Primitive 
Forms to one another. In this lecture are set down the conventions, interpretations or 
assumptions respecting the ‘“‘point infinity,” ‘‘the line infinity.”’ As there has been, in 
the past, quite a good deal said in the Monthly about the fallacious argument introduced 
in modern mathematics it will be well for those who. wish to gain thorough knowledge 
of the modern notions of ‘‘the point infinity” and the line infinity to read carefully 
this second lecture of Reye. 

From the following, one of a number of considerations,we assume thatevery straight 
line has one point and only one point at infinity: — 

Let AB be a straight line. Take C anywhere between A and RB. Also consider the 


A C B 


directions AB positive and BC negative. Then AC/CB is positive for all positions between 
Aand B. When C is at A, AC/CB is 0; when Cis at B, AC/CBiso. When AC=CB, 
AC/CB=1, and AB is bisected internally at C. When C is at the right of B, AC/CB is 
negative, and when C is at an infinite distance from B, AC/CB is —1. When C is to 
the left of A, AC/€@B is negative, and when C is at an infinite distance from A, AC/CB is 
—l. Since in going in both directions, an infinite distance from A, we get the same quo- 
tient, —l, we conclude there is just one such point of bisection [corresponding to the in- 
ternal point of bisection C when C is to the right of A and to the left of B], or the point of 
infinity. This forces us to assume that the straight line is a continuous or closed line, its 
extremities meeting in the point infinity. 

The ancients had no use for the above notions and so did not insert them in their 
mathematics. Whether or not the physical properties of a straight line agree with the 
above notions can neither be proved or disproved. The ancients said, two straight lines 
are parallel when they have no point in common, however far they be produced. The 
moderns say: Two lines are parallel when they have only one point in common, viz., the 
point at infinity, The modern conception of parallelism has distinct advantages over the 
ancient one, in that‘‘first, many theorems can be enunciated in a perfectly general way for 
which otherwise exceptions would always have to be cited, and second, many apparently 
difficult theorems can, in accordance with this view, be comprised in a single statement.” 

All the infinite points of a plane lie on a straight line, viz., the line at infinity ; since 
it is intersected by every line of the plane in only one point, the point infinity. A curved 
line may have, in common with a straight line, more than one point. 

Two parallel planes have only one line in common, viz., the line infinity. 
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All infinity points and lines in space lie in a plane, viz., the plane at infinity ; since 
it is intersected by every straight line in only one point and by every plane in a straight 
line. 

To see to what great advantage these principles are turned, one needs to read care- 
fully the whole of Reye’s great work. 

Lecture IIJ.—The Principles of Reciprocity or Duality—Simple and Complete 
n-Points, n-Sides, n-Edges, etc. 

Lecture IV.—Correlation of Complete n-Points, n-Sides, and n-Edges to one anoth- 
er—Harmonic Forms—Examples; Lecture V.—Projective Properties of One-Dimensional 
Primitive Forms—Examples; Lecture VI.—Curves, Sheaves and Cones of the Second Or- 
der—Examples; Lecture VII.—Deductions from Pascal’s and Brianchon’s Theorems—Ex- 
amples; Lecture VIII.—Pole and Polar with respect to Curves of the Second Order ; Lec- 
ture [X.—Diameters and Axes of Curves of the Second Order—Algebraic Equations 
of these Curves—Examples ; Lecture X.—Regular and Ruled Surfaces of the Second Order 
—Examples; Lecture XI.—Projective Properties of Elementary Forms—Examples; Lec- 
ture XII.—Involution—Examples; Lecture XIJJ.—Metric Relations of Involution—Foci 
of Curves of the Second Order—Examples; Lecture XIV.—Problems of the Second Order 
Imaginary Elements—Examples; Lecture X V.—Principal Axes and Planes of Symmetry— 
Focal Axes and Cyclic Planes of a Cone of the Second Order—Examples; Appendix. 
—Principal of Reciprocal Radii—Ruled Surfaces of the Third Order—Quadrangles and 
Quadrilaterals which are Self-Polar with respect to Conic Sections—Nets and ‘Webs 
of Conic Sections ; Index. B. F.F. 
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RENE DESCARTES. 


BY B. F. FINKEL. 


—— 


(ENE DESCARTES, the first of the modern school of mathematicians, was 
born at La Have, a small town on the right bank of the Creuse and 
about midway between Tours and Poitiers, on March 31st, 1596, and 
died at Stockholm, on February 11th, 1650. ‘‘The house is still shown 
where he was born, and a métairie about three miles off still retains the name of 
Les Cartes. His family on both sides was of Poitevin descent and had its head- 
quarters in the neighboring town of Chatterault, where his grandfather had been 
a physician. His father, Joachim Descartes, purchased a commission as coun- 
sellor in the Parlement Rennes and thus introduced the family into that demi- 
noblesse of the robe of which, in stately isolation between the bourgeoisie and 
the high nobility, maintained a lofty rank in the hierarchy of France. For 
one-half of each year required for residence the elder Descartes removed, with 
his wife, Jeanne Brochard, to Rennes. Three children, all of whom first saw 
the light at La Haye, sprang from the union,—a son, who afterwards succeeded 
to his father in the Parlement, a daughter who married a M. du Crevis, and a 
second son, René. His mother, who had been ailing beforehand, never recovered 
from her third confinement ; and the motherless infant was intrusted to a nurse, 
whose care Descartes in after years remembered by a small pension,’’* 


*Britannica Encyclopedia, Ninth Edition. 
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Descartes, who early showed an inquisitive mind, was called by his fath- 
er, ‘‘my philosopher.’’ At the age of eight, Descartes was sent to the school of 
La Fléche, which Henry IV had lately founded and endowed for the Jesuits, 
and here he continued from 1604 to 1612. Of the education here given, of the 
equality maintained among the pupils, and of their free intercourse, he spoke at 
a later period in terms of high praise. Descartes himself enjoyed exceptional 
privileges. His feeble health excused him from the morning duties, and thus 
early he acquired the habit of matutinal reflection in bed, which clung to him 
throughout life. When he visited Pascal in 1647, he told him that the only way to 
do good work in mathematics and to preserve his health was never to allow any 
one to make him get up in the morning before he felt inclined to do so. Even at 
this period he had begun to distrust the authority of tradition and his teachers. 

Two years before leaving school (1610) he was selected as one of twenty- 
four gentlemen who went forth to receive the heart of the murdered king as it 
was borne to its resting place at La Fleche. During the winter of 1612, he com- 
pleted his preparations for the world by Jessons in horsemanship and fencing ; 
and then in the spring of 1613 he started for Paris to be introduced to the world. 
of fashion. Fortunately the spirit of dissipation did not carry him very far, the 
worst being a passion for gaming. Here through the medium of the Jesuits he 
made the acquaintance of Mydorge, one of the foremost mathematicians of 
France, and renewed his schoolboy friendship with Father Mersenne, and 
together with them he devoted the two years of 1615 and 1616 to the study of 
mathematics. 

“The withdrawal of Mersenne in 1614 to a post in the provinces was the 
signal for Descartes to abandon social life and shut himself up for nearly two 
years in a secluded house of the Faubourg St. Germain. Accident, however, be- 
trayed the secret of his retirement ; he was compelled to leave his mathematical 
investigations and to take a. part in entertainments, where the only thing that 
chimed in with his theorizing reveries was the music. The scenes of horror and 
intrigue which marked the struggle for supremacy between the various leaders 
who aimed at guiding the politics of France made France no fit place for 
a student and held out little honorable prospect for a soldier. Accordingly, in 
May, 1617, Descartes, now twenty-one years of age, set out for the Netherlands, 
and took service in the army of Prince Maurice of Orange, one of the greatest 
generals of the age, who had been engaged for some time in a war with the Span- 
ish forces in Belgium. At Breda, he enlisted as a volunteer, and the first and 
only pay which he accepted he kept as a curiosity through life. There was a 
lull in the war ; and the Netherlands were distracted by the quarrels of Gomar- 
ists and Arminians. During the leisure thus arising, Descartes one day, as he 
roved through Breda, had his attention drawn to a placard in the Dutch tongue ; 
and as the language of which he never became perfectly master, was then strange to 
him, he asked a bystander to interpret it in either French or Latin. The strang- 
er, who happened to be Isaac Beeckman, principal of the College of Dort, offer- 
ed with some surprise to do so into Latin, if the inquirer would bring him a so- 
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lution of the problem,—for the advertisement was one of those challenges which 
the mathematicians of the age, in the spirit of the tournament of chivalry, were 
accustomed to throw down tc all comers, daring them to discover a geometrical 
mystery known as they fancied to themselves alone. Descartes promised and 
fulfilled; and a friendship grew up between him and Beeckman—broken only by 
the literary dishonesty of the latter, who in later years took credit for the novel- 
ty contained in a small essay on music (Compendium Musicae) which Descartes 
wrote at this period and intrusted to Beeckman.’’* 

The unexpected test of his mathematical attainments afforded by the so- 
lution of the problem referred to, its solution costing him only afew hours study, 
made the uncongenial army life distasteful to him, but under family influence 
and tradition, he remained a soldier, and was pursuaded at the commencement 
of the thirty years’ war to volunteer under Count de Bucquoy in the army of 
Bavaria. The winter of 1619, spent in quarters at Neuburg on the Danube, was 
the critical period in his life. Here, in his warm room (dans un poele), he in- 
dulged those meditations which afterwards led to the Discours de la Méthode 
(Discourse of Method). It was here that, on the eve of St. Martin’s day, No- 
vember 10, 1619, he ‘‘was filled with enthusiasm, and discovered the foundations 
of a marvelous science.”’ 

He retired to rest with anxious thoughts of his future career, which 
haunted him throngh the night in three dreams, that left deep impressions on his 
mind. ‘*Next day,’’ he says, ‘‘I began to understand the first principles of my 
marvelous discovery.’’ Thus the date of his philosophical conversion is fixed to 
a day. This day marks the birth of modern mathematics. His discovery, viz., 
the codperation of ancient geometry and algebra, is epoch-making in the history 
of mathematics. 

It is frequently stated that Descartes was the first to apply algebra to ge- 
ometry. This statement is not true, for Vieta and others had done this before 
him, and even the Arabs sometimes used algebra in connection with geometry. 
‘The new step that Descartes did take was the introduction into geometry of an 
analytical method based on the notion of variables and consonants, which enab- 
led him to represent curves by algebraic equations. In the Greek geometry, the 
idea of motion was wanting, but with Descartes it became a very fruitful concep- 
tion. By him a point was determined in position by its distances from two fixed 
lines or axes. These distances varied with every change of position in the point. 
This geometric idea of co-ordinate representation together with the algebraic idea 
of two variables in one equation having an indefinite number of simultaneous val- 
ues, furnished a method for the study of loci, which is admirable for the gener- 
ality of its solutions. Thus the entire conic sections of Appollonius is wrapped 
up and contained in a single equation of the second degree.’’+ 

‘‘Descartes found in mathematics, as did Kant and Comte, the type of all 
faultless thought ; and he proved his appreciation of his insight by the invention 


*Enecyclopedia Britannica, Ninth Edition. 
tCajori’s History of Mathematies. 
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of anew symbolic mechanism and artifice for the applications of algebra to ge- 
ometry (Analytic Geometry, as it is now called, which, in a growing sense, let it 
be said, existed before him), and by his discoveries in the theory of equations, 
which were fundamental in their importance.’’* 

After a short sojourn in Paris, Descartes moved to Holland, then at the 
height of its power. There for twenty years he lived, giving up all his time to 
philosophy and mathematics. Science, he says, may be compared to a tree; 
metaphysics is the root, physics is the trunk, and the three chief branches are 
mechanics, medicine, and morals, these forming the three applications of our 
knowledge, namely, to the external world, to the human body, and to the con- 
duct of life ; and with these subjects alone his writings are concerned. 

He spent the time from 1629 to 1633 writing Le Monde, a work embody- 
ing an attempt to give a physical theory of the universe ; but finding its publica- 
tion likely to bring on him the hostility of the Church, and having no desire to 
pose as a martyr, he abandoned it. The incomplete manuscript was published 
in 1664. 

He then devoted himself to composing a treatise on universal science ; this 
was published at Leyden in 1687 under the title Discourse de la méthode pour 
bien conduire sa raison et cherecher la verité dans les sciences, and was accom- 
panied with three appendices entitled La Dioptrique, Les Méléores, and La Gé- 
ométrie. It is from the last of these that the invention of analytical geometry 
dates. In 1641, he published a work called Meditations, in which he explained 
at some length his views of philosophy as sketched out in the Discourse. In 
1644, he issued the Principia Philosophiae, the greater part of which was devot- 
ed to physical science especially the laws of motion and the theory of vortices, 
In his theory of vortices, he commences with a discussion of motion ; and then 
lays down ten laws of nature, of which the first two are almost identical with the 
first two as laid down by Newton. The remaining eight are inaccurate. He 
next proceeds to a discussion of the nature of matter which he regards uniform 
in kind though there are three forms of it. He assumes that the matter of the 
universe is in motion, that this motion is constant in amount, and that the mo- 
tion results in a number of vortices. He states that the sun is the cénter of an 
immense whirlpool of this matter, in which the planets float and are swept round 
like straws in a whirlpool of water. 

Kach planet is supposed to be the center of a secondary whirlpool by 
which its satellites are carried, and so on, All of these assumptions are arbi- 
trary and unsupported by any investigation. It is a little strange that a man 
who began his philosophical reasonings by doubting all things and finally com- 
ing to cogito, ergo sum should have made assumptions so groundless. 

While Descartes was a philosopher of a very high type, yet his fame will 
ever re8t on his researches in mathematics. The first important problem solved 
by Decartes in his geometry isthe problem of Pappus, viz.: ‘‘Given several 
straight lines in a plane, to find the locus of a point such that perpendiculars, or, 
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more generally, straight lines at given angles, drawn from the point to the given 
lines, shall satisfy that the product of certain of them shall be in given ratio to 
the product of the rest.”’ ‘‘The most important case of this problem is to find 
the locus of a point such that the product of the perpendiculars on m given lines 
be in a constant ratio to the product of the perpendiculars on n other given 
straight lines. The ancients had solved this geometrically for the case m=—1, 
n==1, and the case m==1, n=2. Pappus had further stated that if m=-n=2, the 
locus was a conic, but he gave no proof; Descartes also failed to prove this by 
pure geometry, but he showed that the curve was represented by an equation of 
the second degree, that is, was a conic; subsequently Newton gave an elegant 
solution of the problem by pure geometry.’’* 

In algebra, Descartes expounded and illustrated the general methods of 
solving equations up to those of the fourth degree (and believed that his method 
could go beyond), stated the law which connects the positive and negative roots 
of an equation with the change of signs in the consecutive terms, known as Des- 
cartes’ Law of Signs, and introduced the method of indeterminate coefficients for 
the solution of equations. 

In appearance, Descartes was a small man with large head, projecting 
brow, prominent nose, and black hair coming down to his eyebrows. His voice 
was feeble. Considering the range of his studies he was by no means widely 
read, had no use for Greek, as is shown by his disgust when he found that Queen 
Christina devoted some time each day to its study, and despised both learning 
and art unless something tangible could be extracted therefrom. In philosophy, 
he did not read much of the writings of others. In disposition, he was cold and 
selfish, He never married, and left no descendants, though he had one illegit- 
imate daughter, Francine, who died in 1640, at the age of five. 

In 1649, through the instigation of his close personal friend, Chanut, he 
received an invitation to the Swedish court, and in September of that year he 
left Egmond for the north. Here, on the 11th of February, 1650, he died of in- 
flamation of the lungs brought about by too close devotion to the sick-room of 
his friend Chanut, who was dangerously ill with the same disease. 


*Ball’s Short Account of the History of Mathematics. 
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ON SEVERAL POINTS IN THE THEORY OF THE GROUPS OF 
A FINITE ORDER.* 


By DR. G. A. MILLER. 


1. Definition. The most prominent condition which the operators of a 
group must satisfy is that the product of any two of them is equivalent to a 
single operator contained in the group. When the operators of the group are 
represented by substitutions it is not necessary to add any additional condition, 
i. e. a set of substitutions which includes every substitution that is obtained by 
multiplying any two of the set together or by squaring any one of them forms a 
group, provided that no two of the substitutions are identical. 

It is however not customary to call any set of operators that satisfies the 
given condition a group: e. g. the three numbers Q, 1, —1 clearly satisfy this 
condition while they would not generally be said to form a group when they are 
combined by multiplication. Some writers seem to make the definition of group 
so general as to include this case,t but the theory of the groups of operators 
which satisfy this general definition without also satisfying the more restricted 
ones remains to be developed. 

In addition to the given conditions the operators of a group are usually re- 
quired to satisfy the associative law, and the laws that the product of any two of 
them is completely determined by the operators and the method of combining 
them and that from the equations ab=ac, af=y/fs it must follow respectively 
that b==c, ay; where a, b, c, a, 8, y represent any operators of the group. 

While the method of combining the operators of a group is generally call- 
ed multiplication yet it should not be inferred that any restrictions are imposed 
upon this method except those given above, so that the term multiplication in 
this connection merely implies some definite law of combination : e. g. if we com- 
bine the following n numbers, 0, 1, 2,3, ..... , n—1, by adding any one to 
each of them, their positive remainders with respect to modulus n will deter- 
mine the cyclical group of order n and every cyclical group can be represented 
in this way. If we combine these numbers by multiplication, taking their pos- 
itive remainders according to the same modulus, they do not form a group in 
the usual sense of this term. It is thus clear that the group property is not in- 
herent in a set of operators but, that it exists, in part, in the law uf combination. 

As may be inferred from the heading, these remarks relate to the groups 
of a finite order. This restriction seemed appropriate for this occasion since my 
investigations have been confined to this class of groups. In recent years the 
groups of an infinite order have received a great deal of attention. Among the 
investigators of the discontinuous groups of an infinite order Poincaré, Klein 
and Fricke are the most prominent while Sophus Lie is preeminent among the 
many investigators of continuous groups. After this glance at these two sturdy 


*Read before the Oliver Mathematical Club of Cornell University as initiatory paper, February, 1898. 
tOf. Kleln’s Ikosaeder, page 5; Miss Seott’s Modern Analytical Geometry, page 261; etc. — 
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offsprings of our subject we proceed to give a short sketch of its development. 

Historical Sketch. Whilethe group concept appears early in the develop- 
ment of mathematics yet it was not until substitution groups began to be studied 
that this concept began to receive considerable attention and that its fundamental 
importance began to be recognized. Writers do not agree in regard to the 
founder of the theory of substitutions. Some ascribe this honor to Lagrange, 
others to Abel, others to Galois, and still others to Cauchy. In recent years a 
considerable number, under the leadership of Burkhardt,* have been contending 
that the origin of the theory of substitutions is found in an Italian work bearing 
the title ‘‘Teorta generale delle equaziont, in cui st dimostra impossibile la soluzione 
algebraica delle equazions generalt dt grado superiore al quarto, di Paolo Ruffini,” 
Bologna, 1799. 

This work contains some fundamental concepts such as transitivity, in- 
transitivity, primitivity, etc., that are generally attributed to the later works of 
Cauchy. Its proof that the general equation whose degree exceeds four is not al- 
gebraically solvable lacks rigor. The first vigorous proof of this important the- 
orem, which engaged the attention of mathematicians for centuries, was given by 
Abel and it was published in the first volume of Crelle, the oldest German math- 
ematical paper still living. As this proof was partly based upon the theory of 
substitutions it drew considerable attention to this subject. This seems to be the 
main reason why some writers, Hagen for example, call Abel one of the founders 
of the theory of substitutions. + 

The next great impulse to the study of this theory was given by that very 
remarkable young mathematician Galvis, who proved that every algebraic equa- 
tion belongs to a group and that its solvability by the extraction of roots depends 
upon the faétors of composition of this group. This discovery united the theory 
of equations very closely with the theory of substitution groups. The French 
mathematician Jordan has been especially prominent In pointing out results 
which depend upon this relation. The subject is one of great difficulty and it 
will probably furnish a fertile field of investigation for many years to come. 

The claims that Cauchy was the founder of the theory of substitutions 
seem to be based upon the fact that he was the first to write extensively on this 
subject apart from any direct applications. His Hvercices d’ Analyse, vol. 8, 
(1844), contains the first systematic treatment of this theory and contributed very 
largely towards making it known to a larger class of students. Although some 
of the concepts which have generally been attributed to him have recently been 
traced to earlier writings yet there remains much which is undoubtedly due to 
Cauchy and some of these facts are of fundamental importance. 

In recent years there has been developing an offspring from substitution 
groups, which resembles the parent more closely than the two mentioned above. 
I refer to the operation or abstract groups. In the first volume of the American 
Journal of Mathematics Cayley calls attention to the fact that a group is an ab- 


—_——_—__ 


*Schlomilch’s Zeitschrift, 1892, supplement, page 159. 
tSynopsis der Mathematik, page 281. 
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stract concept and that it should be defined ‘‘by means of the laws of combina- 
tion of its symbols.’’ A few years later Dyck published several articles in the 
Mathematische Annalen in which he laid the foundation of a part of the theory 
of abstract groups. 

As many of the properties of these groups can be readily studied by means 
of substitution groups their development has given a new impulse to the study 
of substitution groups. This is the modern impulse and it is to be hoped that it 
will lead to great activity in this line. The bulk of the recent publications on 
groups of a finite order have been along the lines of abstract groups and these 
groups promise to remain a fertile field of investigation for a number of years at 


least. 
Standing Problems. While knowledge is cosmopolitan and scientific dis- 


coveries belong to the world rather than to a particular nation yet it does not be- 
hoove a great nation or even a great university to be satisfied to borrow all its 
scientific facts from the rest of the world. Such a state of affairs indicates stag- 
nation and is evidence either of inability or of want of patriotism. It also de- 
prives the students of the inspiration and joy which attend the discovery of im- 
portant scientific facts that tend to contribute something towards enriching all 
future generations. 

It is evident that the standing problems of a comparatively new subject 
can be reached more readily and are generally less difficult than those of older 
subjects. Hence the newer subjects are the more inviting to the young investi- 
gator. While our modern mathematical journals do a great deal towards aiding 
the student to find desirable unsolved problems yet some of the simpler ones are 
solved at such a rapid rate that it is scarcely possible to keep in touch with a 
large portion of the region in which these discoveries are being made. 

It has been observed for a long time that the problem to find all the sub- 
stitution groups of any degree would be of the greatest importance to algebra.* 
This problem is far from a complete solution. It has been solved for all the de- 
grees less than eleven but the methods employed are not suitable for very large 
degrees and they throw very little light on the general problem. The general 
theorems on this subject are still few, and the progress that has been made in 
recent years under the inspiration of the great prize of the Paris Institute gives 
evidence of the great difficulty of the problem rather than any hone of its early 
solution. 

In recent years all the simple groups of the finite continuous groups have 
been found. It would be a great step forward if all the simple groups of the 
groups of a finite order could also be found. Several new infinite systems 
of such groups have recently been discovered by Professors Moore and Burnside, 
and by Dr. Dickson but the progress towards the complete solution of this prob- 
lem is exceedingly slow. Any discoveries that throw light on this subject are of 
great interest. 

As problems of somewhat smaller interest in themselves we may mention 


we oe ee 


*Cf. Serret’s algebra superieure, 3rd edition, page 256. 
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the proof of the existence or non-existence of simple groups of an odd order or of 
order p* g® , p and q being prime numbers ; the superior limit of transitivity of 
primitive groups that do not contain the alternating group ; the simplification of 
the methods of proving the solvability or the insolvability of a group, etc. 


REPLY TO PROFESSOR FISK’S CRITICISM OF A CERTAIN 
FEATURE OF NICHOLSON’S CALCULUS. 


By J. W. NICHOLSON, A. M., LL. D., Professor of Mathematics, Louisiana State University, Baton Rouge, La. 


In the March number of the Bulletin is a brief review of my Calculus, by 
Professor Fiske, of which the following is an extract : 

‘In another note (A,) at the end of the work the author critizes the grounds 
assigned by Byerly and by Rice and Johnston for making d(dx)-=0. He con- 
tends that the differential of dx is zero, because dx as a variable is independent 
of xe. This, of course, is not sound. Ifa variable y is independent of another var- 
lable x, it is true that we may still write 

dy = 5! dy: 
but the coefficient of dx is not a partial derivative, and dy, therefore, instead of 
being zero is indeterminate. In order that d(dxz) may be zero, we must assume 
that dx takes the same value for all values of x. This assumption, however, does 
not prevent our varying dx from one instant to another in a perfectly arbitrary 
manner.’ 

As the question involved is an interesting and important one, and believ- 
ing that Professor Fiske had not fairly presented my discussion of the point at 
issue, I wrote a brief reply to the above criticism, and sent it to the Bulletin for 
publication. Several weeks thereafter my reply was returned to me without 
publication and with the following additional stricture : 

‘The author fails to realize that if dy=0 when x goes from z to ++ dx then 
y 1s not completely independent of +, but has such a dependence that it does not 
alter when z alters.’’ 

The question involved is not whether dz is a quantity whose total differ- 
ential is 0, but whether it is a quantity whose differential with respect to x is 0. 

Of course ifx and y are two variables which are independent of each other, 


and dx be the total differential of the one and dy that of the other, and oe is 


understood to mean the ratio of these differentials, — is not 0 but indetermin- 


ate, as Professor Fiske says. Or again, under the same hypothesis. “if dy=0 
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when 2 goes from r to x4 da’ y would depend on x in the manner indicated by 
the last criticism. 


- ; , , lL /d 
But the point in question comes up in proving that _( =), 1. e€. the 
Lan ; _ J dy, d?y , 
differential coefficient of ae with respect to 2, ars and in this demonstration 


we have no occasion to consider whether dx is a quantity whose total differential 

is 0 or not. It is a differentiation with respect to « which is indicated by 
| oe oa: ; 

3 and it is to be demonstrated that if this operation be performed on oF 

dx: v 

the hypothesis that this symbol may be treated as a fraction whose terms are dy 


and dx, and the understanding that d?y represents the differential of dy with respect 


,on 


~~ 


. ” ; 
io x, the result is ——“. Thus: 


da* 
d d 
adv (dy)—dy (dx 
d (tu) _ dr * “dy ) dey 
dy Vide J de 
, d ag: dl on 
becanse Py (dy) dr, bv definition, and Lp =O, for the same reason that 


the differential coefficient with respect to x of any variable which is independent of x 


d ; ar 
is 0, The) does not mean the ratio of any variation that dx may be supposed 


ol 


to undergo, to dx, but the ratio of the variation which dr undergoes in conse- 
. woe d 

quence of a variation in x, to dz, Tosay that 7 (dx)=0 is not therefore to say 
L 


that dv is a constant, but merely that it undergoes no variation in consequence 
of a variation in «. Indeed, dx may have any value of «x, and is therefore a vari- 
able independent of x, and being independent, it may be regarded and treated 
as an absolute constant except in cases where the independence of * would there- 
by be destroyed, as shown in my Calculus. 

Precisely the same considerations are involved in the derivation of the 
equation d?y==f"(x)dx? from dy=-f' (r)dx. 
d4 


The reply to Professor Fiske is therefore that in his equation, dy= Pale, 
aR 


, d . ; ; 
for the case before us, viz: Pam (de). dx, the coefficient of dr is a partial 
da 


derivative. 
The reply to the last criticism of the Bulletin is that in the case before us 


the dy is not any variation that y may be supposed to undergo while « varies 
from « to r+dz, but the variation which y undergoes in consequence of this var- 
iation in a, and this of course must be 0 if y is independent of 7, whatever may 
be the value of y as x goes from x to ++ dz. 

The criticism in the Bulletin is therefore based upon a misconception of 
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the author’s meaning, and is due to an apparent failure on the part of Professor 
Fiske to realize that the question isnot what must be in order that d(dz) may be 


d 


Q, but what is in order that ; 
da 


(dx) mav be 0. 


a 


DEPARTMENTS. 


SOLUTIONS OF PROBLEMS. 


ARITHMETIC. 
96. Proposed by RAYMOND SMITH, Tiffin, Ohio. 


Tlow many acres in a square field whose diagonal is 10 rodstlonger than the side ? 


I. Solution by J. F. TRAVIS. Student at Ohio State University, Columbus, 0.; EDWARD R. ROBBINS, Mas- 
ter of Mathematics, Lawrenceville School, Lawrenceville. N. J.; J. SCHEFFER, A. M., Hagerstown, Md.; F. R. 
HONEY. Ph. B., New Haven. Conn.; M. E. GRABER, Mt. Eaton; 0.; WALTER HUGH DRANE, Professor of Mathe- 
matics, Jefferson College, Washington, Miss.; and JOSIAH H. DRUMMOND, LL. D., Portland, Me. 


Let ABCD be the square field, and AC its diagonal. On AC lay off CF 
equal to BC. At F erect FE perpendicular to AC and 
intersecting ABin #. Draw EC. Then in the right 
triangles CFE and CBE, CB equals CF, by construction 
and Cf is common. Hence, FE equals FB. In the 
right triangle AFE, the angle FAF is equal to 45°. 
Hence, the angle FEA equals 45°. Hence the side AF’ 
equals the side FE. Then 


AB=(AB+EB)=[, (AF? + FE?) + EB] 
—-[} (QEF?)+ EB|=(EF,\/2+EB) =(; 24)DED. 


But HB=AF=-10 chains... AB=10(,; 2+1), and area of the field-— 
AB*=100(, 24+1)?=100(8 + 2; 2)==582.8427 square rods, or 8.642 acres. 


II. Solution by M. A. GRUBER, A. M., War Department. Washington, D. C.;G. B. M. ZERR, A. M., Ph. D., 
Professor of Mathematics, Chester High School, Chester, Pa.; and P. S. BERG, Superintendent of Schools, Lari- 
more. N. D. 


We will solve generally by making a=-the excess of the diagonal over the 
side, 

Let w-=side of square field. Then 222—(*+a)?. 

Solving this equation for x, gives, x=-a(1+, 2). 

*, area=a* =-a* (382, 2). 

Now substituting 10 for a, and we obtain 

Area==100(84 2 2)-=582.8427 + square rods, or 17.1574 square rods, 

-—8,6429+4 acres, or .107238 +4 acres, 
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[QuERy. How interpret the second result? M. A. G.] 


{Norre.—The answer to this query is simply this: The second result is not geometrically interpret- 
able, for the reason that the negative value of « from which it is derived, is not geometrically intrepret- 
able. The negative value of x satisfies the algebraic condition expressed by the equation and that alone. 
Ep. F. | 


III. Solution by J. K. ELLWOOD, A. M., Principal of Colfax School, Pittsburg, Pa.; COOPER D. SCHMIDT, 
A. M., Professor of Mathematics, University of Tennessee, Knoxville, Tenn.; and CHARLES C. CROSS, Liberty- 
town, Md. 


The diagonal of a square=the side x, 2. 
side X 1 ‘2-=side +10 rods, or side(y 2—1)=10 rods, and side==10 
+-(y /2—1). 
Hence [10/(, 2—1)]? +160 --38.644-,, the number of acres. 


97. Proposed by J. A. CALDERHEAD, M. Sc., Professor of Mathematics, Curry University, Pittsburg, Pa. 
In what time will $4000 amount to $5134.96, interest at 6% payable annually ? 


Solution by WILLIAM W. CHAMPLAIN, Wickford. R. I. 
The time is evidently between 4 and 5 years. 


The interest on $4000 for 4 years, at 6% is $960.00 
The interest on $240 for (8+2+41) vears--6 years is 86.40 
$1046.40 


$1134.96— $1046.40 = $88.56, the interest on $4000 for the number of 
months and days exceeding 4 years, plus the interest on four unpaid installments 
of annual interest for the same period ; that is, on $4000 + $960 or $4960. Inter- 
est on $4960 at 6% for one year is $297.60 ; to gain $88.56 it would require $8.55, 
of a year, or 8 months, 17.13 days. 

-, $4000 would amount to $5134.96, at 6% annual interest in 4 years, 3 
months, 17.15 days. 


Also solved by G. B. M. ZERR, and P. 8. BERG, 


98. Proposed by J. SCHEFFER, A. M., Hagerstown, Md. 


A poor man borrowed $20 which he repaid in eleven monthly installments of $2 each ; 
what was the annual rate of interest (reckoned as simple interest)? 


Solution by HON. JOSIAH H. DRUMMOND, LL. D., Portland, Me. 


The last installment would be paid in eleven months, which, therefore, 
would be the time the $20 would be on interest, and the interest would be 14 x 
20x rate. The first installment would be on interest 10 months, and the interest 
on the installments would be $3x2xrate. Then #29 times the rate less 4,49 
times the rate would be $2, or $2 is 1,49 times the rate. Hence the rate is 21,9, 


Also solved by WALTER H. DRANE. 


(Nore. P.S. Berg solved problem 95, but his solution reached us too late for credit in last issue. 


Problem 99, should read, ‘‘How many cats will catch 100 rats in 100 minutes ?’’ Ed. F. | 
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ALGEBRA. 


84, Proposed by B. F. YANNEY, A. M., Professor of Mathematics, Mount Union College, Alliance, Ohio. 


On the present electoral basis, if all the electoral votes of each state are cast solid 
for one or the other of two presidential candidates, how many combinations of states are 
possible for a total of 273 votes for the winning candidate ? 


No solution of this problem has been received. 


85. Proposed by J. M. COLAW, A. M., Monterey, Va. 
Sum the infinite series, 


1 1 1 


1727.82 4252 TOF Bae be Ge qe t) ete. 


37.47 52.62.72 


I. Solution by G. B. M. ZERR, A. M., Ph. D., Professor of Science in Chester High School, Chester, Pa. 
Let V,,-=1/[n?(m4+1)?...... (n+m)?*]. 


— 2n—-] | 1 I | 
Then Vi, my -m® (n4-1)?....(1+m—1)? + (n+1)(m+2)?....(n4m)® 


1 2 1 
+ mito LUGE 1)? 0... (ntm—1)? v?..., .(n+m—2)? 


1 
_ (v+2)?....(n+4+m)? | 
Now let S,,=2V,,,. 


— 2m—1 | ( 1 )] 

os Sn ryt a Sm—1+ Sm—1 an? 1 

My [les genset al 
+ m3 (m—1) 2Sm—2 (m—1)? ! Sm—2 —\Sm—2 (m—1)?! m® | ) |. 


g _tm—2 S 2m—1 ~~ -—_| 1 _ il | 
coe m8 Em Cm? )E m2 (m—1) (a—1)?! m*® | 


__ Am—2 2n— ] . m?—1 
me En m2)! m3(m—1).(m?) ! 
4m—2 1 | | 

= —__§,, , - — 1 

m> —™* m3 (m?)! m= T+ (m+ 1) 
_ 4m — 2 1 1 [ 4m—2 gL 3 
gy MT m?.(n®)! om? m mem th 

1 1 1 1 1? 

NoW So=T3 +52 tort 7 +... 6 
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J 1 4. 1 4. ] 4 7? 
M4 TS Ge T G2 be T Oe go Teese: —o 
112.227 22.32 B24 3 
1 1 J 1” 
Sy = + as-o3 gat — 4. 88 
2 122? B2 9? B24? Bt 42 be 4 18 
S : + I om 19% 
Og Te Oo ge > .—> 9 a . ~ ; an 
3 "1222 82.42 © 92.32.42 5? B42 
3] 2 
Sy —— -+ : 4 B07 5525 
4 1° 27.374? 5° 92 22 42 52 (G2 1728 ? 7648" 
S _ 1 4 1 4 (7m? 9211 
° 1? 2° 3? 47.5" .6° 92.37 42 5? 6? 7* ""* 9400 3200009 
Kte. Ete. Ete. Ete. 


[The above method is due to Mr. W.S. B. Woolhouse, F. R.A. S.] 
S, is the value required by the problem. 


II. Solution by the PROPOSER. 


1 1 1 1 re 
AS 72+ 32 + re +, etce., to infinity, equals 7*/6, we have 
od ~ ~ * . 


1 1 n 1 4 
232.4252 92 32 42 56 3 7 


2 42 52 62.72 
5.6.7.8 l ( 1 1.2 1.23 
_ ! g6—39(. 4 a og 
7393 33 gal” /°-'\, ot 9947 345.67 456728 | 


= 83, (12 /6— 193) ==.000071 559049842333 136-4. 


III. Solution by J. SCHEFFER, A. M., Hagerstown, Md. 


The series may be thrown into the form 
1 — 1 1 aa -) 4 “ -) (1. ez), ( eae) ( 1.2.3.4 ) 
fe 3F ge He S) T\er) tere) tT Vere a7 To 7 
11 [1 1 1 1 
“op ae ae LI Te "(By + (87-8) (878.9); tae | 


1.2 (1.2.8 1.2.3.4 


where the denominators are the squares of the successive figurate numbers of 
the 6th order. Whilst the sum of the reciprocals of the figurate numbers of any 
order may be expressed by a finite expression, those of the first two orders be- 
ing excepted since their sums are infinite, the sum of the squares of the recipro- 
cals of thre figurate numbers cannot so be expressed with the exception of those 
of the second order, the latter being 7?/6. Since, however, the series of the giv- 
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en series converges rapidly, the sum may be found within any limits of precision. 
A few terms suffice to find the sum correctly within 7 or 8 deciinals. ‘The sum 
of the series without the squares would be exactly ,\,. 


—— anny 


GEOMETRY. 


94. Proposed by EDMOND FISH, Hillsboro, Il. 


A tower uf BD=a, is surmounted by a flag pole BC=b. A point Dis so taken in a line 
perpendicular to the foot of the tower that angle BNC is a maximum, Prove that .1/) is 
a mean proportional between fC and AB. 


I. Solution by G. B. M. ZERR, A. M., Ph. D., Professor of Science, East Chester High School, Chester, Pa.; 
WALTER H. DRANE, A. M.. Professor of Mathematics, Jefferson Military College, Washington, Miss.; C. A. 
JONES, Kosciusko, Miss.; E. R. GIBSON, Wayne, Neb.; and P. S. BERG, Larimore, N. D. 


In order that 7 BDC may be a maximum the line AD must be tangent to 
the circle through B, C at point D. If not let # be some 
other point in AD, and let EC cut the circle at F’. 

LBFC> ZBEC. But 2 BFC= 7 BDC, 

LBDC> LBEC., Q. EH. D. 

“AC? AD=AD: AR. 


II. Solution by J. SCHEFFER, A. M., Hagerstown, Md.; Hon. JOSIAH H, 
DRUMMOND, LL. D., Portland, Me.; W. L. HARVEY, Portland, Me., and the PRO- 
POSER. 


Describing a circle passing through B and C and tangent to AD, the angle 
BDC is measured by one-half the are BC, whereas for any other point # the an- 
ele LEC is measured by one-half the difference of the arcs BC and FN, therefore 
by a smaller are than AC. Andsince A/D is tangent and ABC a secant, we have 
AD? ==ACX AB, 

jy the Caleulus we may prove this fact thus: Denoting AD by x, we 
have 


—tanB 
tanBDC=tan(CDA—~BDA)—= Recon ae 


ath a bv 
eo ww ala+h) | 
14 at) 
n* 


sy differentiating, this expression is a maximum for v?-==a(a+b) 


III. Solution by EDWARD R. ROBINS, Master of Mathematics, Lawrenceville School, Lawrenceville, N. 
J.; and COOPER D. SCHMITT, A. M., Professor of Mathematics, University of Tennessee, Knoxville, Tenn. 


Take A as origin, AB=a, BC=b, AD=c. 
Equation of BD is «/e+y/a=1. 
Kquation of CD is */e+y/(a+b)=1. 
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—he 
e d — —l - = 
“. XHCD=tan ag? lab” 
which will be a maximum when c?—a? —ab==0, or c? =a(a+b). Q. KE. D. 


95. Proposed by WILLIAM HOOVER, A. M., Ph. D., Professor of Mathematics and Astronomy in Ohio State 
University, Athens, Ohio. 


At each point of a parabola is described the rectangular hyperbola of a four-pointie 
contact; prove that the locus of the center of the hyperbola is an equal parabola. 


Solution by the PROPOSER. 
The curve having four-pointic contact with the parabola y?=4azx...... (1) 


is y? —4ax—A(yy’—2ax—2ar’)? =0...... (2), 
or, —4Aa?a? + 4ahy'ayt+ (1—Ay’? )y? —(4a4 8a?Ax')a+4ara'y'y—4a2Aa'? =0. .(8). 
If this be an equilateral hyperbola, 
4ha?==1—)y'?, or A=1+(7'2 +402)...... (4). 


] 


Substituting this in (2) and reducing, 
ag? —y'xy— ay? + (4a? +y"? 4+ 2az')a—a'y'ytar?=0..... (5). 
The center of this is given by 
g==—(y'? +80?) /4a....(6), ya’... (7). (a, y") being on (1), y'?==4aa’....(8). 
Eliminating «’, 7’ from (6), (7), and (8), we have the required locus, 
y?==—4alat2a)...... (9). 


96. Proposed by W. F. BRADBURY, A. M., Head Master, Cambridge Latin School, Cambridge, Mass. 
Isosceles triangles are constructed externally on the three sides of a triangle as bas- 
es, With the angles at the bases each 30°. The triangle formed by joining the remote ver- 
tices (the 120° vertices) of these isosceles triangles is equilateral. [Geometrice—not Trig- 
onometric—solution. | 


Solution by J. K. ELLWOOD, A. M., Principal of Coliax School, Pittsburg, Pa. 


The vertices O, O,, O,, of the isosceles triangles are the centers of equi- 
lateral triangles described on the sides 
of ABC.  Circumferences passed about 
these triangles intersect in a point, P. 

Let P be the intersection of the 
two circles, AFCand CEB. Join AP, 
BP, and CP. Since APCF is inscribed, 
LEF+ 7 APC=180°. But 7 F=60°. 

*. £ APC=120°. 

Simuarly, 2 CPB=120°, 

Jo. ZAPB=120°; and 7 APB+ 
LZ D==180°. 

.. APBD is inscribed, and P is in 
the circumference of ADB. Q. EK. D. _. 

lines that join the centers of intersecting circles bisect the common 
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chords and the intercepted arcs. .°. are HP=}3 are AP, and arc PK=3? are PC. 
*, arc HPK=3 arc APC. But arc APC measures / /’=60° at circumfer- 
ence ; therefore HK, its half, measures an equal angle at the center, and / 0,= 
Z F=-60°. Similarly, 70, may be shown=/E,and 7O=/7D, Since equi- 
angular triangles are equilateral, OO, 0, is equilateral. Q. E. D. 


Solved in a similar manner by G. I. HOPKINS, F. R. HONEY, J. SCHEFFER, C. A. JONES, and 
G. B. M. ZERR. 


CALCULUS. 


73. Proposed by MOSES COBB STEVENS, A. M., Professor of Mathematics, Purdue University, Lafay- 
ette, Ind. 


Solve f” log(1+tanx)dz. 
0 


I. Solution by G. B. M. ZERR, A. M., Ph. D., Professor of Science, Chester High School, Chester, Pa. 


1: 1 


7 am 1—tanz 
taz—v)|dxu= + ——_—___— 
; logii+tan(4z—~*x)]dx ; log ( 14 id tans ) 


f° log(1+tanz)dz= f 
0 a 


= i log (sss) a = J Vog2.ar— log(1+tany)dz. 


v2 2 (” log(1+tanax)da = f “ log2.dyx-= 4 zlog2. 
LY 0 a 0 


7 {" log(1+tanx)dx= tzlog2. 
“0 


(See Todhunter’s Integral Calculus, Art. 51, page 66.) 


II. Solution by T. A. CLARK, of the Senior Class, Purdue University, Lafayette, Ind. 


1 


{ 
ee 0 


" log(1 4 tanryde= f : log(tan}az +tana)di= f log sin (47 +2) 
0 0 


© costreosr 


wT Ar An 
= { log sectadzr + { sin(¢7+%)dx — { log cosadz =} 7logy,/2. 
0 / 0 “0 


wat 


To prove j 
"0 


el 
‘ 


log sin(47+27)dx— { log cosrdx=Q, Put }a+tar=f, and 
“0 


1 


\w i \w 
ka —a=@, then f log sinGa+ar)dr= { log sinfdf, and { log cosadx 
0 eA 0 
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=—f " sin¢dd¢é= f- singd¢?. Therefore it is evident f, log sin(4z+2)dx 
T T 0 


1 
a 


i 
2 


dar 
— ( cosrda =O. 
J 0 


74. Proposed by EDWARD R. ROBBINS, A. B., Mathematical Master in the Lawrenceville School, Law- 
renceville, N. J. 


A circular ring, whose radii are a and b, is cut by a plane making the area of the 
section (or sections) amaximum. Required the position of the plane, and the nature and 
area of the section (or sections). 


Solution by G. B. M. ZERR, A. M., Ph. D., Professor of Science, Chester High School, Chester, Pa. 


Let the axis of the surface be taken as the‘axis of z. then the equation to 

the ring is 
(a? +y2 +22 +ab)* =(at+b)* (a? +"). 

The maximum section will be made by a plane passing through the cen- 
ter of the ring and making an angle # such that sinG<[(a—b)/(a+6)]. 

Let z=xtanf be this plane. 

J. (x? sec? 6+ y*? +ab)?=(a4+b)? (a2 +7). 

The area of this section is (w/sec® 8)(a? —b?). 

This is a maximum when sec? is least, .°. G@=0. 

J. (er +y? +ab)? =(at+b)? (a? +y*). 

.. the plane coincides with the xy plane and divides the ring into two 
equal parts. The section is included between the circles «?+y?-=a? and a* +7/° 
=h?, area-=72(a?—b?), 


MECHANICS. 


64. Proposed by B. F. FINKEL, A. M.,M. Sc., Professor of Mathematics and Physics, Drury College, Spring- 
field, Mo. 


A cylindrical vessel, radius of vessel r and altitude fh, is filled with water and rests 
on a horizontal plane. It is required to ascertain the maximum angle of elevation to 
which the plane may be raised without the vessel falling, allowing the coefficient of fric- 
tion to be such as to prevent sliding, and the water to overflow as the plane is raised. 


I. Solution by the PROPOSER. 


Let MQ be the inclined plane; ABCD a vertical section of the vessel ; 
ABFD a vertical section of the water when the vessel is on the point of turning 
over; AB-=2K, the diameter of the vessel; ADH, its altitude; and the angle 
PMN=6, maximum inclination of the plane. The quantity of water in the ves- 
sel at the time the vessel is on the point of turning over consists of the cylindric- 
al part whose vertical section is ABFE and the cylindrical ungula whose verti- 
calsectionis EFD. Let V, be the volume of the cylindrical part, and V, the vol- 
ume of the ungula. Let G, be the center of gravity of the cylindrical part, G, 
the center of gravity of the ungula, and G, the common center of gravity of both. 
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AN=AMcosf=rcosf—asinf. 
Volume of ADEG==2z7ar?. 


%2r V (2rxa—a2? «tang 
Volume of EGF =2 f f dadydz=7r? tan fp. 
0” 0 0 


[This result comes easily without the calculus]. 


Substituting in equation (1), transposing, dividing through by cosf, rear- 
ranging, and clearing of fractions, 


5r* tan? 6+ 16artan? 6 + 2(8a? —38r? )tan6— 16ar—0. 
Substituting in this, }h—rtanf for a, and reducing, 
5r* tan? B—8rhtan? 6 4-2(5r? +- 2h? )tan6—8rh=—0, 


from which 3 may be found. 


AVERAGE AND PROBABILITY. 
62. Proposed by 0. S. KIBLER, Superintendent of Schools, Middleburg, 0. 


A bag contains any number of balls, which are equally likely to be white or black ; 
one is drawn and found to be white. Show that the chance of drawing another white one, 
the first ball not being replaced, is two-thirds. [From C. Smith’s Treatise on Algebra, page 
615}. 


Solution by G. B. M. ZERR, A. M., Ph. D., Professor of Science, Chester High School, Chester, Pa. 


If m balls are drawn and turn out white, the chance that n others drawn 
will be white is: p=[(m+1)/(m+n+1)]. In the problem, m=n=1. 


1 i 
.. p=%. Otherwise, p=f oda) f wde==§. 
0 0 


This is the simplest case of the article on page 107, No. 4, Vol. II. of the 
MonrTuiy. 


64. Proposed by REV. W. A. WHITWORTH, A. M. 


O is a given point within a triangle; Pis a random point within the same. The line 
through O and P is produced so as to divide the triangle into a trapezium and a triangle. 
Find the average area of this triangle. [From the Educational Times, London, Eng. | 


Solution by G. B. M. ZERR, A. M., Ph. D., Professor of Science, Chester High School, Chester, Pa. 


Let A be the average area required, A , the average area of BFG; (m, n) 
codrdinates of O. Then the coordinates of E are (b, bn/m); of D, [b?n/(ab—am 
+bn), abn/(ab—am-+ bn)]. 

Area ABC=-tabsinC. 

Area ACO=}dbnsinC, 

Area ADO=bn(am—bn)sinC/[2(ab—am + bn)]. 

Area COEK==bn(b—m)sinC/(2m). 

Area DOE B=ABC—(ACO+ADO+COE). 
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- Area DOEB=-(a? b?in— a? bm? + 2ab?mn—abm?n+t b?n?m 
—ab?n—b3n?)sinC/[2imn(ab—am-+ bn)]. 

The area DOEB does not vary. 

The average area of GOHR+ DOF==3(COE+ AOD) 


__ (abm? n— 2b? mn? —2ab?mn +abin + bin * sin 
4mn(ab—am-+ bn) 


A ,=DOEB+4COE+ AOD. 


(2Qa2b?m— 2a? bm? + 2ab?mn—ab?n—b3 n®)sinC 


1 4m(ab—am-+ bn) 


(2b? c?m— 2b? em? + 2be* mn—be? n—e8n? sinC 
Ain(cb—bnu+ en) 


Similarly, A,= 


(2a? c?m—2ac?m? + 2a? emn—a*cn—a' *n® )sinC 
3 4m(ac—em+an) 


AN == 34/( A 1 + A 9 + A3). If acnb-—e and m--2n—=#a, A=b(a* 1, 3)=3 area 
of the triangle. 


DIOPHANTINE ANALYSIS. 


65. Proposed by MANSFIELD MERRIMAN, C. E.,Ph. D., Professor of Civil Engineering, Lehigh University, 
South Bethlehem, Pa. 


Show that the number 1521 can be expressed in seven different ways as the sum of 
three perfect squares. Can more than seven different ways be found ? 


I. Solution by M. A. GRUBER, A. M., War Department, Washington, D. C. 

With the aid of a table that I devised for finding the sum of two squares 
equal to a number, I found 1521 expressed in eight different ways as the sum of 
three perfect squares. 1521=39? =2? 419? + 34° =2? + 262 +292 —924 1224362 
—10241424 352 = 1382+142 434? = 13? + 26? + 26? = 14? + 22? + 29? = 19? +22? 
+ 26°. 


II. Solution by CHARLES CARROLL CROSS, Libertytown, Md. 
The terminal figures of square numbers are, 0, 1,4, 5,6and9. These 
may be combined,—taking three at a time, so that the terminal figure will be 


one in the following manner: (5+0+41)..... (1); (94141)...... (2) + (140 
+0)....- (8); (94+646)...... (4); (64441)..... (5); and (6+5+40)...... 


(6). It readily appears that it is impossible to combine any square numbers 
represented by (1), (2) and (8) so as to make 1621. 

Those of (4) are found to be 138? 484? +14? and 13? +26? +26? ; of (5), 
S42 4924192, 262742224192, 267422429? and 14% +4+22?+29?; and of (6), 
142 +362 + 10?,—seven in all. 


215 


. 152118? + 84? + 14° =13? + 26? + 26? 84? 4 2? + 192-26? + 22? 4 19? 
—=267 +2? + 297=-14? +22? + 292--142 + 3852 +10?. 


III. Solution by JOSIAH H. DRUMMOND, LL. D., Portland, Me. 


Let 1521=m?, and «*, y?, and z® represent the three squares ; then x? + 
y? +22*—m?*, and x?—=m* —(y? +27)=m?—2pm+p*.  2wm=—p?+y?+22. Let y 
—=tp and z=sp, then 2m=—p(s? +t? +1). Restoring the value of m, p?==78/(s? + 
t® +1), in which s and t may be any rational numbers. Take s—1, t=1, then p 
= 26; v==m—z = 18, y=tp—26 and z=sp=—26, and 18? + 26° + 26°—1521. Take 
s=2, and t=1, p=18 ; c=26, y=18, z=26. Take s==3, t=—4, then p-3 ; 1=36, 
y=12, 2-9. Take s=2, t==38, p=—89 5 v= 234, y= 48, z=111, and [(234)? + (78)? 
+ (117)2]/49=1521. " | 

While this is a solution of the question read literally, of course, I under- 
stand that the proposer intends to call for integral numbers ; but I have obtained 
seven integral results, only by trial. 


Also solved by SYLVESTER ROBINS, and G. B. M. ZERR. 


66. Proposed by JOHN M. COLAW, A. M., Monterey, Va. 


Find two cubic proper fractions whose product is a square proper fraction. Can a 
general solution be made ? 


Solution by E. L. SHERWOOD, A. M., Superintendent City Schools, West Point, Miss.; CHARLES CARROLL 
CROSS, Libertytown, Md.; and G. B. M. ZERR, A. M., Ph. D., Chester High School, Chester, Pa. 


Let a&/b®, c*/d® be the fractions, a<cb, e<d. 
Then a%c® /b&d&=(a' ce? /bd3)?, 

Let a-=1, 6=2, c-=2, d=8. 

1. 08 /D8== 64, 68 /dS= SH | 

. a8/b6==-(1)3, 65/d6—=(4)3 ; a8e6/b5d® =(1.)?. 
Other fractions can easily be found. 


Also solved by J. H. DRUMMOND. 


67. Proposed by F. P. MATZ, D. Sc., Ph. D., Professor of Mathematics and Astronomy, Irving College, Me- 
chanicsburg, Pa. 


Find (1) four consecutive numbers whose sum is a square, and (2) four consecutive 
numbers the sum of whose squares is a square. 


I. Solution by M. A. GRUBER, A. M., War Department, Washington, D. C. 

Let e—1, x, x4+ 1 and x+2= four consecutive integers. 

(1) Then their sum=—47 + 2==2(2%+1)=2 times an odd number. But this 
result can never be a square. .*. The sum of four consecutive integers can not 
be a square. 

(2) The sum of their squares—42? + 4x + 6==2[2(4? +4+1)+1]=2 times 
an odd number, which result can never be asquare. .*. The sum of the squares 
of four consecutive integers can not be a square. 

If, however, four consecutive numbers may be considered as four fractions 
whose denominators are the same number and equal to 2 times a square, and 
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whose numerators are consecutive integers, then we are able to fulfill the first 
part of the problem. 

Of any four consecutive integers we have shown that their sum is 2 twmes 
an odd number. Now when this odd number is a square, we can find four con- 
secutive fractions whose sum is a square, by making the denominators=2m? and 
the respective numerators=2n(n+1)—1, 2n(n+1), 2n(n+1)+1, and 2n(n+1) 
+2. Whence we have {[2n(n+1)—1]/2m?}+ {[2n(n4+1)]/2m?}4 {[2n(n+1) 
+1] /2m?}+ {[2n(n+1) 4+ 2]/2m? }=(2n + 1)? /m?. 

When n==m=1, we find $+4+$3+§=—3?. When n=1 and m=2, we have 
B4+4454 6--(8)?, When n==2 and m=], we find 1J 4-12 +43 + 14=—5?, etc. 


II. Solution by CHARLES CARROLL CROSS, Libertytown, Md. 


(1) Combining the consecutive numbers we find that 1+2+8+4, 5+6+7 
+8, 6474849, 7484940, and 04+14+2+43 are the only combinations 
whose terminal figure produces the terminal figure of a square. The first 
and third combinations can never produce a square number, because a square 
number whose terminal figure is 0 is always preceded by 0. The second and 
last combinations cannot produce a square number, because a square number 
whose terminal figure is 6 is always preceded by an odd number. The fourth 
combination can never be a square number, because a square number whose ter- 
minal figure is 4 is always preceded by an even number. Hence (1) is incorrect. 

(2) In the Mathematical Visitor, Vol. I, No. 5, page 156, Dr. Martin has 
shown that the sum of three, of four, and of five consecutive squares, cannot be 
a square number. Hence (2) is also incorrect. [See also Mathematical Maga- 
zine, Vol. II, No. 6, page 92.] 


III. Solution by G. B. M. ZERR, A. M., Ph. D., Professor of Science, Chester High School, Chester, Pa. 


(1) Let «, +1, «+2, «+8 be the numbers. 

_ 4n+6=a?, or x=(a? —6)/4. 

. (a? —6)/4, (a® —2)/4, (a? +2)/4, (a? +6)/4 are the numbers. 
(2) 4a? + 12¢4=b? —14. 

*, =31,"(a® —5)—3, where (a®—5) must be a square. 

Let a=3, then —}, 4, 3, 3, are the numbers. 

Let a=24, then —7, —4, &, 4! are the numbers. 

And so for other values of a. 


Also solved by EDWARD R. ROBBINS, and J. H. DRUMMOND. 
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PROBLEMS FOR SOLUTION. 


ARITHMETIC. 
% 
100. Proposed by CHARLES C. CROSS, Libertytown, Md. 


I bought stock at 4% discount, and sold it at 24% premium, paying a brokerage in 
both cases of 4%. If my net profits were $130, what was my investment? (Solve by 
Arithmetie.) 


101. Proposed by F. P. MATZ, Se. D., Ph. D., Professor of Mathematics and Astronomy in Irving College, 
Mechanicsburg, Pa. 
A man gained m=3% on his money, in July; and, in August, lost n=2%. What per 
cent. of his money July lst is his money September 1st? 


x", Solutions of these problems should be sent toB. F. Finkel, not later than November 10. 


ALGEBRA. 
89. Proposed by G. A. MILLER, Ph. D., Instructor in Mathematics, Cornell University, Ithaca, N. Y. 


Solve by quadraties., 


x*y Solutions of this problem should be sent to J. M. Colaw, not later than November 10. 


ere 


GEOMETRY. 


102. Proposed by B. F. FINKEL, A. M., M. Sc., Professor of Mathematics and Physics, Drury College, 
Springfield, Mo. 
Ohne Benutzung des Cirkels eine Strecke AC zuhalbiren, wenn eine Parallele der 
Geraden AC gegeben ist. [Reye’s Geometrie der Lage, Part I, p. 191.] 


108. Proposed by FREMONT CRANE, Sand Coulee, Mont. 
A horse is tethered with a rope which is attached to a stake B on the edge of a cir- 
cular pond containing one acre. How long must the rope be to allow the horse to graze 
over one acre? [From Home Study Magazine, problem 249. | 


104. Proposed by SAMUEL E. HARWOOD, M. A., Professor of Mathematics, Southern Illinois State Normal 
University, Carbondale, Ill. 


To find a point in the circumference of a semi-cireumference such that the sum of 
its distances from the extremites of the diameter shall be a maximum. [From JVentworth’s 
Plane Geometry, Ex. 387.] 


y*y Solutions of these problems should be sent to B. F. Finkel, not later than November 10. 


CALCULUS. 


80. Proposed by B. F. FINKEL, A. M., M. Sc., Professor of Mathematics and Physics, Drury College, 
Springfield, Mo. 


A vessel is anchored in three fathoms of water, and the cable passes over a sheave in 
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the bowsprit, which is six feet above the water. If the cable is hauled in at the rate of a 
foot a second, how fast is the vessel moving through the water when there is five fathoms 
of cable out? What is the acceleration of the vessel’s velocity? [From Byerly’s Problems 
in Differential Calculus.| Ans.—(a) 5/6 feet per second ; (b)12/121 feet per second. Are 
these results correct? 


y*,y Solutions of this problem should be sent to J. M. Colaw, not later than November 10. 


ee 


MECHANICS. 
73. Proposed by J. K. ELLWOOD, A. M., Principal of Colfax Schools, Pittsburg, Pa. 


A sixteen-foot plank weighs thirty-two pounds and is supported by two props, four 
feet and two feet from the ends. What weight is supported by each prop? 


74. Proposed by B. F. FINKEL, A. M., M. Sc., Professor of Mathematics and Physics, Drury College, 
Springfield, Mo. 


In the experiment of swinging in a vertical circle a glass containing water, and sus- 
pended by means of a string, if the string be two feet long, what must be the velocity at 
the lowest peint if the experiment is to succeed? [From Ziwet’s Theoretical Mechanics, 
Part III., p. 96.] 


y*y Solutions of these problems should be sent to B. F. Finkel, not later than November 10. 


ee 


AVERAGE AND PROBABILITY. 
69. Proposed by Rev. W. ALLEN WHITWORTH, M. A. 


There are n equal sugar sticks. Each stick is broken into two pieces, all positions 
of the fracture being equally likely. Of the two n pieces thus formed, a child is to take 
the largest. Show that his expectation is [2n-+1]/[2(r+1)] of astick. [From The Hduca- 
tional Times, June, 1898. | 


70. Proposed by Professor MILLER, 

A ship at A observes another at B, whose course is unknown. Supposing 
their speed the same, prove that the chance of their coming within a given dis- 
tance, d, of each other is always (2/7)sin—'(d/a), whatever the course taken by 
A; provided its inclination to AB is not greater than cos-!(d/a), where AB=a. 

[From Cambridge Mathematical Tripos, 1871.] 


y*y Solutions of these problems should be sent to B. F. Finkel, not later than November 10. 


EDITORIALS. 


F. W. Hanawalt, formerly of DePauw University, Greencastle, Ind., has 
been elected Professor of Mathematics in Iowa Wesleyan University, Mount 
Pleasant, Iowa. 


K. M. Shepard, A. M., Professor of Biology in Drury College, is off on 
leave of absence, visiting the Sandwich Islands, the Philippines, New Guinea, 
Australia, and Samoa, in the interest of his department. 


J. H. Tanner, of Cornell University, and Joseph Allen, of the College of 
the City of New York, have prepared an Analytical Geometry, which, judging 
from advanced sheets sent us through the courtesy of the publishers, the Ameri- 
can Book Company, promises to be a very excellent work. 


Our valued contributor, E. D. Roe, Jra Associate Professor of Mathe- 
matics in Oberlin College, Oberlin, Ohio, had conferred upon him in July the 
degree of Doctor of Philosophy, magna cum laude, by the University of Erlangen, 
Germany; the subject of his thesis being, Entwickelung der Sylvester’ schen De- 
terminante nach Normal-formen. 


BOOKS AND PERIODICALS. 


Elements of Plane and Spherical Trigonometry. By J. W. Nicholson, 
A. M., LL. D., Professor of Mathematics, Louisiana State University and Agri- 
cultural and Mechanical College. 8vo., cloth. Pp. 101+pp. 62 of tables. 
Price, $1.10. New York and Chicago: The Macmillan Co. 

This work presents only the common and most essential elements, it not being the 
author’s aim to write a treatise. It comprises, therefore, what is needed to meet the 
wants of our best colleges and schools. Among the new features of the hook are to be 
found: the Trigonometric Circle, and the introduction of the terms opposite, adjacent and 


like functions. The mechanical execution of the work bears the ‘‘stamp”’ of the publishers. 
p 
B. F. F. 


Introduction to Algebra for the Use of Secondary Schools and Technical Col- 
leges. By G. Chrystal, M. A., LL. D., Honorary Fellow of Corpus Christi 
College, Cambridge; Professor of Mathematics in the University of Edinburgh, 
Author of ‘‘An Elementary Text-Book on Algebra,’? Two Vols. 8vo. cloth. 
xxv+412 pp. London: Adam & Chas. Black. 

Those who are acquainted with Chrystal’s large work on algebra will be interested 
to examine the present work. Any short notice of it is inadequate to give a clear notion 
of its merits. There is one criticism that may be offered, viz.: the printed matter is too 
closely packed, thus marring the appearance of the printed page. B. F. F. 
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Infinitesimal Analysis. By William Benjamin Smith [Ph. D., Gortingen]. 
Vol. I. Elementary: Real Variables. Large 8vo. cloth. 3852 pages. Price, 
$3.25. New York: The Macmillan Co. 

This volume isinline of excellence with the other works written by Dr. Smith. His 
Introductory Modern Geometry of the Point, Ray and Circle, and his Co-ordinate Geome- 
try are books of the highest order, both being written in the light and spirit of modern 
mathematical teaching. The Infinitesimal Analysis treats somewhat in detail the element- 
ary theory and application of the calculus, laying its foundation strong by rigorous argu- 
ment. The author has given more than usual attention to Hyperbolic Functions, Maxima 
and Minima, Operators, Tortuous Curves, Partial Derivatives, Multiple Integration, Jaco- 
bians, Gamma Functions, ete. The work is one of great interest and value, and will add 
additional weight to American authorship in this fascinating field of inquiry. It is to be 
hoped that the great demand for this volume will be an inspiration to its author, and en- 
courage him in the ardious labor of writing Volume II, which, we trust, will soon follow 

B. F. F. 

The Cosmopolitan. An International Illustrated Monthly Magazine. Kdi- 
ted by John Brisben Walker. Price, $1.00 per year in advance. Single number, 
10 cents. Irvington-on-the-Hundson, N. Y. 

A first-class magazine, so low in price as to make it possible to be in every home. 


The American Monthly Review of Reviews. An International Illustrated 
Monthly Magazine. Edited by Dr. Albert Shaw. Price, $2.00 per year in ad- 
vance. Single number, 25 cents. The Review of Reviews Co., 13 Astor Place, 
New York. 


The American Monthly Review of Reviews for October gives special attention to the 
developments of the past month in international politics and to the lessons of the Spanish- 
American war. The editor, in the department of ‘‘The Progress of the World,’ discusses 
the attitude of the Spanish people toward peace conditions, the new relations between 
Germany and England, the Czar’s proposition for disarmament, the Dreyfus case in France, 
England’s reopening of the Soudan. and other serious problems confronting the European 
powers. Important contributed articles review President McKinley’s course in the con- 
duct of the war to a successful close and the deficiencies in our administrative machinery 
revealed by the fatal delays and break-downs in the medical and subsistence departments 
of army management. 


ERATTA. 
June—July Number. 

Page 164, line 19, for ‘*)“/1—n2”’ read 1/14 7?. 
Page 165, line 9, for ‘‘(’’ read ). 
Page 168, line 2, for ‘‘(a+em)*’’ read (a+cm)’. 
Page 168, line 12, for ‘‘(c—y)’’ read )c--y)?. 
Page 168, line 17, for ‘‘i7’’ read 47. 
Page 169, line 10, omit ]. 
Page 169, line 12, insert ] at end of line. 
Page 169, line 15, for ‘‘am?”’ read a?m. 
Page 169, line 16, for ‘‘(R+7r)’’ in denominator, read (R—7r). 
Page 169, line 18, insert ] at end of line. 
Page 170, line 4 insert f#? before sin. 


THE 
AMERICAN 
MATHEMATICAL MONTHLY, 


Entered at the Post-office at Springfield, Missouri, as Second-class Mail Matter. 


Vou. V. OCTOBER, 1898. ° No. 10. 


ON THE GROUPS WHICH ARE DETERMINED BY A GIVEN 
GROUP. 


By DR. G. A. MILLER. 


A group (G) generally determines a number of different groups which 
throw much light on the structure of G. It is the object of this paper to study 
some of the properties and uses of these groups. When we transform each of 
the operators of G by any one of them the consequent permutation of these oper- 
ators determines a substitution. If we use all the operators of any subgroap of 
Gas transformers the corresponding substitutions will evidently form a group 
which has a 1, a isomorphism to the given subgroup, where the value of @ gen- 
erally depends upon the particular subgroup whose operators have been 
employed as transformers. 

If we employ all the operators of G as transformers the corresponding sub- 
stitutions form a group which has a 1, 8 isomorphism to G. This group has 
been called the group of cogredient isomorphisms of G. It is clear that @ is the 
maximum value of a. Hence all the @’s are equal to unity whenever 6==1. In 
this case all the isomorphisms are said to be simple and this process does not 
lead to any group except those that are found in G. 

When some of these isomorphisms are not simple the given process may 
lead to groups that are not contained in G. The group of lowest order in which 
this happens is the well known quaternion group of order 8. In this case the 
group of cogredient isomorphisms is the four-group, which is clearly not contain- 
ed in the quaternion group. The groups which correspond to the transforma- 
tions obtained by using the operators of a subgroup are clearly contained in the 
quaternion group. When the order of such a subgroup exceeds unity a=(==2. 
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Since # operators of G must transform its operators according to the same 
substitution in its group of cogredient isomorphisms, G must contain just ( oper- 
ators that are commutative to each one of its operators. These constitute 
an Abelian characteristic® subgroup of G. This subgroup may be called the co- 
gredient subgroup of G. Hence the factors of composition of G are the prime 
factors of @ together with the factors of composition of its group of cogredient iso- 
morphisms. The group of cogredient isomorphisms of the group of cogredient 
isomorphisms is called the second group of cogredient isomorphisms. From the 
preceding paragraph it follows that the second group of cogredient isomorphisms 
of the quaternion group is identity. 

From the second group of cogredient isomorphisms we may obtain the 
third in the same manner as the second was obtained from the first, etc. If we 
arrive at identity by finding the successive groups of cogredient isomorphisms of 
a given group the group must be solvable since its factors of composition must 
be prime numbers. There are, however, many solvable groups which do not 
possess this property, e. g. the symmetric group of order 6. Hence the given 
eondition is sufficient but not necessary for the solvability of a group. 

' G may have simple isomorphisms to itself which cannot be obtained by 
transforming it by its own operators. All such isomorphisms can be obtained by 
transforming G by operators that transform it into itself and they correspond to 
a group known as the group of vsomorphisms of G. This group contains the group 
of cogredient isomorphisms as aselfconjugate (not necessarily characteristic) sub- 
group. While the group of cogredient isomorphisms of G has a1, # isomor- 
phism to G the group of isomorphisms of G need not possess such a property ; e. 
g. the group of isomorphisms of the four-group isthe symmetric group of order 6. 

The group of isomorphisms of G is very useful in the study of groups 
which contain G as a self-conjugate subgroup. Such a group must transform the 
operators of G according to its group of isomorphisms or according to some sub- 
group of this group. In substitution groups the group of isomorphisms is very 
useful to determine the number of intransitive groups that can be formed by mak- 
ing a group simply isomorphic to itself. Among the types of groups whose 
groups of isomorphisms have received considerable attention are the Abelian 
groups which contain no operator, besides identity, whose order differs from a 
given prime number,f{ the alternating and the symmetric group of any degree,|| 
and the cyclical group of any order.§ 

We sometimes arrive at additional groups by finding the successive groups 
of isomorphisms of G, 7. ¢. the group of isomorphisms of the group of isomor- 
phisms, etc. In particular, it is well known that the group of isomorphisms of 
the group generated by three independent commutative operators of order 2 is 
the simple group of order 168 and that its second group of isomorphisms is the 


*Frobenius, Berliner Sitzungsberichte, 1895, page 183. 

tCf. Frobenius, Berliner Sitzungsberichte, 1895, page 184. 

tCf. Moore, Bulletin of the American Mathematical Society, vol. 2, 1895, pages 33-48. 
\|Cf. Hoelder, Mathematische Annalen, vol. 46, 1895, pages 333-345. 

§Cf. Burnside’s Theory of Groups, 1897, page 240. 
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group of order 836, which may be represented as a transitive eroup of degree 8. 
We do not obtain any additional group by finding the higher groups of isomor- 
phisms since the group of isomorphisms of a simple group of composite order is 
necessarily complete.* 

It may happenthat a group is simply isomorphic to its group of cogredient 
isomorphisms as well as to its group of isomorphisms. Such a group has been 
called a complete group. The symmetric group of every degree except two and 
six is complete. The group of degree 4 and order 8 is an example of a group 
that is simply isomorphic to its group of isomorphisms without being simply iso- 
morphic to its group of cogredient isomorphisms, while the alternating group of 
every degree except three is simply isomorphic to its group of cogredient isomor- 
phisms without being simply isomorphic to its group of isomorphisms. The 
evclical group of composite order is clearly not simply isomorphic to either of these 
groups of isomorphisms. | 

Kivery selfconjugate subgroup of a group may be regarded as a modulus 
with respect to which all of its operators may be divided into sets containing an 
equal number of operators. These sets of operators determine a group known as 
the quotient group of the given group with respect to the particular selfconjugate 
subgroup. We have seen that such a quotient group need not be simply isomor- 
phic to any subgroup of the given group. 

If s and ¢ represent any two operators of the group (G), s—t—!st will also 
represent an operator of G. All the operators of G that can be represented in the 
form s—t—!st generate the commutator subgroup of G. This subgroup has also 
been called the first derivative of G. With respect to this derivative G is iso- 
morphic to an Abelian group of maximum order. The necessary and sufficient 
condition that @ is solvable is that we arrive at identity when we form its succes- 
sive derivatives.| G may have several self-conjugate subgroups as well as sev- 
eral characteristic subgroups, but it can have only one commutator subgroup as 
well as only one cogredient subgroup. Ifa group coincides with its commutator 
subgroup it is said to be perfect. 

If G is represented as a regular group the largest substitution group of the 
same elements that transforms G into itself determines the holomorph of G,t 4. 
e. this substitution group is simply isomorphic to the holomorph of G. Thesub- 
group which includes all the substitutions that do not contain any one element of 
this substitution group determines the group of isomorphisms of G. The holo- 
morph of G may also be defined as the largest group that transforms G into it- 
self and contains only as many operators as are contained in G that are commu- 
tative to every operator of G. When G is a complete group the order of its hol- 
omorph is the square of the order of G. 

When G contains a subgroup that does not include any selfconjugate sub- 
group besides identity, it can be represented as a transitive substitution group 


*Cf. Ibid, page 238. 
tMiller, American Journal of Mathematics, vol. 20, 1898, page 277. 
tDyck, Mathematische Annalen, vol. 22, 1888, page 90. 
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whose degree is obtained by dividing the order of G by the order of this sub- 
group. When the subgroup is a maximum subgroup the corresponding transi- 
tive group is primitive; when this condition is not satisfied it is imprimitive™. 
All subgroups of this type that can be made to correspond in a simple isomor- 
phism of G to itself, and only these, lead to the same transitive group. Hence 
we can readily obtain all the transitive substitution groups that are determined 
by G, 7. e. those which are simply isomorphic to G. 

From what precedes it follows that the complete study of a group (G) im- 
plies the study of its successive groups of isomorphisms and those of cogredient 
isomorphisms, its selfconjugate subgroups and the corresponding quotient 
groups, its successive derivatives and the corresponding solvable groups, its char- 
acteristic and cogredient subgroups, its subgroups that do not involve any self- 
conjugate subgroup besides identity and the corresponding transitive substitution 
groups, etc. From this standpoint each group generally determines a group 
complex whose various parts throw much light on the structure of the group. 


Chicago, August, 1898. 


*Dyck, Mathematische Annalen, vol. 22, 1888, page 90. 


INFINITY, THE INFINITESIMAL, AND ZERO. 


By HENRY HEATON, M. Sc., Atlantic, Iowa. 


So much has been written upon this subject that I do not flatter myself 
that I can write anything new. I shall only attempt to point out a few of the 
things that have been written that to my mind plainly cannot be true, and with 
these errors in view endeavor to express the truth as I see it. If in so doing I 
fall into error I shall have the satisfaction of knowing that greater men have done 
the same. 

In the Analyst, Vol. VIII., pages 105-118, Professor Judson has a very 
interesting article upon this subject in which he quotes freely from many distin- 
guished authors many things that are plainly fallacious. Yet when he attempts 
to outline his view of the subject it seems to the writer that he blunders fully as 
badly as those whom he criticises. 

He says: ‘‘(7) A variable which decreases indefinitely and which by reason 
of its indefiniteness, may be considered as less than any assignable value, is called 
an infinitesimal. We shall make use of a horizontal 0 to represent an infinitesi- 
mal. Thus, read when x=c, when x decreases indefinitely or when z is an in- 
finitesimal. 

(8) If a be a constant the expression a/O =o anda/m=o are rigidly 
exact.”’ 
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He says further, ‘‘oo ta=o, also Oo X# =0/0 is wholly indeterminate. 
We cannot write ako =a, nor can we write ato =c, if ¢ is a constant.”’ 

He quotes Professor DeMorgan with evident approval as saying that he 
dates his first clear conception of mathematical] infinity from the time when he 
rejected the relation a/O=o. 

He says: ‘‘Instead of saying the ‘tangent is infinite when x==90°’ we 
may say ‘the tangent of x becomes infinite as x approaches 90°’. In tracing 
curves, if y=a*/(a—a), we should say, y becomes infinite as z approaches a, and 
not when v=a.”’ 

Dr. Davies, in his Differential Calculus, Art. 56. says: ‘‘When therefore 
each part becomes infinitely small, any finite number of them is 0, but an infinite 
number of them is equal to a finite quantity.”’ 

If a finate number of them equals 0, how about one of them ? 

In Lilley’s Higher Algebra under the interpretation of a/0 I find the fol- 
lowing remarkable statement. ‘‘Dividing 12 by a number that decreases by 1 
12 12 12 12 


—-==3, a3 49 => ——==12 


each time commencing with +4, we have +1 


“i =0, etc. 3 means that 3 times +4 can be subtracted from 12 and leave 0; 
4 means that 4 times +38 can be subtracted from 12 and leave 0; the quotient 0 
means that there is no number of times zero that the divisor, 0, can be subtracted 
from 12 and leave zero.’? His general conclusion is then that a/0-=0. 

He says: ‘‘If a constant be divided by an infinitesimal, the quotient is 
infinity, and if a constant be divided by infinity, the quotient is infinitesimal.” 
Thus agreeing with Judson. 

His conclusion that a/O=0 is the result of a mere play upon words. He 
overlooks the fact that if a/O—0 then if 0 be subtracted from a O times the result 
must be 0. 

I am willing to agree with these writers that a/0 is the symbol of impos- 
sibility ; but I would say that oo is also the symbol of impossibility. Hence, 
a/O—=o. 

a/« does not equal infinity so long as x has the slightest shadow of value. 

I believe that mathematical infinity is something beyond the ken of even 
a Professor DeMorgan, that he was never so far from having a correct conception 
of it as when he claimed to have a clear conception of it. Tanz does not become 
infinite as x approaches 90°, for so long as « differs by the shadow of a hair from 
90°, tanz is finite. 

I think I know exactly what is meant by the term zero. But I can have 
no conception either of infinity or of the infinitesimal, and I think it would be 
well if mathematicians would let both pretty severely alone. 

If w=? and du==an increment that wu receives as a result of an increment 


dx to the value of x; then du=2xdz+dz2?, and ot 99 +dz. This equation can- 


not reduce to ft in any other way than by putting dz, and consequently 
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du=—absolute zero. If da has any value at all, infinitesimal or otherwise, 


aw does not equal 2z. 


dx 
If ua", the general expression for oe supposing du and dz to have 
; _ du n (n—1) n(n—1)(n—2) 
‘ y(n —1) (m —2) (n —8) (J 2 
definite values, is io + aye da + 9.3 a da? , 


ete. When dx—0, and not before, this reduces to ot nak —1), Thisis called 


the differential coefficient of wu with respect to z. 
It may be ridiculous to say 0/0 equals anything. But there can certainly 
be no objection to saying that the differential coefficient of a function wu with re- 


; ; ; Lu 
spect to 7, is the value to which the general expression for reduces when dx 


dx 
is equated to O, for this is what the differential coefficient really is. 

It may be readily shown that the differential coefficients, or derivatives,of 
two equal functions are always equal, and that if two derivatives are equal their 
primitives can differ only by a constant quantity. 

The results obtained by integration are correct because of this last truth. 

The process called integration, instead of being the summing of an infinite 
number of infinitely small quantities, is really the process of finding the primi- 
tive corresponding to a given derivative. 

As an illustration I shall compute the variable volume, V, of a right cone 


whose variable altitude is x and the radius of whose variable base is alae If dv 


h 
is any increment which V receives as a result of an increment dz to z, then 
22 

dV =" de + pds’). Where p is a variable finite quantity known to be 

, - 5 aa Ve oa® aa 
less than the circumference whose radius is -a Hence We + pdx, 

: . . aV 22 
When dz is equated to zero the expression for Te reduces to 72 Hence, 
2 mp2 ; 22 

“ - ” is the derivative of V with respect to z. But * - ” is the derivative of 
azar a* hr 


+C. Hence V,”= 


3h? 5) 
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DEPARTMENTS. 


SOLUTIONS OF PROBLEMS. 


ARITHMETIC. 
98. Proposed by J. SCHEFFER, A. M., Hagerstown, Md. 


A poor man borrowed $20 which he repaid in eleven monthly installments of $2 each ; 
what was the annual rate of interest (reckoned as simple interest)? 


Solution by G. B. M. ZERR, A. M., Ph. D., Professor of Natural Science, Chester High School, Chester, Pa. 

Here we use the same formula we have used often before in the MONTHLY : 
_ Pr(l+r)" 

Pry —1 
Where p=2, P=20, n=-11. 
o. WL+tr)tt—2—20r(14r)12. 0.7. WQ1+7)11C1—10r)=2. 
.r==.016 nearly. 12r==.192—193% nearly. 
.. 194%=rate of interest. 

Also solved by ELMER SCHUYLER. 

99. Proposed by B. F. FINKEL, A. M., M. Sc., Professor of Mathematics and Physics, Drury College,Spring- 

field, Mo. 
If 300 cats kill 300 rats in 300 minutes, how many cats will kill 100 rats in 100 minutes? 


I. Solution by the PROPOSER. 


1. If 3800 cats kill 300 rats in 300 minutes, 

2. 1 cat will kill 1 rat in 800 minutes, 

1 cat will kill 100 rats in 8000 minutes, and 
300 cats will kill 100 rats in 100 minutes. 


He OO 


II. Solution by CHARLES C. CROSS, Libertytown, Md. 


If 300 eats catch 800 rats in 800 minutes, then 1 cat will catch 300 rats in 
9000 minutes, or 1 cat will catch 100 rats in 3000 minutes. 
Hence 300 cats will catch 100 rats in 100 minutes. 


Also solved by G. B. M. ZERR, FREMONT CRANE, and ALOIS F. KAVORIKE. 


ALGEBRA. 


86. Proposed by J. MARCUS BOORMAN, Consultative Mechanician, and Counsellor at Law, Woodmere, 
Long Island, N. Y. 


Solve «?+yz==16...... (A); y®+azs=17...... (B) 5 2? +ay==22 
for all the roots. 
I. Solution by G. B. M. ZERR, A. M., Ph. D., Professor of Mathematics and Science in Chester High School, 
Chester, Pa., and Prof. J. SCHEFFER, A. M., Hagerstown, Md. 
Let y=v2z, z=. 
0? + uw? 16, v?a? + wer=17, wea? + ue? =22...... (1, 2, 3). 
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(1)+(2), (Ltow)+(w? +w)=t8...... (4). 

(1)+(8), (1to0w)+(w*? +0)= By... -.- (5). 

Eliminating v between (4) and (5), we get 

59w+—378w? +704w? —315w—106=0...... (6). 

. w=2, or —.21774, or 2.81226+.17807)/(—1). 

v==1.5, or 1.02072, or 2.29118+.14986,/(—1). 

a==2, or 4.538566, or 

y==8, or 4.62964, 

24, or —.98759. 

v is found from (5). .*. v==(8w? —11)+(11lw—8). 

The imaginary values of a, y, and z can be found from z=4+)/(1+ ow), 
Y==VL, 2=WK. 

[The only rational value of (6) is w==2. .". v=3, and substituting z=2z, 
y--8a+2 in the first of the given equations we get 4¢?=-16, whence r=+2, 
y=t3, z==4. Dividing the biquadratic by w—2, we get the cubic equation 
59w3 —260w? + 184w+73=0, which furnishes the other roots of w, these being, 
however, irrational. SCHEFFER. | 


II. Solution by the PROPOSER. 


By r (ratio) y=ra:..... 2? + yy? ==22...... (C). 
a” + raz=16...... (A); deduct r(B)—(A). 
"7? a? +ae=17...... (B); (r8—1)a?=17r—15...... (D). 
Deduct r?(4)—(B)_ .....(r3 —1)az=16r? —17...... (EB). 
(r8—1)(C) is...... (rt —r)a? + (7? — 132? = 22r3 — 22. 
r(D) i8...... 000s (rt—r)u? oo... eee =17r?—16r. Subtracting, 


(73 —1)2® =227r3 — 177? + 167r—22. 
Multiplying this equation by (D), 
(73 —1)2 x22? 87473 — 64173 +5447? — 638074 352. 
(7? —1)? 022? —256r4 —544r? +289. Subtracting (/)’, 


O=118r4 —641r? + 1088r? —6307r+68 ......... (E)* 
Obviously r=1.5. ... 177 — 696 588 — 63 
. 11873 —464r? + 892r — 42 = 0...... (H,). 
(BH) i8......0 ee. 59r3 —232r? + 1967 — 21 — 0...... CI’) .°. r=1.8. 


7, ==0.125069 382246 530823 732 
ro —=1.021700 042125 541767 819 
fqgz=2.785433 965458 486383 025. Same way, z=tz. 


, 59t? —260¢2 + 184¢+538=—0...... (G). Obviously, t=2.° 

t,== 1.207289 829921 588026 2730 

ty—=—0.217739 956758 32493 ..... 

taz= 8.417229 787848 69105...... Also got by 

(EB) +(D)==t=(16r? —17)+(17r--16)...-.. (H)......18 [16(1.5)? —17] + 


[17(1.5)—16]=2=4, ete. 
Get « by (A)...... vo? (1+rt)=16 ; obviously rf —3(2)=8. 
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7. 7?(148)=165 ...... eek ,2; y=,8;5 2-414. 


Test ry...... t,, etc., by (B)(C) gives 17(t? +r) =22(r? +1)...... (JS). 
. Thus 7, =G.125...... in (J) fives t; =1.2078 (4 true decimals). 


fT, =1.0217 in (J) fixes ty =0.217739 (6 true decimals). 
tq= 2.785484 in (J) fixes tz=8.417229 (6 true decimals). 


7. 0, c=, to YY, Eee. to @, se, ..... 

3.728406 657543 8 0.466809 516672 3 4.501267 432220 0 

a to Yoteeyeeeee to a 

4.536281 490681 969 4.684718 990128 08380 |0.987729 704967 0174 

i to Yar Eee eee. to Sgt Ey ne eee. 

1.238842 644210 0772 | 3.485894 472231.4779 =| 4.214615 222418. 7456 
Read+,...... rr +, ‘‘change in unison,’’ not + prime, = prime. 


One page finds all 24 roots of x, y,z. Q. V. D. 


[Prof. Charles C. Cross remarks that two solutions are given in the Math- 
ematical Diary for 1881, pages 150-151, and that there is quite an interesting his- 
tory of this ‘‘curious and important question’’ given by ‘‘Unicorn,’’ of North 
Carolina. 


87. Proposed by the late B. F. BURLESON, Oneida Castle, N. Y. 


A starts to travel around a circular island at a given point and travels at the rate of 
5 miles in 4 hours. One half hour after A, B starts from a point directly opposite from A 
and travels in an opposite direction at the rate of 4 miles in 8 hours.’ One hour afterwards 
C starts from the same point as A and travels in an opposite direction to A at the rate of 
3 miles in 2 hours. One half hour afterwards D starts from the same point as B and trav- 
els in an opposite direction to B at the rate of 2 miles in 1 hour. Required the size of the 
island, and when they will all be together, and how far each will have traveled at the ac- 
complishment of this event. 


Solution by the PROPOSER. 


This problem furnishes a good example in indeterminate analysis. Of 
course an unlimited number of answers may be obtained each of which will sat- 
isfy the conditions of the problem ; but we shall be content to show in what man- 
ner one set may be obtained. 

A’s rate of travel equals 14 miles per hour, 5’s rate equals 13 miles per 
hour, C’s rate equals 13 miles per hour, and /’s rate equals 2 miles per hour. 
B starts 3 hour after A starts, C starts 13 hours after A, and D starts 2 hours 
after A. 

Let c=the circumference of the island; then A and B will be together for 
first time after A starts in [(2c—14 x 3)/(144+14)]+2~=(66+8)/31 hours. 

For the second time in [(14e—14 x $)/(144 13)] + $=(18c4+8)/81 hours ; 
and for the (m+1)th time in [(6+12m)c +8]/31 hours.......(A). 

A and C will be together for the first time after A starts in [(e—13 x 14)/ 
(1$+14)]4+12=(4c4+9)/11 hours. 

For the second time in [(2c—13 x 14)/(14+14)]4+14=(8¢+9)/11 hours ; 
and for the (n+1)th time in [(4+4n)c+9]/11 hours...... (B). 
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A and D will be together for the first time after A starts in [(4c+14 xX 2)/ 
(2—14)]+2=(2c+16)/3 hours. 

For the second time in [(14¢+14 x 2)/(2Q—14)]+2=(6c+ 16) /3 hours, and 
for the p+1 time in [(2+4p)c+16]/3 hours ..... (C). 

Now when the four persons are all together, the general expressions (A), 
(B), and (C) will represent the same number of hours. Hence, at the occurrence 
of such an event, we may equate them, and we shall have 


[(6+ 12m)c¢+8]/82=[(44+ 4n)c+9]/11...... (1), and 
[(44+ 4n)e+9]/11=[(24+4p)c+16]/3...... (2). 
From equation (1) we obtain c=191/(182m—124n—68)...... (3). 
From equation (2) we obtain c=149/(12n—44p—10)...... (4). 
Equating (8) and (4), clearing of fractions, and dividing the resulting 
equations by 44, we obtain 447m—472n+191lp=153 ..... (5). 


Here we have three unknown quantities to be determined from a single 
equation, but as their values are necessarily restricted to whole numbers, we de- 
termine one set of such values as follows: Give to one of the unknown quanti- 
ties any integral value we choose ; as 8 is a convenient value, put 7 =8, and (5) 
will become 447m—472n =—13875...... (6), or m=n4+ (25n—1875)/447..... (7). 
Now as the fractional expression (25n—1375]/447 must be a whole number, in 
order to make m such, give to n any integral value in it that shall render the ex- 
pression a positive quantity. For instance, put »=70 and the expression will 
become 348. We perceive that m must be increased to give an integral result, 
and by how much we determine as follows: 


(25 x 447 — 375) /25=832. .:. if we take n=4324+ 70=502 we shall find 
that the expression will equa] 25, a whole number, and by substitution in (7) we 
shall find m-=502+25=527. .°. the values p=8, m=527. and n=502 will satis- 


fy equation (5). Substituting these values in equations (3) or (4), we have c=4'5 
of a mile, the circumference of the island. Again, substituting these values 
found for m, n, p, and ¢ in either of the expressions (A), (B), or (C), we find that 
A, B, C, and D will be altogether in 5/2 hours after A starts. 

Proof and remaining answers. In 5}2 hours A will travel 1,%' x }=7.3, 
miles, and he will go around the island 7,%, + 3'; =2623 times, and hence will be 
at B’s starting point at the end of the time. £, who travels ? hour less than A, 
or 642—1{=195 hours, will travel 49° x $= 6,8 miles, and he will go around the 
island 6,°;~+5!, =260 times, and hence will be at his starting point at the end of 
the time. C, who travels 14 hours less than A, or 543—1$=145,7 hours, will 
travel 19,7 x 3=612 miles, and he will go around the island 615+) = 2851 times, 
and hence will be at B’s starting point at the end of the time. D, who travels 2 
hours less than A, or 512--2=38}6 hours, will travel 312 x2=7,5, miles, and he 
will go around the island 7,5, +s =276 times, and he will be at B’s starting point 
at the end of the time. As they will all be at 5’s starting point at the end of 51° 
hours after A starts, they must all be together in that time. 
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GEOMETRY. 


97. Proposed by CHARLES C. CROSS, Libertytown, Md. 


Prove by pure geometry: The radius of a circle drawn through the centers of the 
inscribed and any two escribed circles of a triangle is double the radius of the circumscrib- 
ed circle of the triangle. 


I. Solution by M. A. GRUBER, A. M., War Department, Washington, D. C. 


Let ABC=any triangle, S be the center of the inscribed circle, and P, N, 
and O, the centers of the eseribed circles. Put 
BC=a, AC=b, AB==c, Sh=r, PE=r,, NH =r,, 


OM=r,, arte os, A -=area of AABC. 
AABC=A BCS+ AACS+ A ABS 
ra rb re, _ 
=F + g 7+ ge arlat bt C)==Ts..... (1). 
Polygon ACPB= aA ABC=ACPB=A ACP 
; mya 7,0 rye 
+ AABP;orrs+ yp SD whence rs 
=T; (tee a), OY TST, (SHA ee eee (2). 
ob 
Polygon BANC=A ABC + AANC=4 BAN+ ABCN; or r3¢ = 
= whence peor, (“448 _» ), or rs==7,(s—b).....: re (3). 
Similarly, we find rs=r, (store —c), OF TS==7g(S—C)..... eee (4) 
Then (1), (2), (8), and (4), respectively, give rs==-A, 7,(s—a)=—A, 
Ls A A 
ry(s—b)=A, and r,(s—c)=—A. Whence Poy My Sy Te = and 
_ A 
a 


As it is readily proved, we simply state that the lines drawn from the cen- 
ters of the escribed circles, respectively, to the vertices of the opposite angles of 
the triangle, are (1) The bisectors respectively of the angles of the triangle, and 
hence pass through the center of the inscribed circle, and (2) The perpendiculars 
respectively to the lines joining the centers of the escribed circles ; as BN bisects 
/ ABC and is perpendicular to PO. 

Again, leaving the burden of proof to the reader, hinting, however, that 
Z MBL is bisected by PO as a property of escribed circles, we find the following 
sets of triangles similar: PEBand OLB; OLA and NIA; NIC and PHC. 

Let HO=a«, IC--y, AL-=2; then BE=a—xz, Al=b—y, BL=-=c—z. 

From the sets of similar triangles just noted we obtain the following pro- 
portions, remembering that PE=r,, NI=-r,, and OL—r,. 


C—2 3 Ty A—U E17, OF 1y (CH) (A— 2X) Loc cece eee eee (1). 
?,==b—Y 3 T., Or p= ee ee ee eee eee eee ee ee eens (2). 
2 
Yt fo": 7T,, or galt eee eee ee ee eee eee eee ene eee (3). 
2 


Substituting the values of z and zx, of (2) and (8), in (1), we find 


__ Ty¢ 4h. 2G=D _ _¢(s—c) a. 


Sr Or, | 2s—b) 2(s—b) 


Whence b—y=s—c, x-=s—b, a—x=s—c, z=s—b, and c—z=s—a. 


y= bb +2 


Then PB= 1/|(a—2)? +rel=\( acts) ); po=,|(“—), PO=PB 


by/ (ac) 
BO =. 
+ BO VY [(s—a) (s—c)] 
ee) | (be(s—c) \. _ _ ay/ (bc) 
—_ Ifab(s—a)\, | fab(s—b)\. _ = cy’(ab) 


If aes i( bcs I(-2 abs es) 
Also NB= (“4 ~)s PA=\ ——*.); 0C= =\(5_.): 
From the similar triangles PAN and PCS, we have 


PN: PA=PS : PO, or — OV) /( bes \ _pg ; \( (ee=) ); 


Vy [(s—a)(s— b)] —) s—a 
__ ay/ (be) 
whence PSF (s—a)]" 
wo — ¢y/(ab) _ by (ac) 
Similarly, OS=—Fs(a—e)]” and NS = Ts(s—b)]" 


The radius of the circumscribed circle of any triangle equals the product of 
the three sides divided by four times the area of the triangle. 

Put the radius of the circumscribed circle of AABC=R, of ANSO=RK,, 
of APSO=R,, of APSN=R,, and of APON=Rfk,. 

Sides of AABC are a, b, ¢; and area=y/[s(s—a)(s—b)(s—c)]= 


abe 


k= tA” 


ay/ (be) cy/ (ab) by (ac). and 


Sides of ANSO are V [(s—b) (s—e)]’ V [s(s—e)]’ Vy [s(s—b)]’ a 


abc;/(s—a) 
24/[s(s—b)is—c)] 


area == 
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abe 


A 2A 


—=2R. 


; b\/(ac) cy/ (ab) ay/ (be) 

Sides of APSO STF aEREEREST EP TECener ERieeanar eeraareameer ———.; and 
moe are V [G—ays—a]’ Vise] [s(s—ay] 
abe,’ (s—b) 


area — 2)’ [s(s—a)(s—e)] © 


cy/ (ab) ay,’ (be) by (Cac) | and 


Sides of A PSN a] fT RC 2 RC 
Hees 0 ~ V1G=a=dP Visa] G=by 


abey/(s—c) 


aren 24’ [s(s—a) (s—b)] 


by/(ac) ay/ Che) cy Cab) 
V [(s—a) (s—e)]’  /[(s—b) (s—0)] Es a)(s—b))? 
abc, s 
21/ [((s—a)(s—b)(s—c)] ° 


abe 
hy = —=2R. 
+ 24a 
Hence the general proposition: The centers of the escribed and inscribed 
circles of a triangle are the vertices of four different triangles the radii of whose 
circumscribed circles are equal. | 
Take a=14, b==18,c=-15. Then r—4, 7,12, r,=103,7r,==14, and R--8}. 


Sides of A PON are 


and area== 


II. Solution by G. B. M. ZERR, A. M., Ph. D., Professor of Mathematics and Science, Chester High School, 
Chester, Pa. 


Let ABC be the given triangle, then if G is the incenter of ABC, EF, F, D 
are its excenters. The circumcircle 3 
of ABC is the nine-points circle of 
EDF and G its orthocenter. Hence 
PQ is a diameter of the nine-points 
circle, since P is the mid-point of FG 
and @ the mid-point of ED. 

.. The mid-point of PQ is the 
center of the nine-points circle. 

Let O be the circumcenter. 
Then the mid-point of GO is the cen- 
ter of the nine-points circle ; since per- | 
pendiculars to the mid-points of CQ and LA, chords of the nine-points circle, in- 
tersect at the mid-point of GO and also at the center of the nine-points circle. 


.. PQ and GO bisect one another at M. From the triangles QO and 
GPM, GM=OM, PM=QM, ZOMQ=ZPMG. .. OQ=PG=FP, and OQ is 
also parallel to FP. ... OF=PQ. 

.. The radius of EFD=the diameter of ABC. Perpendicular to P'G at 
the point P draw PO’=QD. Then since FP=PG=O0Q, O'F=0'G=OD. 

“. OF =O0O'F=O0D=0'D=0'G. 

*, radius of FGD=radius EFD=diameter ABC. 

Similarly radius EGD and radius EGF=radius (each) EFD. 


98. Proposed by EDWARD R. ROBBINS, Master in Mathematics and Physics, Lawrenceville School, Law- 
renceville. N. J. 


Construct a circle which shall pass through two given points and touch a given cir- 
cle, (1) when the distance between the points is less than the diameter of the circle, and 
(2) when it is greater. 


I. Solution by G. B. M. ZERR, A. M., Ph. D., Professor of Mathematics and Science, Chester High School, 
Chester, Pa. 


The construction for both cases is the same. 

I Case. ' Let A, B be the given points, CM DK the given circle. Through 
A, B draw the circle ABEF intersecting the given circle in F, F. Draw AB, 
EF intersecting at G. Draw the tangents GK, GM. Draw QQ, perpendicular 
to AB at its mid-point. Through R, the center of CMDK, draw RM, RE inter- 
secting QQ, in O,, O. Then O, O, are the centers of two circles satisfying the 
conditions, and ABK, ABM are the circles. 

II Case. Let C, D be the given points, AHBL the given circle. Through 
C, D describe the circle CDEF intersecting the given circle in #, #. Draw CD, 
EF intersecting at G. Draw the tangents GH, GL. Draw RR, perpendicular 
to CD at its mid-point. Through Q, the center of AHBL, draw QL, QH inter- 
secting RR, in P, P,;. Then P, P, are the centers of two circles satisfying the 
conditions, and CDL, CDA are the circles. 

In the above both points are without the given circle. This problem is 
thoroughly discussed on page 271, No. 8, Vol. I., THE AMERICAN MATHEMATICAL 
MONTHLY. 


II. Solution by FREDERIC R. HONEY, Ph. B., New Haven, Conn. 


The following description applies when the distance between the points is 
less, and when greater than the diameter of the circle. 

Let a and b be the given points and A the circumference of the given circle. 

Through a and 0 pass a circle the circumference of which intersects A atc 
and d. Draw ba and de and produce these lines until they meet at e. Draw ef 
tangent to A. Through the point of tangency f and the given points a and b 
pass the required circle C. Since two tangents may be drawn there are, in each 
case, two solutions. 

Analysis of the construction: eb x ea=ed x ec=(ef )*. 


-Nore. Fora demonstration of this same proposition with a diagram, see Vol. I., page 271. Pro- 
fessors Zerr and Honey each furnished neat diagrams with these demonstrations, but we believe the 
demonstrations sufficiently clear without them. Eb. F.|] 
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CALCULUS. 


75. Proposed by 0. W. ANTHONY, M. Sc., Instructor in Mathematics, Boys’ High School, New York City. 


e . e d*y 6 
] a they 
Solve the differential equation A +ny ~2 Y 


I. Solution by G. B. M. ZERR, A. M., Ph. D., Professor of Mathematics and Science, Chester High School, 
Chester, Pa. 


d?u 6 du 
vet y—ux8 Og 
Let y=ux, the equation then becomes qe + oda 


Consider the equation d?v/da? +n?v=0. 

Then (dv/dx)? +n? v? =A=n?ec?. 

J. zdv/y/(C?—v?)=ndz. .°. v=ccos(nz+a@), or csin(na+a@). 

Let «?=dz, and change the independent variable from z to z. 

. 22(d?v/dz?)+dv/dz+n?v=0. 

Differentiate this last three times with regard to z, and let t==-d?v/dz?, then 
we get 22z.(d?t/dz?)+7.(dt/dz)+n?t=0. 

Now re-change the independent variable from z to 2. 


+n?u—0. 


J. d*®t/dx? 4 6 Ht eo. 
ge ax 


_,  d’v _ ( 1 d ) . 
U=t=—5 = GE [ccos(na + @)]. 
1 d 
y= 2s(—_._ ) [ccos(na + @)], 
3 a 3 
en] ( 1— "3 )sin(nr-+a) +5, costna +a) 


; 5) ; 3 
= | ( 1-3 )sin(nz +a) +——cos(ne-+ ay |. 


If we had written v=csin(nz+a), 
_ oO. ( o 
Y= o| = sin(na-+@) _ I~ Jeos(ne + a) |. 


II. Solution by WILLIAM HOOVER, A. M., Ph. D., Professor of Mathematics and Astronomy in Ohio State 
University, Athens, Ohio. 


This is a ‘‘case’’ of Riccati’s Equation of the form 

d*u 

da? 

and of scientific interest as it appears in the theory of the figure of the earth. 
See Airy’s Figure of the Earth, articles 64, 65; Col. Clark’s Geodesy, page 80; 


Tisserrand’s Méc. Cel., Tome 2, Chapitre xiv Equilibre d’ Une Masse Fluide Hét- 
érogéne, in the last of which the equation is 


ee ek 0 (1), 
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» up 
dey da 6 
dz2 + “a2 ] (2) 
flowtaa parda 


It is due to this connection, that the proposed equation has received a 
variety of solutions. 

What is here given is based on a transformation of (1) and a pair of solu- 
tions given in Johnson’s Differential Equations, articles 213, 214. 

(1) is transformed into 


dau m—1 du 
yy > —azu-—-0 rr er re er a a er 3 
dx ye ax (3), 


two integrals of which are of the form 


arf 7 eal (m—1)(m—38)a?x? 
Wa —=e ( 1 ea hi + (m= 1)(m—2) 2 a) Dee eee (4), 
m—1l (m—1)(m—3)a? a? ) 
5 eT 1 pf +5 rs re 
" ° ( Th yt (m—1)(m—2) 2! ©), 
and connected with u by the relation u=Au,+ bus ...----2 6) cece ee eee (6) 
Now assuming w=#?v......... (7), OF Ve=UE-P. Le eee. (8), (8) becomes 
dy >.  p(pt+l1)v 
i (9). 


Putting a=ny/(—1), p=2, m==2p+1=5, and v=-y, 1 (—1)=4, (6) and 
(8), with (4) and (5) give 
yur =a Ae” + Be-™™ —3n? a? (Ae + Be-™”) + na(Bie—*— Ate™)] ...(10), 
which it is not difficult to reduce to the form, 
y=Cux2[(8—n22? cos(na+ a) + 3nzsin(NT t+ A)].. cee eens (11). 
See Forsyth’s Differential Equazions, Ed. 1885, Ex. 8, page 65; Ex. 1, 
page 175; Ex. 21, page 180; Hx. 26, page 181, and Ex. 5, pages 288, 4. 
76. Proposed by E. B. ESCOTT, Cambridge, Mass. 
Solve the partial differential equation, g?r+ 4pqs + p?t+ p*q* (rt—s” )=a’. 
[Forsyth’s Differential Equations, page 376. ] 


Solution by G. B. M. ZERR, A. M., Ph. D., Professor of Mathematics and Science, Chester High School,Ches- 
ter, Pa. 


The equation in A is, A?p?q?(14+a*) +4Ap%q? +p*q*=0. 

- A2(L+a?)4+4Apqt p? q?—0. 

- == — {pg/A+ a8) sey a" mpg OF Ny pq. 

The first system of integrals is p?q?dy+m,p*qdr+m,p* q'dp=0. 
pq?dx+mypqidy +myp*? q> dq=0, or qdy+m,pdz+m,pq?dp—0........0.. (1); 


pdx+megdy+myp*qdg=O0 wo cece cece cece ee teen ee tenn eens (2). 
Similarly for second system pdx+m,qdy+m,p?qdq=0............ (3) 3 
qdy +m, pdx+m, pq? dp==0 26... cece ccc cee ce ence eee ee teenies (4). 


(1)+(8) gives (pda +qdy)(1 +m,)+m,(pq?dp+p?qdq)=0, but dz—pdz + qdy. 
(l+m.,)dz+m,)pq?dp +p? qdq)=0. 
*. QC 14d, ) Hy 2 qraae Lo eect ee eee eees (5). 
Similarly (2)+(8) gives 2z(1+m,)+m,p?q?==2b.. 0... eee ee (6). 
Eliminating p’?q? between (5) and (6) we get 2(m,—m,.)=bm, —amag. 


77. Proposed by T. E. COLE, Columbus, Ohio. 
Derive the equation of a point in a pedal of a bicycle as the wheel rolls along on a 
plane. 


I, Solution by G. B. M. ZERR, A. M., Ph. D., Professor of Mathematics and Science, Chester High School, 
Chester, Pa.; and A. E. BREECH, A. B., Professor of Mathematics, Portland University, Portland, Oregon. 


Let CO be the radius of a circle whose circumference is equal in length to 
the distance C moves in one revolution of the pedal. Pa point in the pedal, A, 
A’ points where CP is perpendicular to the fixed line AA’. 

Let CO=a, CP=d, 7 OCP=6, then we have ' 

a==AN=AO— ON=aé—dsiné; y=PN=—CO+ PM=a-—deos6. 

*, x=acos—!{(a—y)/d]—y/ [d? —(a—y)?]. 

If a=d, the curve is a right cycloid. 

If a<d, the curve is a prolate cycloid. 

If a>d, the curve is a curtate cycloid. 


II. Solution by WALTER HUGH DRANE, A. M., Professor of Mathematics, Jefferson Military College, 
Washington, Miss. 


Consider the curve traced by the pedal in one turn. Take origin 
at the lowest point of the pedal’s path. Let axis of y be vertical and axis of x 
the straight line joining any two consecutive lowest points of pedal’s path. Take 
P any point in the curve and draw its ordinate PN. Let F be the middle point 
of curve and FG its ordinate. From Q, the middle point of FG, draw QR paral- 
lel to the v-axis. Take PC==FQ and draw CO parallel to PN. 

Now let a be length of pedal arm, 7 the radius of bicycle wheel, n the 
number of turns the wheel makes to one turn of the pedal, and 4 the angle PCO 
through which the pedal arm has turned on reaching the point P in the curve. 

Then from the figure, we have, 


a=AN==AG—(GO+ MC)=2rn— 


| aur |=* 
—_—a ris A. 
( UTN “180° ne) +-asind “a ” 6—asin 


y=PN=MN+ MP=a—acosé—=avers6. 


Whence the equation of curve is, nan vers—! —y/(Qay—y?), 
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MECHANICS. 


66. Proposed by G. B. M. ZERR, A. M., Ph. D., Professor of Mathematics and Science, Chester High School, 
Chester, Pa. 


The distance, parallel to the axis, from the mid-point of a chord to the arc of a par- 
abola is constant. Show that the center of gravity of all segments formed by the chord is 
an equal parabola. 


Solution by ALFRED HUME, C. E., D. Sc., Professor of Mathematics, University of Mississippi, P. 0., Uni- 
versity, Miss. 


Taking the tangent parallel to the chord as y-axis, and the corresponding 
diameter as x-axis, denoting the inclination of the axes by f, and the latus rec- 
tum by 2p, the equation of the parabola is 


, 2p 


Yr =m, 
4 sin? 6 


Since all chords parallel to the base of the segment are bisected by the r- 
axis, the center of gravity is on this axis. 

« being the abscissa of the center of gravity and a the distance from the 
origin to the mid-point of the chord, we have, by taking moments about the 
tangent, 


fysin Bde.asin gp fv @pyet dx 
0 0 


¢ Sin B== -—---—_____—,, or y= = a, 


a a 
f ysin Bda { V (2p)x8 da 
0 7 0 


Since a is constant for all positions of the chord, if the given parabola be 
moved to the right a distance equal to 3a, it will coincide with the locus of the 
centers of gravity. Hence this locus is an equal parabola. 

67. Proposed by B. F. FINKEL, A. M.,M. Se., Professor of.Mathematics and Physics, Drury College, Spring- 
field, Mo. 

A conical stick of timber, length a, radius of base 7, and density 0, is de- 
pressed, apex downward, in a liquid, density 6’, so that the base is just level 
with the liquid. If left free to rise, required the greatest altitude to which it will 
ascend. 


I. Solution by WILLIAM HOOVER, A. M., Ph. D., Professor of Mathematics and Astronomy in Ohio State 
University, Athens, Ohio. 


Let r=the part of the axis above the liquid at any time t from the begin- 
ning of the motion ; then the volume of the cone being 47r2a, the part under the 
liquid is $ar?a[(a—z)/a]*, and if p be the density of the cone, the force acting 
on the cone is proportional to the members of the equation 


vdv oof a—u \3 
prrta po” —<gldartad’( 7 ) — 37r* ap See eee ee eee ee eee eee eee ees (1), 


v being the velocity. 


Or (1) is as pes” —9[6"(a~a)§ —pa*] Dee ee eee tees (2). 
Integrating (2), $a3 pv? =g[—140'(a—x)*— para] tC... cee cee ee eens (3). 
When 2==0, v=0, ... C=3(0'atg) and (3) becomes 

3(a3 p)v? =g{(40')[at+—(a—a)*|—paixt. ... 26... . (4), 
At the greatest height, v=(0, and then 
(40’)[a*—(a—a)4]— pada=0.. ek cee ee eee, (5), 


a biquadratic for «. One value plainly being 0, there remains a cubic to be 
solved. 


II. Solution by G. B. M. ZERR, A. M., Ph. D., Professor of Mathematics and Science, Chester High School, 
Chester, Pa. 


Let Dk=2, DL=y, ...t-+y=a. When the cone is under the liquid its 
acceleration is g(0’—0)/0. 
The equation of motion is d?x/dt? fyi —g. 
When y=a, d?a/dt?=g9(0'—0)/0d. 
J. S=0'¢/a3s. 
*, dP a/dt? =(g/a30)(6'y3 —da3)==(g/a? d)[0'(a—2z)?— 0a? ]. 
. (da/dt)? =—(g/2a3 6)[(a—2x)* 6’ +4a°2d]+ A. 
When y=a, dx/dt=—0, x=0. 
*, A==ago'/20. 
. (da/dt)? =v? =(aqg0’ /20)—(g/2a*6)[0'(a—x)* + 46032]. 
When v==0, 0’(a—2)4 + 48a? a=a40', or 
23 —4ax® + 6a? 0-403 (8’—8)/0’. 
This cubic determines 7. When 6<1408, the cone leaps out of the liquid. 
At this moment t==a, .*. v? =ag(6’—46)/28. 
Then h=v? /2g—=a(s’— 48) /46=height of vertex above water. 
... Total height of base above liquid=a-+ Ah. 


. 


68. Proposed by G. B. M. ZERR, A. M., Ph. D., Professor of Mathematics and Science, Chester High School, 
Chester, Pa. 
Find the horizontal and vertical components of the moon’s ‘‘disturbing 
force’’ for any point on the earth’s surface making an angle @ with the line join- 
ing the center of the earth to the center of the moon. 


Solution by the PROPOSER. 


Let CM, the distance from the earth to the moon=d; CA, the radius of 
the earth-=a; O the point on the earth; 7 OCA=qm; m=moon’s mass; f= 
‘‘moon’s disturbing force’’ in direction MN ; f’ disturbing force in direction ON. 

Then f’ =(m/OM?*) x (ON/OM)=m(ON/0OM?). 

ON=—asing, and we can take OM=d without any appreciable error. 
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masin @ 
. fe — ' 
f= 7 = Qsing, 


where Q—ma/d3. 
—mn( 11 )- (CMe — Ns 
J="\ WH CMP Ci ) 
_mCN(CM+ NM) m.CN(2d—CN) 
"OM. NM? ~~ d®(d—ONY? 


_ 2m.CN (1—CN/2d) 
dB ACN /dy? 


Since CN//d is small we may neglect it 


, 2m.0CN 2macos 
ff =e 73 ? —2 Qeos@. 


Now let f==horizontal, f’ vertical components. 


', f=fsingt+/" cosp=s3Qsin poosp=2Qsin2p. 
ft’ =feosp—f’ sinp==Q(2cos? p—sin? 6)= =Q(38cos? p—1). 


DIOPHANTINE ANALYSIS. 


68. Proposed by M. A. GRUBER, A. M., War Department, Washington, D. C. 
Find a general value for p in the expression 4p + 1—the sum of two squares. 


I. Solution by J. H. DRUMMOND, LL. D., Portland, Me.,andG.B.M. ZERR, A. M., Ph. D., Professor of 
Science and Mathematics, Chester High School, Chester, Pa. 


Since 4p +1 is odd one of the squares must be even and the other odd. 
Take 2q+1 as one of the numbers and 2s for the other, and we have 4q?-+4q+1 
+4s?—=49+1. Hence p=q?+q+8? in which g may be zero or any number; and 
gs any number. 


II. Solution by the PROPOSER. | 
From a table in which I have all the odd numbers, up to 12013, that are 
equivalent to the sum of two squares, I find by inspection that all the values for 
. . y 1 ° . 
4y+1 can be obtained by making pants) + ore) in which n>a. 


n(n+1) 


W hence ee + OED] 4 1S(ntat 1)? +(m—a)*. (1). 


When a==0, we have 4[ MF] +1==(n+1)?+n*; and we obtain the 


series of values 5, 13, 25, 41, 61, 85, etc. 


nin +1) 


When a=1, we have [nn + 1 |+1=(n+2)° + (%—1)?; and we ob- 


tain the series of values 17, 29, 45, 5, 89, 117, ete. 
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When a==2, we have om + ay +1=(n+3)? + (n—2)?; and we ob- 


tain the series of values 37, 538, 78, 97, 125, 157, ete. 

We observe that the development of 4p +1 occurs in series ; the number of 
terms in each series as well as the number of series being infinite. 

We also notice that the number of series=at1. Now putr=n—a. We 
then readily deduce that the rth term of any series 


sf CPOs at), uae) |+isc+ Qat1)24r2, (ID). 
lor the numerical development of 4p9+1, Formula II is better adapted 
than Formula I, as the values of r and a are independent of each other. But we 
can still improve alittle in this direction. Put N=a+1—the number of the serves. 
Then (A), the 7th term of the Nth series, and also, (B), the Nth term of 
the rth series 


4[ MtnNtr—) _ N( N—1) _ . W(r—1) 
9 7 |+ al NV+ r—1) + -- 9 ~ |41 


—(2N4 y—1)? +r? (ITT). 


From this we observe that there are two forms of series embodied in one 
formula, each form, however containing all the values of 4p +1. 

The one form, of which we have already treated and in which r=the con- 
secutive integers for each value of N, or for each series, we shall designate 
as ‘‘Series A.”’ 

The other form, in which N-the consecutive integers for each value of r, 
or for each series, we shall term ‘‘Series B.”’ 

The first series of ‘Series B’’ consists of the first terms of the consecutive 
series of ‘‘Series A’’; as 5, 17, 387, 65, 101, 145, etc. 

The second series of ‘‘Series B’’ consists of the second terms of the consec- 
utive series of ‘‘Series A’’; as 18, 29, 58, 85, 125, 1735, etc.; and so on for the re- 
spective series. 

Two other values of p, in Formula III, are 

QN+N(r=1) | ys ror) 


5 and (N--1)(N+r)+ 


_) 


obtained by different arrangement of terms and factoring. The two values are 


(2N+r)(r—1) 
2 


significant ; as 4] 


n ‘Series A,’’ and 4(N—1)(N+r) is the difference between the Nth and first 
terms of ‘‘Series 2.” 


| is the difference between the rth and first terms 
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We have also a general formula for finding consecutively the terms of a 
serles :— 

In ‘‘Series A’’, rth term+4(N+7)—r-+4+1th term. 

In ‘‘Series B’’, Nth term +4(2N+7)--N+1th term. 

The following mathematical diversions may be interesting as bearing upon 
this problem. 

Knowing the first series in ‘‘Series A’’, we can find the other series con- 
secutively by means of the following rule: Add to each term of the last found 
series, omitting the first term, the number of the series times 4, or 4N ; as 


First serieS. 2.6... cc cece eee ees 5, 18, 25, 41, 61, 85, 1138, ete. 
Add 1X4... eee ce ee eee 4, 4, 4, 4, 4, 4, 

Second series. .......... ee ee ce eee 17, 29, 45, 65, 89, 117, ete. 
AdG 2X4... ccc eee eee 8, 8, 8, 8, 8, 

Third serieS...........0 eee eee eee of, 00, 73, 97, 125, etc., ete. 


The number of the series=N=-3)/(1st term—1); or 4N2 +1--1st term. 
In ‘‘Series B’’, [| TED 7 +1-—Ist term. 


The following is a most interesting deduction from Formula IIT. 

(1), (QN+r—1)2 +7? =(2N—1)(QN 4 2r—1) 4 272? =Iv(QN 4+ 7r— 1)+(2N—1)?, 
(2), [(QN—1)QN 4 2r—1)]? + [27(2N4-r—1)]?=[(2N+r—1)? +r?]?, or = the 
square of 4p+1==the sum of two squares. 

The application of these deductions gives rise to the annexed table, which 
I have constructed and extended to over three thousand numbers each equal to 
4n-+1==the sum of two squares. It contains every number of the kind up 
to 12013—772+4-782. By means of the table we can readily find— 

(1). The two numbers the sum of whose squares=—the given numerical 
value of 4n+1. 

(2). The two numbers the sum of whose squares=the square of the given 
numerical value of 4p +1. 

The first column consists of the consecutive values of r, and is called the 
‘‘e column’’ of consecutive integers. 

The other columns are the consecutive series of ‘‘Series A.’’ 

The first row is the ‘‘N row” of consecutive integers. 

The second row is the ‘‘2N—1 row” of consecutive odd numbers. 

The other rows are the consecutive series of ‘‘Series B.”’ 

The number of the column of values of 4p +1 is indicated at its top by the 
value of N ; and the number of the row of values is shown at its left by the value 
of 7. 

In using the table, all mention of values of r, N, and 2N—1, refer’to the 
respective values in the samerow and the same column in which is found the given 
value of 4p+1. 

To find the two numbers the sum of whose squares=4p+1; one of 
the numbers=r+2N—1 and the other number=r. Take 97, at the intersection 
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of column 3 with row 4. Then 4+5—9=one number, and 4=the other number ; 
97==9? + 4°. 
To find the two numbers the sum of whose squares==the square of 4p+1 ; 
one of the numbers-=4p + 1—2r?, and the other number—4p+1—(2N—1)?. 
Take 97. Then 97—2x4?—65—one of the numbers, and 97—5?=72 ; 
97? =60? +72”. 


TABLE oF VALUES OF 49+1==THE SuM or Two SQuaREs. 
5) 17) 387|° 65) 101) 145) 197) 257) 325] 401| 485) 577) 677 
18} 29} 58) 85] 125) 173) 229] 298) 365] 445) 533) 629) 733 
25} 45) 73] 109) 153] 205) 265) 333; 409) 493) 585) 685) 793 
41! 65) 97| 187) 185} 241) 3805) 377) 457| 545) 641] 745) 857 
125} 169) 221] 281} 349] 425) 509) 601; 701} 809} 925 

85) 117) 157| 205) 261) 325] 397) 477) 565} 661) 765) 877) 997 
113) 149] 198) 245} 805) 373) 749} 533) 625) 725) 833) 949/1073 
145) 185} 283) 289] 353) 425) 505} 593) 689] 793) 905)1025/1153 
181] 225) 277) 337| 405} 481) 565; 657) 757) 865) 981/1105)1287 
221| 269) 325' 889} 461] 541) 629) 725) 829) 941/1061)1189)13825 
377; 445] 521] 605) 697| 797) 905|1021)1145)1277|1417 
483] 505| 585! 673] 769) 873) 985/1105)1233)1369)1513 
18) 365| 425) 493} 569) 653] 745) 845) 953/1069)1193)1325)1465/1613 
14} 421} 485] 557} 637| 725) 821) 925/1087|1157)1285)1421/1565/1717 
15} 481! 549] 625} 709) 801} 901/1009|1125)]1249)13881)1521|1669/1825 
16) 545! 617| 697} 785) 881} 985)1097/1217) 1845 1481)1625)1777)1937 
17| 613] 689] 773} 865) 965/1073)1189/1813)1445 1585/1733) 1889/2053 
18} 685) 765} 853] 949) 1053)1165/1285) 1413/1549 1693) 1845) 2005/2173 
761; 845) 937/1087|1145/1261)}1385|1517| 1657/1805) 1961/2125) 2297 
841} 929)1025)1129)1241)13861)1489)1625/1769, 1921/2081) 2249/2425 
21} 925}1017/1117/1225) 1341 )1465)1597/1737)1885 2041 2205) 2877 |2557 
22/1013/1109] 1213) 13825) 1445) 1573) 1709) 1853) 2005 2165) 2383 2509 2693 
23/1105/ 1203) 1813) 1429/1553) 1685! 1825|1973/2129 2293 | 2465) 2645 |2833 
24/1201 /1805!1417)1537|1665)1801 1945) 2097/2257 2425|2601)2785|2977 
25)1301)1409/]1525) 1649] 1781/1927 | 2069] 2225/2389 2561 /2741)2929|/3125 
26)1405]1517|1637) 1765) 1904) 2045/2197 | 2357/2525 |2701}2885|3077|3277 
27|1513]1629| 1753) 1885} 2025 | 2173) 2329|2493 2665 '2845|3033/38229/3433 
28/1625 1745)1878 2009/2153] 2805 2465] 2633/2809 2993 3185'3385|3593 
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MISCELLANEOUS. 


62. Proposed by G. B. M. ZERR, A. M., Ph. D., Professor of Mathematics and Science, Chester High School, 
Chester, Pa. 


A tube of uniform cross section, small compared with its length, is bent 
into the form of a cycloid, its open ends lying at the cusps, and this cycloid is 
placed-with its axis vertical and its vertex downwards. Equal quantities of fluids 
of specific gravity @, and Go, are poured in at the two cusps, the quantity of each 
being such as would fill a length of the tube equal to its axis a. If the fluids do 
not mix, find the distance z,, 7, of the upper levels of the fluids from the vertex 
measured along the cycloidal arc. [From Procter’s Geometry of the Cyclord. ] 


Solution by the PROPOSER. 


Let P be the atmospheric pressure. Then the pressure at the first surface 
of separation is P+go,[x,?>—(«#, —a)?]/8a. 

Similarly at the second or free surface, P+g{o,[%—(#,—a)?]+o,[(, 
—a)* —(%, —2a)?]} /8a. 

“ P=P+g{o,[22—(e,—a)?] + o4[(e,—a)?—(#, —2a)*]} /8a. 

*, 24,(6,+0,)=a(6,+30,). 

Similarly P=P+gq{o,[7,2—(#,—a)?]+6,[(«, —a)?—(#, —2a)*?]} /8a. 

2..(6,+0,)=a(30,+0,). 


63. Proposed by F. M. SHIELDS, County Surveyor, Coopwood, Miss. 


Of three chronometers, A, B, and C, A keeps true time; PB gains 5 min- 

- utes and 15}? seconds a day by true time, and C loses 7 minutes and 153 seconds 

a day by true time. The hands of all three watches are set at 12 noon on a cer- 

tain day. What is the time by the true watch, A, on the fifth day after the time 

when the hands of the fast watch, B. point to 12, and what is the time by the 

true watch, A, on the tenth day after the time when the hands of the slow watch, 
C’, point to 12? 


I. Solution by J. H. DRUMMOND, LL. D., Portland, Me. 
DB goes 144522 minutes while A goes 1440; then 14452) : 1440 :: 5: 4d. 


x0 ° 
23h. 38,925.64 m., and the answer is 33,°,95.6", minutes past eleven. 
C goes 148238 while A goes 1440; hence 148288 : 1440 :: 10: 10d. 1h. 


1232544m,, and the answer is 1253344 minutes past one. 


II. Solution by ALOIS F.KOVARIK, Instructor in Mathematics and Physics, Decorah Institute, Decorah,Ia. 


While the watch A goes 24 hours; or 1440 minutes, the watch B goes 1445 
minutes, 15}? seconds, or 14452) minutes. To find how much the watch A is be- 
hind B at the end of 24 hours by 4, we find 1 minute of £ equal to 1445+144521 
of A’s, and 1440 minutes of B’s=1440+ 144524 =—1434,8, 485, , 7. e. when the hands 
of the watch B point to 12 at the end of the first 24 hours by B, the watch A lacks 
52,5139; minutes. On the fifth day after time when the hands of the watch B 
point to 12, the watch A lacks 5/783); x 5=26 7,594, minutes to 12. 

At the end of the first 24 hours by C the watch A is 7,43,8% past 12. On 
the tenth day after time when the hands of the slow watch C point to 12, thetime 
by the true watch A is 7.3369, x 10—=7233544 minutes, or 1 hour, 1232544 min- 


T5073 
utes past 12. 


III. Solution by P. S. BERG, A. M., Principal of Schools, Larimore, N. D. 


24 hours, 5 minutes and 15} seconds on chronometer B equals 24 hours on 
chronometer A. Hence 5 days on B equals 4 days, 23 hours, 83 minutes and 
46.9 seconds on A. Therefore the time by the true watch A is 11 hours, 33 min- 
utes, and 46.9 seconds A. M. on the fifth day. 

143238 minutes on chronometer C equals 1440 minutes on chronometer A. 
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Hence ten days on chronometer C equals 10 days, 1 hour, 12 minutes and 55 sec- 
onds on chronometer A. Therefore the time by the true watch A is 12 minutes, 
55 seconds past 1 P. M. on the tenth day. 


Also solved by CHARLES C. CROSS, and G. B. M. ZERR. 


PROBLEMS FOR SOLUTION. 


ALGEBRA. 


90. Proposed by J. MARCUS BOORMAN, Consultative Mechanician and Counselor at Law, Woodmere, Long 
Island, N. Y. 


Fully solve «*+y?+m(a+y)=™’..... (1); 2? +y?+ay=—m’*...... (IT) ; 
give process, roots, and corollary. [Solved in part, Cirode’s Algebra, page 202. | 


91. Proposed by NELSON S. RORAY, Professor of Mathematics, South Jersey Institute, Bridgeton, N. J. 


Solve the following without making use of the determinant notation and 
prove that the results obtained are the roots. 


10a —2y +4z2—5, 
3x + 5y—32=7, 
a+ 8y—2z2—2. 


92. Proposed by W. F. BRADBURY, A. M., Head Master Latin School, Cambridge, Mass. 
Find the sum ton terms of 1+8?+58+...... [From Charles Smith’s 
Elementary Algebra, page 403. | 
x*y Solutions of these problems should be sent to J. M. Colaw not later than December 10. 


GEOMETRY. 


105. Proposed by B. F. FINKEL, A. M.,M.Sc.,Professor of Mathematics and Physics, Drury College, Spring- 
field, Mo. 


Sind A, B, C, D vier harmonische Punkte und beschreibt man uber dem Durchmes- 
ser AO einen Kreis, von welchem S ein beliebiger Punkt ist, so wird derjenige Kreisbog- 
en, welcher innerhalb des Winkels BSD liegt, entweder von A order von C Strecke PB 
halbirt. [Reye’s Geometrie der Lage, page 191.] 


106. Proposed by C. HORNUNG, A. M., Professor of Mathematics, Heidelberg University, Tiffin, Ohio. 


Upon the sides of any triangle ABC let the equilateral triangles ABD, BCE, and 
CAF be described, and let their exterior sides produced intersect, BE and Af in K, DB 
and FC in L, and DA and ECin M. Prove DK, EL, FM, parallel. 


107. Proposed by T. W. PALMER, A. M., Professor of Mathematics, University of Alabama. 
Construct a triangle, given base, vertical angle and radius of inscribed circle. 


x*, Solutions of these problems should be sent to B. F. Finkel not later than December 10. 
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CALCULUS. 


81. Proposed by J. OWEN MAHONEY, B. E., M. Sc., Graduate Fellow in Mathematics in Vanderbilt Univer- 
sity, Carthage, Texas. 


Solve: y?(d?y/dxz?) +a(dy/dx)?=bea. 


82. Proposed by ALOIS F.KOVARIK, Instructor in Mathematics and Physics, Decorah Institute, Decorah,Ia. 


A pole 60 feet high stands vertically in a river 20 feet deep. How many feet above 
the surface of the water must it break so that the top bending down would touch the bot- 
tom and the distance on the surface of water between the points where the parts of the 
pole enter the water would be maximum ? 


x*x Solutions of these problems should be sent to J. M. Colaw not later than December 10. 


MECHANICS. 


75. Proposed by B. F. FINKEL, A. M.,M. Sc.,Professor of Mathematics and Physics, Drury College, Spring- 
field, Mo. . 


A particie, P, is held in a bent tube by two forces directed towards two 
fixed points, Hand S. Show that the equation to the form of tube is PS.PH=k?, 
if the forces are w/PS and u/PH. 


76. Proposed by J. F. LAWRENCE, Classical Sophomore, Drury College, Springfield, Mo. 

An inclined plane of mass M is capable of moving freely on a smooth hor- 
izontal plane. A perfectly rough sphere of mass m is placed on its inclined face 
and rolls down under the action of gravity. If xz be the horizontal space 
advanced by the inclined plane, x the part of the plane rolled over by the sphere, 
prove that (M+ m)z’=mzcosa, ja—2'cosa—igt*sina, where a is the inclination 
of the plane. [From Routh’s Elementary Rigid Dynamics, page 126. ] 


y*, Solutions of these problems should be sent to B. F. Finkel not later than December 10. 


DIOPHANTINE ANALYSIS. 


74. Proposed by 0. W. ANTHONY, M. Sc., Instructor in Mathematics, Boys’ High School, New York City. 
Solve a? +y?=a?, 
22 + pe —b? 
y?> +w*?=d’?, 2. e. obtain values of 2, y, 2, w, 
which will make the second members perfect squares. 


75. Proposed by CHARLES CARROLL CROSS, Libertytown, Md. 
(1). In how many ways can the consecutive integers 1 to 16 be arranged 
as a Magic Square? 
(2). Arrange the consecutive integers 1 to n? as a Magic Square, where n 
is odd. Apply when n=9. 


y*, Solutions of these problems should be sent to J. M. Colaw not later than December 10. 
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AVERAGE AND PROBABILITY. 


71. Proposed by B. F. FINKEL, A. M., M. Sc.,Professor of Mathematics and Physics, Drury College, Spring- 
field, Mo. 


Find the average volume removed by boring an inch auger-hole through a cube whose 
edge is e, the auger to pass through two opposite faces of the cube. 


72. Proposed by B. F, FINKEL, A. M.,M. Sc.,Professor of Mathematics and Physics, Drury College, Spring 


field, Mo. 


A rod is broken at random into four pieces; find the chance that no one of the pieces 
is greater than the sum of the other three. [From C. Smith’s Treatise on Algebra, page 528. | 


y*, Solutions of these problems should be sent to B. F. Finkel not later than December 10. 


MISCELLANEOUS. 


68. Proposed by WILLIAM HOOVER, A. M., Ph. D., Professor of Mathematics and Astronomy in Ohio State 
University, Athens, Ohio. 


Find the locus of the vertex of the cone enveloping the ellipsoid x? /a? + 
y? /b®? +2? /c?==1 so that the plane of contact will constantly touch 2° + y’ +2%=f7", 


69. Proposed by WILLIAM SYMMONDS, A. M., Professor of Mathematics and Astronomy, Pacific College, 
Santa Rosa, P. 0., Sebastopol, Cal. 


Find the locus of a point equi-distant from the circumferences of two fixed circles. 


x*x Solutions of these problems should be sent to J. M. Colaw not later tnan December 10. 


BOOKS. 


Advanced Mechanics. Vol. I. Dynamics. The Organized Science Se- 
ries. By William Briggs, M. A., F. E. 8., F. R. A.S., and G. H. Bryan, Sc. D., 
‘F.R.S. 327 pages. Price, $1.00. 1898. London: W. B. Clive. New York: 


Hinds & Noble. 

The notion of relative velocities is introduced at an early stage in the discussion of 
the laws of composition and resolution. The chapters on motion down inclined planes, 
chords of quickest descent, the parabolic path of a projectile, circular and harmonic mo- 
tion, small oscillations of a pendulum, impact of elastic spheres, and the elements of rigid 
dynamics are highly satisfactory. There are numerous exercises. The plan of the book 
is good, and in the execution there is much to commend. 

We have also received Elementary Mechanics, by the same authors, in the University 
Tutorial Series, which gives special prominence to fundamental principles, and is an es- 
pecially good book of its grade. J. M. C. 


Cobrdinate Geometry. The Right Line and Circle. By Briggs and Bryan. 
University Tutorial Series. Third Edition. 220 pages. Price, 80 cents. 
In this elementary treatise the editors have tried ‘“‘to realize the position of the av- 
erage learner, and have constantly borne in mind the needs of the private student.’’ The 
result is altogether satisfactory. J.M. Cc. 
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Mensuration and Spherical Geometry. By William Briggs, M. A., F.C.S., 
F. R. A. 8., and T. W. Edmondson, B. A. Second Edition. $1.00. London: 
W.B. Clive. New York: Hinds & Noble. 


The subject is not presented in the form of a mere collection of rules and examples, 
but in every case a proof of the formula to be used has been given. There are no material 
alterations in the revision, but some errors have been eliminated and some inaccuracies 
corrected. The work as now presented is well arranged and fairly comprehensive in treat- 
ment. It will be found a serviceable text. J. M.C. 


Differential and Integral Calculus. By James M. Taylor, A. M., LL. D., 
Professor of Mathematics, Colgate University. Revised Edition. 1898. 8vo., 
cloth. xiii+269 pages. Price, $2.15. Boston: Ginn & Company. 

In this revision of Professor Taylor’s popular text the attempt has been made to 
present in their unity the three common methods in the Calculus. In his preface, the 
author says that “the concept of Rates is essential to a statement of the problems of the 
Calculus; the principles of Limits make possible general solutions of these problems, and 
the laws of Infinitesimals greatly abridge these solutions.’”? The Method of Rates is so 
generalized and simplified that it does not involve ‘‘the foreign element of time,” and 
affords simple and brief proofs of first principles. By proving li(Ay/A2)=dy/da, the prob- 
lem of rates is reducedto one of limits or infinitesimals. The Theory of Infinitesimals is 
viewed simply as that part of the theory of limits which deals with variables having zero as 
their common limit. Emphasis is also laid upon the distinction between infinitesimals and 
zero and that between infinites and a/0. A chapter on differential equations is an impor- 
tant addition to the text. The table of integrals is useful. Throughout the work are 
found numerous practical problems from mechanics and other branches of applied mathe- 
matics. One of the most distinctive features of this text (though it may be a source of 
objection to some) is the facility with which it may be used by teachers who may prefer 
either one of the three methods commonly used in the Calculus, as those who wish to pur- 
sue the study by the method of Limits or Infinitesimals alone can omit the few demonstra- 
tions which involve rates and take in their stead those by limits or infinitesimals. We be- 
speak for the book a hearty welcome from teachers. J.M.C, 


Differential and Integral Calculus, for Technical Schools and Colleges. By 
P. A. Lambert, M. A., Assistant Professor of Mathematics, Lehigh University. 
8vo. Cloth. x+246 pages. Price, $1.50. New York: The Macmillan Co. 

This work is designed for students who have a working knowledge of Elementary 
Geometry, Algebra, Trigonometry and Analytical Geometry. The author states that the 
object of the book is: (1) By a logical presentation of principles to inspire confidence in 
the methods of the infinitesimal analysis; (2) By numerous problems to aid in acquiring 
facility in applying these methods; (3) By applications in Physics and Engineering, and 
other branches of Mathematics, to show the practical value of the Calculus. 

Proposing problems belonging to Engineering is a good idea, and it would be well in 
making up lists of exercises to go in future works on the Calculus, to insert more problems 
in Economics and Engineering. B. F. F. 

Text-Book of Algebra with Exercises for Secondary Schools and Colleges. By 
George Egbert Fisher, M. A., Ph. D., and Isaac J. Schwatt, Ph. D., Assistant 
Professors of Mathematics in the University of Pennsylvania. Part I. 8vo. 
Cloth. Price, $1.25. xiii+683 pages. Published by the authors. 

This work begins with the very elements of algebra, establishing by rigorous dem- 


onstrations, and making clear by numerous illustrations, the fundamental Laws and Theor- 
ems, through the Fundamental Operations, Fractions, Equations of one, two, etc., unknown 
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quantities, Evolution, Inequalites, Quadratic Equations, Proportion and Variation, Prog- 
ressions, and ends with a discussion of the Binominal Theorem for Positive Integral Expo- 
nents. Some of the strong points in favor of this work are: The solutions of equation 
based upon equivalent equations and equivalent systems of equations; the discussion of 
general problems and the interpretation of positive, negative, zero, indeterminate, and in- 
finite solutions of problems; the logical discussion of irrational numbers; and the full 
treatment of inequalities. An unusually large number of problems and exercises have 
been added, in order that the teacher from year to year, may have variety with different 
classes. The work is one of unusual merit and is worthy the patronage of teachers desir- 
ing to put a good book into the hands of their pupils. The print is large and clear, the 
printed page is not overcrowded, and the binding is good. B.F.F. 


Introduction to the Theory of Analytic Functions. By J. Harkness, M. A. 
(Cambridge), Professor of Mathematics, Bryn Mawr College, Pa., and F. Morley, 
Sc. D. (Cambridge), Professor of Mathematics, Haverford College, Pa. Large 
8vo. Cloth. xv+336 pages. Price, $3.00. New York: The Macmillan Co. 

This work, as its name indicates, is an introduction to the Theory of Functions. Un- 
til the translation of Durege’s Elements of the Theory of Functions by Drs. Fisher and 
Schwatt, in 1896, there was no work in English giving a consecutive and elementary ac- 
count of the fundamental concepts and processes employed in the Theory of Functions. 
The translation referred to above has been very helpful in aiding the student in making 
some headway in the larger works in English, viz., Forsyth’s Treatise, and Harkness and 
Morley’s Treatise. To still further aid in introducing the student to the advanced works, 
the work before us is intended. The work begins with a treatment of the Ordinal Number 
System. This discussion while very elementary, is of the highest importance, and might 
well be incorporated in some works on arithmetic, for it is true that few arithmetics at 
present bear evidence of the great progress and improvement made in mathematics. 
Chapter II treats of the Geometric Representation of Complex Number; Chapter III, of 
the Bilinear Transformation ; Chapter IV, of Geometric Theory of the Logarithm and the 
Exponential ; Chapter V, of the Bilinear Transformation of the Plane into Itself; Chapter 
VI, of Limits and Continuity; Chapter VII, of Rational Algebraic Functions; Chapter 
VIII, of Convergence of Infinite Series ; Chapter IX, of Uniform Convergence of Real Se- 
ries; Chapter X, of Power Series; Chapter XI, of Operations with Power Series ; Chapter 
XII, of Continuation of Power Series; Chapter XIII, of Analytic Theory of the Exponen- 
tial and Logarithm ; Chapter XIV, of Singular Points of Analytic Functions ; Chapter XV, 
of Weirstrass’s Factor-Theorem ; Chapter X VI, of Integration ;Chapter X VII, of Laurant’s 
Theorem and the @-Functions; Chapter XVIII, of Functions Arising from a Network; 


Chapter XIX, of Elliptic Functions ; Chapter XX, of Simple Algebraic Functions on Rei- 
mann Surfaces; Chapter X XI, of Algebraic Functions; Chapter XXII, of Cauchy’s The- 
ory and the Potential. The work forms an excellent introduction to the authors’ 
Treatise. B.F.F. 


An Elementary Course in Analytical Geometry. By J. H. Tanner, Assis- 
tant Professor of Mathematics in Cornell University, and Joseph Allen, formerly 
Instructor in Mathematics in Cornell University, Tutor in the College of the City 
of New York. 8vo. Cloth. xx+390 pages. Price, $2.00. New York, Cincin- 


nati, and Chicago: The American Book Co. 


This is the first of the Cornell Mathematical Series. In addition to the usual dis- 
cussion of the Conic Section. there is 22 pages devoted to the discussion of Higher Plane 
Curves ; 50 pages to Solid Analytical Geometry, and an Appendix of 10 pages in which is a 
short historical account of the invention of Analytical Geometry, discussions of the limit- 
ing cases of series, and the demonstration of the proposition due to Hamilton, Quételet, 
and others. The work is interspersed with brief historical notes adding much interest to 
the study of the subject. B. F. F. 


ERRATA. 

Page 106, line 20, for ‘‘2(3)’’ read 2(3)? ; line 21, for ‘‘2(a++b++c?)”’ read 2(a4 
+b4+ c+); line 29, last term of denominator, for “3(a?+b%+c?)2”’ read 
o(a® +b%—c?)?*, 

Page 107, bracket together lines 9, 10 and 11, and number (15) ; line 22, for 
‘fate? +2a%c4—c®’’ read atc? —2a?c* +c. 

Page 118, line 2, for ‘‘cosna@)’”’ read cosn?a@). 

Page 139, line 3 from bottom, for ‘‘P,a"—*” read P,a,”~4. 

Page 140, line 2, for ‘‘P,_»’’ read +Py_2; line 6, in second term for ‘‘a’a,"—2”’ 
read a,"a.,"—?, 

Page 151, line 28, where ‘‘18’’ occurs read 78. 

Page 155, line 6 from bottom, in numerator of (A), for ‘‘(m—2)’’ read (n—1). 

Page 157, line 8, for “ED: DB” read EB: OB. 

Page 159, problems 62 and 68 should be 64 and 65. 

Page 178, line 30, for ‘‘—2[S’’ read +2[8. 

Page 174, line 3, for ‘‘946268’’ read 04268 ; line 5, for ‘‘8’’ read —8; line 6, for 
‘*0,512372”’ read =-15.487627 ; line 9, for ‘‘—0.064568,”’ etc., read 0.064568, 
etc.; line 10, for ‘‘300348”’ read 800348 ; line 18, for ‘‘4/,’[1(a2—b)]” read 
ify [1/(a? —b)]; lines 19 and 20, for ‘‘(4+)” read (1/44). 

Page 175, line 2, of problem 92, for ‘‘AB.BC : DC.AD=BD : AC’’ read AB.BC 
+AD.CD : AB.AD+BC.CD :: BD: AC. 

Page 177, line 5, for ‘‘HBC”’ read FBC ; line 12, insert sign = before }(2880—y?); 
line 21, ‘'353.3604’’ read 353.8604 ; supply F in figure. 

Page 180, line 13, insert comma after (Qn? +4n+1)*; line 29, for ‘*y [(q2+4q2+ 
4q+1)’ read 4/[(q?+4q? +4q +41). 

Page 181, line 5, for ‘“‘—8ma’y’’ read —38m?u2y; line 17, problem should be 64. 

Page 182. line 2 from bottom, read (y/r)3 =a?/(1+a?*). 

Page 188, line 2, for (3) read a/(1—a*®)={(y/r)} y/ [1—(y/r)3 J} /[1 —2(y/r)3 |; 
line 19, for ‘ay’ read a/y ; line 3 from bottom, for ‘“y?—=3y+.094119=0” 
read y3— $y+.094118—0. 

Page 186, line 4, insert of after ‘‘value’’; line 6, for ‘‘a@’’ read oc; in problem 79, 
where € occurs insert e. 

Page 187, problems 64 and 65 should be 66 and 67. 

Page 201, line 12 from bottom, ‘‘10 chains’? should be 10 rods. 

Page 205, line 21, for 1/m?.(m?*)!”? read 3/m?.(m?)! ; line 22, insert = before 7/6, 

Page 204, in lines 1 1, 2, 3, 4, and 5, insert the sign = befure the terms containing 
ma” in the numerators. 

Page 205, last line of Solution TI., for ‘‘a(a+b)”’ read x?-=—a(a+b). 

Page 206, line 1, for “ZBCD”’ read XBDC; for denominator of tan—! read ¢2 + 
a7 t+b*, 

Page 214, last line, for ‘'386?”? read 352. 

Page 215. line 6, for ‘‘p?’’ read p. 

In advertisement of Open Court Publishing Co., price of Monist should be $2.00. 
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POINT INVARIANTS FOR THE FINITE CONTINUOUS GROUPS 
OF THE PLANE. 


By DAVID A. ROTHROCK, Indiana University, Bloomington, Indiana. 


In an article entitled ‘‘Theorie der Transformationsgruppen,’’ Mathemat- 
ische Annalen, Bd. XVI., Lie has classified and reduced to canonical forms all] 
the finite continuous groups of the plane. We may very appropriately call these 
the Lie groups. In the present paper it is proposed to determine the functions 
of the codrdinates of 2 points which remain invariant by these groups. In some 
cases the computations are quite complex; only the methods of calculation are 
given. 

An infinitesimal point transformation gives to x and y the increments 


or -&r. wot, dy=n(r, 7) ot, 


respectively, where dt is independent of x and y. Such an infinitesimal trans- 
formation is denoted in the Lie notation by 


re Oy oy 
Nf=S vy Wena + nr, y)- dy . (1) 
The variation of anv function g(r, y) by this transformation is given by 
X@(x, y)5t. Hence, if p(x, y) is to remain invariant by the transformation Xf, 
its variation must be zero, or 
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0 Op 
X G=E(x, ¥) 1 + (a, 54 ==(), 


The function p(%, y), invariant by the infinitesimal transformation Xf, is deter- 
mined as a solution of the linear partial differential equation X f=0. 

The infinitesimal transformation XY f may be extended to include the in- 
crements of any number of points, 7;, y;, w==1, 2...... m. We may write this ex- 
tended transformation as 


Mo Of ,&. 0 
Wi=ediNOpardign, yy) 2+ Zino, yo SL. (2) 
e 1 e 1 On; 1 OY; 


The functions of the codrdinates of n points invariant by Wf will be the 2n—1 in- 
dependent solutions of Wf=0. n of these solutions may be selected in the form 
p(x;, yi), Where p(x, y) is a Solution of X f=0 ; the remaining n—1 solutions will 
in general differ from g(a, y) in form.* 

Infinitesimal transformations are called independent when no one can be 
expressed as a linear function of the others with constant coefficients. 7 such in- 
dependent infinitesimal transformations 


—_ . Of + Of a 
Xf HE ,(a ; Na + HCA 5 Y) oy? (k= 1 os @ @ 38 r), 
form a group when 


NAN SIA MCN f= seu eXe fe Cas=constants). (3) 
] 


The transformations of this r-parameter group .V,f may be extended after 
the manner of (2) above, giving us IW;,f which determine the increments of a 
function f(r,, 13 Vay Yop eee: Yn). On account of relation (3), 


Wi f-0, Wyf-0, .....- W,.f—0 


are known to form a complete system of linear partial differential equations in 2n 
variables 7, Y,, T2Yo, e+-e- TnYn, With at least 2n—r independent solutions. If 
the r-rowed determinants of the coefficients vanish, more than 2n—r independent 
solutions will exist. These solutions are the invariants of the codrdinates of 2 
points by the r-parameter group of .V;,f. 

According to the theory here outlined we shall determine the point-invar- 
iants of the finite continuous groups as classified by Lie in the Mathematische 
Annalen, Vol. XVI. 


*Lie: Theorie der Transformationsgruppen, Bd. I., §59. 
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§ 1. 


INVARIANTS OF THE PRIMITIVE GROUPS. 


The primitive groups of the plane leave no family of oc! curves invariant, 
and may be reduced by a proper choice of variables to some one of the canonical 
forms known as (1) special linear, (2) general linear, (3) general projective. 

1. The special Nnear group 


Ps 9, *P— U9, YP | 
u ; of of 
ere pr ax? I Oy ~ 


this group extended are given by 


The increments of f(x, y;) by the members of 


=$, ? 2.0 f 2%. Of 
W fasiel wy psdil! wy psSin Ot 
1 


Ov; 7 1 OY; 3 , Oy,” 
Sic, Of oy, Of mn OF 
J f= vo 7 = a 
Wi{= S21, aie Yiz— dy, -), Wf ety, jy, 


The invariant functions sought will be the 2n—5 independent solutions of the 
complete svstem 


WV, f-0, Wy f--0. Wi f--0, Wy, f-0, W, f-=0. (s) 
The first two equations show the solutions to be functions of 
Pi 8 — Xi PIR YU, (P-2.. nv). 


The remaining equations then take the form 
n re f Of n re f 
297; . =0, 2 4 yj----—0. 
9 IP) Of; ’ iw sy — f= He ’ 9 Jj I ; 
The second of these equations has solutions 


DP, -@p;'f, ~ Pity, (k=-8.. 0.6.0). 


With these functions as new variables, the first and third equations become 


Of 2, & of 
ab, 3 Y, } ae si, + i,t 0 (1) 
h 
. n J 
Py Of +8 OF + I > ki: J =(), (2) 


Wy, Od, To <i 5 by? dg, ip ; ki ‘Oil, 2 


The solutions of (1) are seen to be 


252 


fs, y,* 
C= 4, y= Q, — 
P YP , 


while (2) takes the form 


n° ra) f 0 t 
> ( ne 2 a = ) 
= OP aG, FPA a9.) 


with solutions 


Since any functions of 4 and J will be solutions of our complete system (s), we 
may choose 


Pi mH 
Jpe— = [12k |, D=D.4,.4-=| 131), where|ijk|—= |a,y, 14], 
Po Ce Ya 1 


as solutions of (s), and, therefore, as the 2n—5 invariants of the codrdinates of n 
points. 

The forms of J and D show that the special linear group leaves invariant 
all areas. 

2. The yeneral linear group 


| 
| 
| 


Ps Gs © PYG, YP DYE | 


This group furnishes a complete system of six linear partial differential 
equations, the first five equations of the system being identical with those of the 
preceding section. We need only to determine the functions of J, and D, which 
satisfy 


uO Ft OF 
21 (ro yj, -x-)—0. 

1 On; TT 

This equation requires that 7, y enter in the final solutions with the degree zero. 
Hence, we may write at once the invariants: 


J 

I, go LESTE] 1 28] 

Ka FA Bs [1 23) dea, oo. ny, 
4, 


Hence, by the general linear yroup the ratio of areas remain constant. 


) 


3. The general projective group 


Ps % 89, PY, YP. MPtyy. Vptryq, TYp+Y?G |. 


> 
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The members of this group extended and equated to zero give a complete 
system of eight partial differential equations, the first six of which are identical 
with those of the general linear group, and therefore have solutions J, J defined 
above. The last two equations, 


maf af ay af 
2 ted te + Y Yi Oy; =~) = =2 iys(ti Oa; + 2 Yi OY; a 0, 


expressed in terms of J and J, become somewhat complex. For brevity we shall 
write these symbolically as 
Uf=-0, Vf=0, 


where Uf-=0 has the solutions 


bn + I mew — Pm— 
WY = 
; Ly (J, —T, + 5 


. (m==5.....0). 


With J,, @m and 7,, as new variables, the equation Vf=0 takes the simple form 


of Oo; 
I ,- aT, + mp nga —0, 
whose solutions are clearly 
Ay Pm Wn, (m==5.....-0). 
I, 
1+ Va , ; 
Selecting as invariants 6,, and 1. =a and restoring the variables 2,, ; 
m 
we have 
m|.{[1384| }124].[2 3 m| 


4),.;13 mj’ " [12m].{234]|° 


The forms of Gand #H show that the general projective group leaves invar- 
runt the cross-ratios of five points. Five points have two independent invariants, 
6, H ; four points have no invaridnt unless they be collinear, in which case the 
invariant is the cross-ratio of the four points. 


§ 2. 
INVARIANTS OF SUCH IMPRIMITIVE GROUPS AS LEAVE UNCHANGED ONE FAMILY OF 
co }1 CURVES. 


The remaining finite continuous groups of the plane are known as imprim- 
tive, and are classified according as they leave invariant one, two, or an infinite 
number of families of 0 ' curves.* The groups of the first category have been 


or a ee a 


*Lie: Math. Annalen, Bd. XVI. 
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reduced by Lie to such canonical forms that the family of curves z=constant 1s 
transformed into itself. 


X19, X0G, X34, -ee ee: Xp 
rol 


Here X; is a function of x alone. This group leaves the curves of the fam- 
ily x==a singly invariant. 
The complete system 


an Of 
Wr fsetXiai) =O, (k==1 cee r), 
corresponding to this group, has as solutions 7,, 72, ..... v, and n—r other in- 
dependent functions 4,, (s=1..... n—r), which we shall define as the n—r de- 


terminants of the matrix 


| U4 Ye Y3 + oe Uris cere: Yn 
DEC a ra 
X (%;) Pr ee ee ee rs oe ee , (M,.) 
DG CP 
(nsr+1) 


formed by filling the (r+1)th column successively by the (r4+1), the (r4+2)...., 
and the nth. 
Our invariants are v7; and 4,, (t==1......n, s=1...... n—T). 


Xd, Xoq-.+.- X19, YY | 


This group furnishes the complete system 


n of . 2. dof 
Wf =2iXi(as)-52 0, Vjsdiy G0, (Ra... r—1). 
The solutions of W;, f=0 are clearly «,, 7, ...... v, and the determinants 
4,, (s=0, 1, ...... n—r), of the matrix (M,_,) defined above. Yf=-0 requires 


the ratios of y; to appear. We may then write as invariants of the group 


erg, errr ae 6K, 2. tPk g Oma, p 
6. mn 
k=1...... m, 2ko,+m=r—1, r>2 
1 
We have 
_% ° tr Apr; Of — _ __ 
Wyte f= 2 i(a,)" . e MH 0, (k= 1, ...... m, t=O, 1...... x). 
1 OY; 

. 2.dOf 
Xfz sittoo. 

. 1 Ox; 


The last equation requires the functions 
Pjyr=uj—U, (9 2...... n), 


to appear in the solutions of the system. On dividing the remaining equations, 


respectively, by «““1, the exponents of ¢ all become functions of g;. The inde- 


pendent determinants 4,, (s=0, 1...... n—r) of the matrix (M,_,), formed as in 
4, will be solutions. 


The invariants are, therefore, g; and 4,. 


a a 2 XW Py Ape 
Ee h'q, we ’'¢q, a? e Pa, ..... gPk AX yg, p 
- 
i. a 
k=1,..... m, 2kp,y +m—=r—2, r>3 
1 


The complete system given by this group is 


mth of 
W;, tk f=Zita,)" ek Uy oS 9, (k=1 tee ee mM, tr =0, 1, cee ee Px ). 
“4 OY; 
Yfasi 0. Xfazi2t—o 
farinn 510, Xfakigt = 


If a matrix be constructed, as indicated in 4 and 6, from the coefficients of the 
first r—2 equations, it will be observed that the independent determinants Z,, 
(s=—1,0,1...... n—r), will be linear and homogeneous in y; with coefficients 
composed of functions of pj==a,—2,. 4, will be solutions of all equations except 


Yf==0, which requires the ratios of y; to appear. Hence, the invariants may be 
written 


A . 
Pj VXj— 2X4, p=, (y==2 cee eae nN, t=0..... a—T). 


g q, %“q, UG, ...-.. aq, p, xp+cyq | 
r>3 
Here the complete system is 
W.f= 2 int oF (k=0, 1 r—3d) 
k ng dy; ; 5 4 we ee, 


The solutions 
Ps=Y,—-Yjy PpHX,— Uj, (PrHR2...... n), 
of the first and last of these equations, introduced in Yf, give 
n O f ra f 
’ => -———— 1.) () 

VEZ Pigg Ni gpI” 

whose solutions are 
. ej: 
6 nL pywr te : (he=3 see ee Wb, gen. tee DM). 

W,f, expressed in 6, p, is 


Wis 4 | + Shot opie =0, (t==1,. ....r—3). 


The solutions of these r—3 equations are o;, and the determinants J, (s-=<1, 
Qo. eee n—r+2), of the matrix 


p y p 3 prs oe ee se Dp —3-+8 «eo Pn 
1 Ge Oe ele eee 
1 Ce ae A ae O,7~3-¢ 


Our invariants are 


Op “1k and 
177 ve 
| — - an ——— 
9 q, 9, 2°q, .---. 3g, p, ap +[(r—2)y +2" “l¢ 


a, eee 


The solutions of the comp!ex system, 


W, faxing lt —=0, (k=0,1...... r—9d), 
1 OY: 


a 0 
yf=2 ifers- +[ (r—2)yitar- ")-3.}=0 =0 
1 7 


_ 2%. Of 
PS SO 


may be obtained in a manner similarto8. The solutions, 7;, @;, of the first and 


last equations, introduced in Yf as variables, give 


VF=S5 (org + [0-205 + pr A] 5 }=0. 


with solutions, 


Introducing 6, ¢ as new variables in Wf, we have 


af af 
Wi fe + > kot 2-7 = 
t _— IPs 00, 


whose solutions are o; and J, of the matrix constructed as in 8. 
The invariants are, therefore, 


= anne: } A. (k=38 steer NM, S==1...... n—r+2) 
U,— Ue 
10. Oy a “4g, Yd, P, up 
r>é 


For this group 


n 6) 
W f= > inf 20, (t=0, 1...... 7—4), 
1 Oy; 


Yf= Siyy 5-0. XA, f= adi 0, XX, f= Sin 5f =(, 


The last two equations show that the ratios of the differences of the 2’s, say 


208. 


shall appear in the final solutions. The n—r+3 independent determinants 4,, 
(s==0, 1...... n—r+2), of the matrix 


Yi Yo Ys se ecee Yr—2+8 “oer eee Un 

1 1 1 ...... | 1 

vy Go Ug cece eee e cece veee Tn 

ow. r-4 yor 4 ar—4 oe 714 
} eo e oe °@ ‘7—2+8 ee @e@ @ @ MLA 


are solutions of the first r—38 equations. These determinants are at the same 
time homogeneous in y; and 2,—2, ; their ratios will, therefore, satisfy the re- 
quirements of 


J 
o, and pra (k==8...... n,t==1l  ....m—7r+2). 
0 
11. q, %9, LG, ..---- av—4q, p, 2ap+(r—4)yq, xp +(r—4)xyq 
r>4 


rn a 


From this group we obtain the differential equations 


wpe Sip MF 0,20, tee 8 
Xf=BOw Gh + 0-H wy )=0, 

X 4 fai (a0;” int (r—4) nye )=0, 
X, fai me =0. 


With the solutions ;, y;, of the first and last of these equations, X, f takes the 
form 


m af af 
, = 2 > eee apy. +) 
xX, FEA; dQ, + (1 4) Pf; aif; 0, 


259 


whose solutions may be selected, 


1 1 yp, ; 
Up== — —-, vj= —,, (k=8...... MW, Ja=2...... n). 
a an Di / 


A, f then becomes 
0 
X,' f= 2 Shug +4 3 2) 5 Fe —0 


with solutions 


U7 


_ ___—Vk Ye _ _ 
ar a usr)? Po = whiny (l—=4 oe ee 1, k=3 ..... nN). 


The remaining equations Wf in terms of o, p are 


Of , of 1 ie 
Ops? “Op, + 2100) =--=0, [a=i(r—4], 
Of 52 
} —__ t— “Op, — . — 
W,’ f= ap, + 2 > 107) , (t=1, ..... r—d). 
Constructing a matrix, 
Po ~s Pg seve eees Pr—34g-++++- Pn 
] 1 CO ee 
1 Cyr ee eee eee ee 
0 1 Gyr eee eee | 
our invariants may be written 
ee ue ee and 4,, (l=4...... m, S==1...... nN—7r+3). 
Ty, U,—Xy 
12. q, %“q, @*q, ....-- a™ 9, Yq, Pp, «wp, «p+ (r—d)xyq L 


r>o | 
This group furnishes the system 


7 e e c f 
— t . -— f = . __——— 
Wf == UX; Oy; —=0, (t=-0, 1...... r—5), Yf= a1yi dy; =Q, 
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nN e 7) f 0 f 
7 = 2200 * a } v Us ) = 
Ny SE 28 (tg + ) ties 0. 


2. Of _2.of 
X,fE4 itr, =O, X f= a 


The first and last two equations show the final solutions to be functions of 


Up Pj=Y, Yj, (k= 8... mM, go 2. 1... nd. 


X, f now becomes 


bp Sey, Of ons, OF my OF 
X » fea tuy (ui— 1) + ( —5)) Shuai + (r—)d) / apy 


with solutions 


7 — , r—5 
Gi Ws (1) pnt? — p.==the( ws ) , U4 ..... n,k=8 ..... n). 


att, —1)’ (uz—1 yr-® U,—1 


The remaining equations expressed in the new variables take the form 


of + of +31 (67)°-" os =O, 
3 4 


dp, 9p Op, 
(A). ° 
af, 2 af 

W,’ f=5-- + 2 I(o)-* —-==0, (te=1, ...... r—4), 

FG, FEO Hm | —) | 
Y'fS2jo-5!=0. 

J ; JP} 5p; 

The independent determinants 4,, (s=0, 1.... .n—r+3), of the matrix formed 


from equations (A) as in 11 will be solutions of (A). 4, will be linear in p, but 
Y’f requires the ratios of p’s to enter in the solutions. We may, therefore, write 
our invariants 

Wy) Yay 3 


O07) == = > = — 
A oO ee 


the cross-ratios of the abscissas of four points, and 


J 
=i Od lees. n—r+3) 
! Te re oy 
13. — p, 2ap+yq, wpt+aryq 


j 


From this projective group we may obtain the complete system 


261 


io f =2i ae + Y; Sh=%i (%," 5 + iyi 5 = 


in the last give 
no Of af 
D1. -~-+y-.m, — )—0, 
= Pi ag, MPI dy, 
whose solutions are clearly 
1 1 
Upmaa a , Vj Fi ; Y4- 
Pe Pi Mi 
The second equation is now 
of n of @, Of 
DD fey ee 0 Oe 
U, ay, 2< ku, du, + 27U) a 0, 
with solutions 
U7 UE °o 
Ore PIs Pama Pr UaVer (B=... n, l=4..... 
Our invariants are then 
gpa eT, Mg Mg Ie 
G,— 2%)’ T1—-T, ° Yo Ye? 1 tye, 


whose geometric significance is apparent 
| | 
* 2 
| Yd Py, MP, @ptryq | 


14, 
rhis four-parameter projective group yields the complete system 


n Of Of 4. 
Sh os oS 0 pe 
1 ot OY; 1 i Or; 1 om On; 1 


Here, we introduce the solutions 


of the first two equations in the last two as new variables, and have 
mM. UO f UR, df 0 f 
=) Pigg, FIP Op; + DP; ti dy, i= =, 


The last of these new equations is satisfied by 


1] 1 Pp; 
C = = 
A P, Pi Pj ys? 
while the first becomes 
n O ° n O f 
= ko a — > ) a 
3 M9 SIF J 


The invariants of this group are, therefore 


_ Xi 
The solutions y; and PAH —x, of the first of these equations introduced 
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oO Ly—2 av r 
Uj==——— = i ] B (U==4...... n) 
Px LyX Uk 0 
Upr=- “~; —*., (k=3..... nN), 
Pe vy Ye 
Ly — Ve Uo 
Vg FO3 Pg 
Vyas Uy 


INVARIANTS OF SucH IMPRIMITIVE GRoUpPs AS LEAVE UNCHANGED MorRE THAN 
ONE FAMILY OF o! CURVES. 


The groups of this section are classified according as they leave invariant : 

(A) Two families of 0 ! curves : r=constant, y==constant. 

(B) A single infinity of families of 0! curves : ax+by=constant. 

(C) o” of families of o1 curves: (x) +4(y)=constant. 

The calculations for the invariants of the remaining groups will be much 
abbreviated. The subscripts 2, 7, &, 1, will be used to denote the series of num- 
bers running from 1, 2, 3, 4, respectively, to ». 

(A) The families of curves x=constant, y==constant, remain invariant. 


15. a 9 


The differential equations 


belonging to this group, evidently leave invariant 


X; and ¥=(Y; — Ya)? Yr Ye): 


16. a ys 99 | 
| eect 


This is the general projective group in one variable, and leaves invariant 
a;, and the cross-ratios of any four ordinates. We may determine these cross- 
ratios by substituting 7; of 15 in 


af 
22 
eM Iy, 


giving 


S Of 
2k Y,—1) Oi, — 0, 
and integrating, 

Yy—1 Yo—l Yor | Ua 
q ‘3 Ya Y3 Wy Ma 


17. | | 


qd YG P | 


This group evidently leaves invariant 


1x==(Y1— Ye) ¢ (Yr Yq), and Pj=x, — 4. 


18. qua VG P 
po 
The invariants for this group are clearly 


Yo—Yi Yy—2 ; , 
py? A, AT as in 16 above, and 


Ye—¥s Yi —Y3 


P=", —%;, aS in 17. 


19. q, p, xp+cyq 


The solutions of the complete system corresponding to this group must be 
functions of #;=y,—y;, Pj=x,—4;, as Shown by the first two members. These 
solutions, substituted in the last equation, give 


Of of 
2) QD;.-— +e if —-—(, 
‘ OQ; J J Oy; 
with solutions 
Y= Un — 4). U,—x,)° 
ua, yy C= \ : 2) 
Hye, YiTY2 Y1—Ye2 
20. | Gq, YG, -P, &p 
The invariants here are 
hye Y, Yk 
— =, = 
pay Yi Ys 
21. % YY, YQ. Pp, xp 
By this group 
»— —_ vy 
dpa! Yi Uy th pak 
Y2—-Yg YY Lys, 
remain invariant. 
22. % YG YU Ps %P, 2p 


This six-parameter group leaves invariant the cross-ratios of any four ab- 
scissas and ordinates : 


Yes . Via eM | BH 
PI yy ey) OG at a a 
Ye—Ys Yi Ys Vas vy 
23. | P+q, xptyq, «pt+y'g | 


>( Of 0 f )= :( of Of )= (a2 0 f ; “1_) 
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The solutions 


PiU — Xj, PHY Yj OMY, 
of the first equation, as new variables, give 


af of\, af OF 4 yet af 
>( trod) t+ ogl= = (oe lta Gt) + ot tao. 
Pi Fp, +r 54. + 06 Pp) OD; + yf" dy, + 0G 
Selecting as solutions of the first of these new equations 
Px ty 2 Ts 
Up. 7 ; Uj, 1 Fe O > ; 
Po i. Oo oO 
we have ; 
0 0 0 Of 
>(u(1— u)ge tad 1) 5) + O (1 — oD a6, J + 06,4 (1 — os)5-=0, 
Hence, our invariants may be selected as the cross-ratios 
ULI1—Us) gp — By Hy Hy Or v1—v3) Yo Vi I 
en a nena ODD ee 
w3(1—w)) ge v1,’ v,(1—%) Ya Us YiTYs 
and the ratio 
9,0 -6F,) By | By 
G,1—6,) Yr—Yo2 Uy Yo 
(B) ant remain invariant. 
24, | qq, «pt+yq 
The first transformation of this group shows the differences y:;=y,—y; to 
enter in the final solutions. Hence the invariants may be written : 
pj “ ’ Up yah | ’ Om 1a ae 
ry Yi Ya g 1 
25, (Pq 
This eroup of translations leaves i invariant 
Pp Uy — Hj, PHY Yj 
26, YP, 4, wptygq 
By this group any homogeneous function of the differences x,—2;, y;—¥; 
will remain invariant. 
. aa Up. 1 _— , Uy, Xs 
ye ey TE ge Be 
Vyas Yi Ye Y1i— Ye 
(C) The totalisy of curves p(x) + 4(y)=<constant remains invariant 
27. | q | 


This group is the only one of the class, and evidently leaves invariant the 
abscissas 7;, and the differences 


jy 1 Uj. 


FEOREMA. 


Hay numeros cuyo cuadrado se compond dela suma de una serie de cubos. 
j Cuales son estos nnmeros 2? Fomernos la serie de los numeros naturales prin- 


ciprando por uno v vayamos hasta un numero calquiera, por ejemplo, hasta dies, 
asi. 


1 2 3 4 5 6 7 § ) 10 
Debajo de estos numeros pongamos sus cubos asi 

1 2 3 4 5 6 7 8 ‘) 10 

1 S 21 (4 125 216 348 512 729 1000 


Sumemos estos cubos de manera que el primero venga A colo carse bajo el 
primer numero, la suma del primero y del segundo, bajo el segundo cubo: la 


suma, del primero segundo y tercero, bajo el tercero, y asi sucesuamente. 
tendremos 


1 2 5 4 5 6 fl 5 9 10 
1 a) 24 64 125 216 045 512 729 1000 
1 ) 36 100 22°) 441 784 = =1296 = =2025 =) 8025 


y encontraremos que la suma de dichos cubos son cuadrados y sus raices son 


] 2 ) 4 5 6 7 8 ) 10 
1 S 24 64 125 216 043 p12 729 ~~ 1000 
1 i) 18) 100 225 44] 184 =61296 = 2025) 8025 
Raiz 1 3 ) 10 15 21 28 O06 45 59 


sonsideremos estas y raices veremos que son la suma de los térnimos de 
progresiones aritmeticas principrando por uno y segundo por los numeros nat- 
urales hasta cualquier numero que se desee y desde luego podremos formular el 
tevrema del modo siguiente. 

Los cuadrados de los numeros que indican Ja suma de los términos depro- 
gresiones aritmeticas, principrando por uno y siguiendo por Jos numeros natur- 
ales ; dichos cuadrados decimos, son iguales 4 la suma de los eubos de todos los 
numeros que entran en dicha progresion : ver: gr: 

300. Hs la suma de los terminos de una progresion aritmetica principran- 
do por uno y acabando por veinte y cuatro y 

800 elevado 4 la segunda potencia -1f +2F +3? +47 

J. M. Monsanvo. 


TRANSLATION. 
THEOREM, 


There are numbers whose square is composed of the sum of a series 
of cubes. Which are these numbers? 
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Let us take the series of the primary numbers beginning with one and let 
us proceed as far as any number, for example, as far as ten, thus 
1 2 3 4 5 6 7 8 9) 10 


Under these numbers let us place their cubes thus 


1 2 5) 4 5 6 7 8 ) 10 
1 ) 27 5) 216 d43 512 729 = 1000 


Let us add these cubes in such a way that the first comes to be placed un- 
der the first number, the sum of the first and the second under the second cube ; 
the sum of the first, second and third, under the third cube, and so on, we shall 
have 


] 2 5) 4 5 5) fi 8 ) 10 
1 8 27 64 125 216 0405 512 729 1000 
9 o6 100 225 44] 784 1296 2025 38025 


and we shall find that the sum of the said cubes are squares, and their roots are 


1 2 5} 4 ») 6 7 8 ) 10 
1 8 27 64 125 216 345 412 729 1000 
1 i) O6 100 225 44] 784. 1296 =. 2025 38025 
1 5 6 10 15 21 28 oO 45 55 


Let us consider these roots and we shall see that they are the sum of the 
terms of an arithmetical progression beginning with one and continuing through 
the primary numbers as far as any number desired, and therefore we can formu- 
late the theorem in the following manner : 

The squares of the numbers that indicate the sum of the terms of an arith- 
metical progression, beginning with one and continuing through the primary 
numbers, said squares, we repeat, are equal to the sum of the cubes of all the 
numbers that enter in the said progression: for example 3007. 300? is the sum 
of the terms of an arithmetical progression beginning with 1 and ending with 24, 
and 300 raised to the second power=1? +2? 4 33+443...... +243, 

J. M. Monsanto. 


Notrr.—This rare bit of original mathematical work by J. M. Monsanto, with its translation, was 
sent to us by Dr. Halsted. Ep. F. 


DEPARTMENTS. 


SOLUTIONS OF PROBLEMS. 


ARITHMETIC. 
100. Proposed by CHAS. C. CROSS. Libertytown. Md. 


IT bought stock at 4% discount, and sold it at 249% premium, paying a brokerage in 
both eases of 4%. Tf my net profits were $180, what was my investment ? (Solve by Ar- 
ithmetic). 


I. Solution by W. F. BRADBURY. A.M., Head Master Cambridge Latin School, Cambridge, Mass.. and M. E. 
GRABER, Tiffin, Ohio. 


AY +23Y4—4% (brokerage) --6%. 

That is. he made $6 on every $100 he invested. 130+6—=213. 
He bought 213 shares of $100 each, or $21663 worth of stock. 
But it cost him 8¢% below par. 

$2 1663 K 0.964--$2085 415. 


Solved in a similar manner by P. S. BERG and W. IT. DRANE. 


II. Solution by M. A. GRUBER. A. M., War Department. Washington, D.C. 


‘‘In both eases’’ is a dubious expression. If the brokerage in the two 
transactions was together }%, then the net gain on a dollar=.04+ .024— .007— 
.0634, and the investment -$130~+.064= $2080. 

But if the brokerage in each transaction was 4%, then the net gain on a 
dollar—.04 + .024— .003=-.06 : and the investment==$130 + .06—$2166.663. 


-III. Solution by G. B. M. ZERR. A. M.. Ph. D., Profossor of Mathematics and Science, Chester High School, 
Chester, Pa.. and ALOIS F. KOVARIK, Instructor in Mathematics, Decorah Institute, Decorah, Iowa. 


Let $100---1 share. 

AUG —1G---33Y : . LOGY +234%—4%--1021%. 100% —382%=964%. 
$100 + .96} =-$1038.896. 

$103.896 x 1.024 =-$106.23566. 

$106.23366 — $100 =-$6.23866, gain on one share. 

$180 +$6.23366 — 20.85452 shares. 

20,854.52 x $1002-.$2085.452, amount invested. 


101. Proposed by F. P. MATZ, Sc. D., Ph. D.. Professor of Mathematics and Astronomy in Irving College, 
Mechanicsburg. Pa. 


Aman gained m=3% on his money, in July; and, in August, lost n=2%. What per 
eent. of his money July Ist is his money September Ist ? 


I, Solution by P. S. BERG. Principal of Schools, Larimore, N. D.. and JOHN F. TRAVIS, Student in Ohio 
State University, Columbus, Ohio. 


If 100% is his money on July Ist, then 103% is his money August Ist, 
and 98% of 108% or 100.94% is his money on September Ist. 
Therefore his money September Ist is 100.94% of his money July Ist. 
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II. Solution by J. M. COLAW, A. M., Monterey, Va.; W. F. BRADBURY, A. M., Head Master Cambridge 
Latin School, Cambridge, Mass.; M. A. GRUBER, A. M., War Department, Washington, D. C.; WALTER HUGH 
DRANE, Graduate Student, Harvard University ; and J. 0. MAHONEY, B. E., M. Sc., Master of Mathematics and 
Science, Carthage Graded and High School, Carthage, Texas. 


If p is his principal on July Ist, then PO shis money on Aug. Ist. 
tye, PU90+m) —  prU00 +10) pUo0d0—n)100+m) |. 
Also, To 190007? 10000 -=his money on 
September Ist. . 
, pAd00—n)004m) , - _ 100 C100 +m) (100— n)(100 +m) y. 
10000 am 10000, 100 


Substituting numerical values for m and n, respectively, we _ get 
98 X 108 
oe = QAr 
10000 1.0094,==100.94%. 


The result is independent of the value of » 


Also solved by G. B. M. ZERR. 


ALGEBRA. 


88. Proposed by E. S. LOOMIS, Ph. D., Professor of Mathematics in Cleveland West High School, Berea, 0. 

(1) The Indemnity Savings and Loan Company made two loans of #1000 each to “A”’’, 
one of its borrowers, under the following terms: In the first loan ‘‘A’”’ agrees to cancel 
the $1000 by making 120 payments of $18.50, the first payment to be considered as made on 
the first of the month in which the loan is made, and the 119 subsequent payments to be 
made on the first of each subsequent month; in the second loan ‘‘A’’ agrees to cancel the 
#1000 by making 120 payments of $18.50, the first payment being made on the first of the 
month following the loan, and the 119 subsequent payments being made on first of the sub- 
sequent months. Does the Company sustain any loss in earnings by the second loan over 
the first loan, and if so how much, and when is (or are) this loss (or these losses) sustain- 
ed, the rate of interest in each case being considered as 10$% per annum ? 

(2) Deduce a formula for each case of proposition (1) by means of which one can find 
the balance of the loan unecancelled at the end of av month, ‘f the loan is fully eancelled 
in 120 payments. 

I. Solution by G. B. M. ZERR. A. M., Ph. D., Professor of Mathematics and Science, Chester High School, 
Chester, Pa. 
(1) Let P=principal, r=rate of interest, «==number of payments, vc—each 


payment. Then it has been shown in several previous problems that 


Priit+r)" 
(dry. 
In the first case ‘‘A’’ gets at once $1000.00 —$13,50==$986.50, and pays 
this amount in 119 monthly installments. 
*, P-986.50, r=-10$+12-—-0.875%, we-119. 
986.50 x .008745(1. ae 19 
(1.00875)119— 
a==$13.3875 or $0.125 less shan $13.50. 
In the second ease P1000, r=-.00875, 1 -=120. 


. e oT 
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(1.00875)2°-1 


N 


2. w= $13.494. 
In the second case the true interest is realized. .°. 103 per cent. is 
charged. In the first case more than 102 per cent. is charged. .*. In the first 


case the borrower by paying $13.50 pays 123 cents more each payment than if 
he paid 103 per cent. interest per annum. 

(2) Pr==interest. .°. s—Pr=principal paid at the first payment. 

P(1+r)—x=new principal ; Pr(1+7r)—ra=second interest. 

*. a@14+r)—Pr(l+r)=(a—Pr)(14+7r)=principal paid at second payment. 

Similarly, (c—Pr)(1+7r)"—!=principal paid at the mth payment. 

', s— Pr=first term, 1+r—ratio, m=number of terms. 

_ ga Prt 1] 

r 

Unpaid principal at the end of m payments is P—S. 

Let x==13.50, P==1000, r=.00875, m==60. 

. S= $372.72. 

J. P—S—$1000— $872 .72—$627.28 unpaid. 


II. Partial Solution by A. H. BELL, Hillsboro, IU]. 
(1) The first loan of $1000 for 10 years at 10% per cent. amounts to 
$2714.06...... (1). 
The second loan of $986.50 for 915 years at 103 per cent. amounts to 
$2655.24...... (2). 
Let the common form of the amount of an annuity be: 
k™—1 


qr 


Amount annulity-= A ( 


in which d=$138.50, n=number of payments, A#’=the amount of $1.00 for one 
month at 103 per cent. =$1.00875, r’==interest for one month at 10% per cent.= 
.00875. | 

.. The amount-of the annuity $13.50 for 120 months is $2847.26.. .(4) ; 


the amount of the annuity $13.50 for 119 months is $2809.18 ... (5). 
(4)—(1)= $188.20 is the profit in the first transaction. ....(6) ; 
(5) —(2)=$153.94 is the profit in the second transaction...... (7). 


Since the second loan of $1000 is immediately reduced by the first payment 
of $13.50, no comparison can be made with the first loan, for the second actual 
loan of $986.50 pays a greater amount of annuity on the dollar and consequently 
shows a greater amount earned as seen in (7). 


III. Solution by FREMONT CRANE, Sand Coulee, Mont. 
(a) First payment could draw interest for 120 months ; last payment could 
draw interest for 1 month. .°. average time=602 months. 
(b) First payment would draw interest for 119 months ; last payment would 
draw interest for Q months. .-. average time is 594 months. 
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... (a) would be the better investment. 

120 x $13.50 = $1620 ; $1620 x .103 x ,', = $14.175= profit of first investment 
over second. 

2. (a) Let $13.50=p, .00875=7, $1000 =a ; then (a—p)-=amount due first 
of first month ; (a—p)(1 +r)—p=amount due first of second month; [(a—p)U+ 
r—p)|\(1+r)—p=amount due first of third month ; {[(a—p)(1+7r)—p)]U14+7) 
—p}(1+7r)—p=amount due first of fourth month. 

.. for any monjh, as 10, 

{[(a—p)1+r)—p]+r)—p]dt+r)—p} [((a—p)d +r)—p)d +r)—ptd+r)—p]. 

2. a(l+r)—p at end of first month ; [a(1+r)—p](1+r)—7 at end of 
second month ; {{a(1+7r)—p](1+7r)—p}(1+r1r)—p at end of third month. Atend 
of tenth month, { {fa(1+r)—p]+r)—p}8(14+r)—p ¢. 


The solution by Dr. Zerr seems to us to be a proper disposition of the problem, but we publish the 
other solutions for comparison. 


Reply to Note of Dr. Drummond on No. 78.—Its one real point is, that 
my solution, on page 43, line 5, omits to denote —ry=—6, as —2,y,=—6, 
(which please correct). Thus result x*—8a2?+16=0 ; y#—18y?+81=0, whose 
roots are: 7=2 to y=3 5 %=—2 to yg=—3, of ry in (I)(ID) ; and also 7, =2, to 
Yy, ==3, 5 %,*=—2, to y,=—3, (by last two clauses on page 44), the factors of 
—1Y,=—6, in parity to 7, ,y,,=980...... (D) on page 44. Or if the objector 
insist,—of 7,y,=6, and «,ya=6, reading then ry=6 and x,y,=6,. No other er- 
ror is specified or shown. As the equations cited do not occur in my solution, 
—for his «?=86 is quadratic while x? y? =36 from (J)(II) is bi-quadratic ; I need 
only say that the roots of his 74=1296 are 6 ; —6, 6)(—1) ; —6)’(—1), not 
+6; 46. Roots 7*=16 are 2; —2 ; 2)-(—1) ; —2) (—1) and not +2 ; +2 as 
he mistakes me to mean. J. M. Boorman, 


GEOMETRY. 


99. Proposed by; WILLIAM HOOVER, A. M.,, Ph. D., Professor of Mathematics and Astronomy, Ohio State 
University, Athens, Ohio. 


Find the locus of the vertices of all right cones which have the same given ellipse as 
a base. 


Solution by the PROPOSER. — 


Any generator, w=az+a..... (1). y=b'c+f...... (2), must satisfy 
ar ae _ in | BF 
“2 +4 ji —=1...... (3), and 2=0...... (4), giving 8 + poo Dee eee (5). 


lf the vertex be (2’, y’, 2’), (1) and (2) must be satisfied, and we have 
aaa’ +a... (6), y’==b'2 + f8 ..... (7). 
Eliminating a’, b’, a, #6 from (1), (2), (6), (7), 


1 1 ; 
ag a 2)" Top. (gy —a'e)P= —2)? tees (8), 
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the equation to a cone having (2", y, 2’) for vertex, and (3) for base. 


'2 


yi 2 a! 2 y' 
a Lae (5+ J] )e— 
® pe 7 a” b? 


Qy'2' 202’ , be 
* ye we + 22’2—27'?=0 ..(9). 


(8) is 


Zz 
a * 


The conditions for (9) to be a cone of revolution are «'—0, 


z 


re 
o 


a? h%¥ —a2 


an hyperbola for the required locus. 


Also solved by G. B. M. ZERR. 


100. Proposed by CHARLES CARROLL CROSS, Libertytown, Md. 


O, O,. O,, O, are the centers of the inscribed and three escribed circles of 
a triangle ABC. Prove AO.AO,.A0,.A0,=AB?.AC®. 


I. Solution by the PROPOSER. 


Consider the ex-central triangle ABC as the original triangle. Then 
H,H,H, is the pedal triangle, and the incenter O be- 
comes the orthocenter HZ. 

Hence we have to prove AH.xBH,xCH,X 
AH ==, x AhH.”. 

We readily find by trigonometry that 


Cate ae eet b8)9] 2A yyy UP Hea? Vay + °F) 


CH, = 
2¢ o ScA ’ 
a(b? 4c? —a®) 


Al, I, ee ’ HH ,-= ~ De 


2a¢ 


Substituting in the problem we have 


be+e2—a® a®+tce?—b? 2a (b? +e? —a?*)(a? +c? —)b?*) 
x x x — ——-s 
2¢ 2¢ c ScA 


be (a® +c —-b?)? | a? (b? +c? —a*)?* 


Aa? ¢? Ab? 


Since these equations cancel, the proposition is proved. 


Mr. Cross should have been credited with solutions of problems 96 and 98 in Geometry, and 100 and 
101 in Arithmetic. 


II. Solution by WALTER H. DRANE, Graduate Student at Harvard University, and J. SCHEFFER, A. M., 
Hagerstown, Md. 


Let ABC be the given triangle, O, O,, O,, O,, the centers of the inscrib- 
ed and the three escribed circles. Then O,B0,, 
0,AO,, O,CO,, and AOO, are straight lines; also 
OB, OA, OC areeach perpendicular to 0, BO,, 0,40,, 
and O,CO,, respectively. In triangles AOC and 
BAO,, ZOAC=BAO, and £/OCA=/ BO,A since 
we have £OCA=90°— 7 ACO,=90°—2( Z CAB+ 
/ CBA ) = 90° —(ZOAB + OBA) = 90° —[ 180° — 
(Z0,AB+ £0, BA)}=90° — 2 O= 20,0, 4. 
‘ triangles AOC and ABO, are similar, and we have 
AO: AB:: AC: AO, ......... (1). 
Again in trianglesO,BA and AO,C, ZO= 72 ACU, and /O,AC= ZO, AB. 
Hence triangles 0,BA and AQ,C are similar, and we have, 


AO, : AC 2: AB: AOg. cee cee (2). 
Multiplying (1) by (2) AV.AO, : AB.BC : AB.AC: AO,.AO;. 
‘- A0.A0,.A0,.A0,=AB?. AC’. Q. HE. D. 


III. Solution by G. B. M. ZERR, A. M., Ph. D., Professor of Mathematics and Science, Chester High School, 
Chester, Pa. 


In the figure of the last solution, draw the lines OD and O,D, perpendic- 
ular to AC. Then AO= =V(OD? + AD*) =" +r2cot? 3A)—rcosec3sA. 

Similarly, AO,=r,coseczA. 

A0,=1/(00, 2 — 402) =A 0,/[(002 /A02)—1] =A Ooot 8C. 

Similarly, AO,—A Ocot3B. 

*, 40.A0,.A0,.A0,=r?r,cosect $A cot? BeotsC 
=(s—a)(s—b)(s—c)scosec* $A tan? 4A 
==s(s—a)(s—b)(s—c)/sin? $A cos? $A 
=-48(s—a)(s—b)(s—c)/sin® A=4S8? /sin? A. 

But sinA=2S/be=28/AB.AC. .*. AO.AO,.AO,.A0,=AB*.AC®. 
Also solved by HLMER SCHUYLER. 


101. Proposed by E.W. MORRELL, A.M., Late Professor of Mathematics, Montpelier Seminary, Montpelier, 
Vt. 


AB is the diameter of a circle and Q, any point onthe circumference; Q,, 
@,, Q,.... are the points of bisection of the arcs 
Ae AQ,, AQ,.... Prove that BQ,, BQ,, BQ, 
.- BQ,=OA%. (AQ, /AQ,). 
Solution by G. B. M. ZERR, A. M., Ph. D., Professor of Mathemat- 


ics and Science, Chester High School, Chester, Pa.; J. SCHEFFER, A.M., 
Hagerstown, Md., and ELMER SCHUYLER, High Bridge, N. J. 


Let O be the center of the circle. 
*, BQ, =ABcost4, BQ,=ABeos(6/2?), 
BQ, ==A Bcoos(@/23), BQ,==A Bcos( 6/2”). 
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AQ,=A Bsinf=2A Bsin3 6cos3d=2? A Bsin( 4/2? )cos( 6/2? )cos2é 
—=2" A Bsin(6/2”)cos2@cos(@/27)....cos(@/2”). 
AQ,=ABsin(4/2”), 
“. (AQ, /AQ,)=2"c082 Gcos( 6/27)... .cos( 4/2”), 
BQ,.BQ,.BQ,....BQ,—=(AB")cos?6cos( 6/27)... .cos(@/2”) 
=(24 B)"(AQ, /AQn)=(A0)"(AQ,/AQ,). 


CALCULUS. 


78. Proposed by COOPER D. SCHMITT, A. M., Professor of Mathematics, University of Tennessee, Knox- 
ville, Tenn. 


. tang \1/%" . . 
Investigate value of (ee) where x is 0 and m has consecutive values 1, 
v 


2,3, 4, ...... Is there any law governing the different results? When n—1, 
result is 1; when n=2, result is ¢ ; n==98, gives 0, ete. 


Solution by G. B. M. ZERR, A. M.,Ph. D., Professor of Mathematics and Science, Chester High School, Ches- 
ter, Pa. 


‘ oS 1 gn 
(ee) == el xe log] (tana) x | =. 


a 
. . ] t —e 4y . . ay 2 — 1 x) . . ‘—] 2 7 
Limit of —2P “82 logs ==limit of cotasec™a— ( [®) _dimit of a - 
ae nan ne"sin2x 
Sa3 3205 12827 4x3 4x5 4y7 
but sin2a = 29 Ee” 790 5040 ° etc., —=2% 37 15 — 45 +, etc. 


Ay? 4y5 Ay™ 


Qr—2xr +- 


_ Qe—sin2x 3 15 45? oo 30— 6x? +224 ap 
“ me"sinde 4? et de ~ nar—2(45— 30x? + bat)? “F” 
Ne (2 —_ 3 +. 15 —_— AS + 3 etc. 
, 2 14 
proximately, og + 45nan—4 +, etc., —S 


When n—1, S--0 for x-=0. 

When n==2, S==3 for x0. 

When n=-3, 4, 5, etc., Soo for s=0. 
. When n=:1, y=e°=1. 

When n==2, ye . 

When n=8, 4, 5, ete., y=e" =o. 


Also solved by ELMER SCHUYLER, whose solution has been accidentally misplaced, and hence 
does not appear in this issue. 
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79. Proposed by GEORGE LILLEY, Ph.D., LL. D., Professor of Mathematics, University of Oregon, Eugene, 
Oregon. 


Find the area included between y=sin™ x+cos’s ; y=7e(sin™ xcos’x) and 
the length of its boundary, true to six decimal places, when 7=5.14159, e=2.7182. 


Solution by G. B. M. ZERR, A. M., Ph.D., Professor of Mathematics and Science, Chester High School, Ches- 
ter, Pa. 


When x=0°, sin™x=0, cos’x= 1.0000. 

When «=30°, sin™z=.113838, cos*e=.6764. 

When «=45°, sin™7=.3366, cos’r=.3899. 

When 260°, sin™x=.8006, cos’ =.1520. 

When z=90°, sin™x=1.0000, cos*’r==0. 

Since e is even, cos’ is always positive ; hence the following codrdinates : 


y=sin™ « + cos*x| y= 7e(sin™ xcos*x) 

v ] Y 

O°= 0 1.0000 0) 
30° = .5236 1897 6541 
45° = .7853 1265 1.1207 
60° = 1.0471 9526 1.0892 

90° =1.5707 1.0000 9) 
120° =2.0942 .9526 1 0592 
135° =2.3560 6265 1.1207 
150° -=2.6178 1897 6541 

180° =3.1414 1.0000 0 
210° =3.6650 .063 1 — .6541 
225° =3.9268 0538 — 1.1207 
240° = 4.1886 — .6480 — 1.03892 

270° =4.7121 — 1.0000 0 
300° = 5.2360 — .6480 — 1.0892 
315° =5.4978 0538 —1.1207 
330° =5.7596 9631 — .6541 

360° == 6.2828 1.0000 0 


The curves drawn from these coordinates are somewhat like the figure, 
ABRCDESFGHKLMNP corresponding to y=ze(sin™ xcos*’x) ; aBCEFghKkMIp 
corresponding to y=sin™ «+cos’s. 

The curves are indefin- 
ite in length. The areas in- 
cluded between the curves 
from 7=0° toz=360° are AaB 
+ BRC+CDEc+ESF+H 
FGHKhg + LMEK + PNMIp. 
The length of the boundary is 
the whole length of both curves. The whole area common to both curves is in- 
finite. The area above is but the area for one revolution. Area DRC=area KSF, 


area Aab+area PNMIp=area FGHKhg. The intersections are 7==32° 48’, c= 
61°, w=119°, r=147° 12’, w=244° 22’, x=295° 38’. The integrations are ex- 
ceedingly tedious, but can be performed. If'3.1416 had been used for z the 


curves for one revolution would have consisted of four parts each equal to aBCe 
and ABRCD. 


MECHANICS. 


Criticism on Professor Zerr’s Solution of Problem 67, Mechanics, by J. M. ARNOLD, Crompton, R. I. 


I wish to take exception to Professor Zerr’s solution of No. 63 Mechanics, 
inthe May number. The preliminary reasoning and the diagram are correct, 
but when he proceeds to find the required angles he commences with the assump- 
tion “‘The “7 ABC=ZCDE and the BAC=ZCED.’’ This is wrong as it can 
be easily shown that these angles are not equal. Therefore his result must be 
in error. I have not had time to solve the problem correctly, but I think it 
leads to very complicated equations. 


70. Proposed by CHARLES E. MEYERS, Canton, Ohio. 
A homogeneous sphere, radius 7, having an angular velocity , gradually 
contracts by cooling. What will be the angular velocity at the instant the radius 
becomes 37? 


Solution by WILLIAM HOOVER, A. M., Ph. D., Professor of Mathematics and Astronomy, Ohio University, 
Athens, Ohio. 


Let m=the constant mass ; 7, 4r the original and final radii ; 
quired angular velocity ; &, k’ the radii of gyration corresponding. 
The moment of angular momentum remaining constant, 


ao’, the re- 


mk? @=-mk'? @'...... (1). 
But k?==3r*, k’?==3(4r)?=37r?, (1) plainly gives w’==4@. 
Also solved in the same manner by G. B. M. ZERR. 


71. Proposed by the late B. F. BURLESON, Oneida Castle, N. Y. 


Three men own a sphere of gold the density of which varies as the square of the dis- 
tance from the center. If two segments be cut off each one inch from the center of the 
sphere it will be divided into three parts of equal value. Determine the diameter of the 
sphere. 


Solution by G. B. M. ZERR, A. M., Ph. D., Professor of Mathematics and Science, Chester High School, 
Chester, Pa. 


Let p=density—r? in this case, a==radius. Then the mass of each seg- 
ment cut off is 


a 20 g—l(1/ a 2a —1(] 
M={ f ii ‘ ( or? sinbdbdar = f ii ( ssinodrdgdd 
“1¥0%0 1” 0% 0 


2 
— = (a8=1)(a=1). 
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The mass of the remaining part is 


M of " ssinddrdgdé <2” 
re" 9 0 S cos-ta/ay” sete ba" 


But M=M,. 
Arn 27 
"os = 6 q4i— 
7 Ba (a®—ai—atl). 


*, a’—ae—a—1=0. 

“. a@—(1/a*)=a? +(1/a?), or 23 —t? +3t--2—0 where t=a—(1/a). 
Let t=-s+ 4, .°. s+ §8s—=22, 

*, s==.981891, t—.715224. 


a==3[t+ 4/(4+t?)]=1.4196 inches nearly. 


Similarly solved by J. SCHEFFER, his answer being 3.7462 inches.’ 


72. Proposed by REV. A. L. GRIDLEY, Pastor of First Congregational Church, Kidder, Mo. 


Prove that the motion of a ball falling through the earth influenced by gravity alone 
would be similar to the motion of a pendulum. 


I. Solution by the PROPOSER. 


It is an established fact that if a body should fall through an opening 
through the center of the earth, the net force drawing it toward the center is as 
the remaining distance to be traversed. 

The pendulum ball follows the same law. It 
is evident that when the rod is horizontal all the force 
of gravity is exerted upon it to move it along its ver- 
tical tangent. When the rod is vertical, there is no 
net available force to.move it from its position. 

Making it general, by resolution of forces, the 
net force of gravity available to move the ball along 
the tangent KK is, in the figure, equal to the AMDB. 
But this angle=<JAM, as lines AJ and BH are par- 
allel and are cut by line AG. But XJAG represents the remaining distance for 
the ball to pass through. Thus the law in both cases is the same. 

Inference. 1st. To vibrate in the same time the whole arc—semi-circle— 
of the pendulum must equal the diameter of the earth. 

2d. Vibrating past the center for any distance wouid require the same 
time as from surface to surface. 

3d. The net available force acting is in inverse proportion to the dis- 
tance passed through. 


Similarly solved by ALOIS F. KOVARIK. 
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II. Solution by G. B. M. ZERR, A. M., Ph. D., Professor of Mathematics and Science, Chester High School, 
Chester, Pa.; CHARLES C. CROSS, Libertytown, Md.; CHARLES E. MEYERS, Canton, Ohio, and J. SCHEFFER, 
A. M., Hagerstown, Md. 

The equation of motion is d?x/dt?=—gx/R. Where g=gravity=32% 
feet, R=3963 miles=radius of earth. Multiplying by 2da and integrating, we 
get (du/dt)?=— gx? /R+C. 

Let «=a when dx/dt==0. Then C=-ga?/R. 

J. (da /dt)? =(g/r)(a® —2?)......(1). 

J. dt= 1° (R/q).dx/,° (a? —2?). 

J. t=) CR/g)cos-'(r/a)+.C,. 

Since t=-O when x=a, C,=0. 

J. t==} CR,g)cos'Ma/a)...... (2). 

Kquation (2) represents simple harmonic motion. From (1), velocity is 
zero When «=-ta and a maximum when «=-0. 

When «0, t-==271(#/g). This time is the same for any value of a be- 
tween 0 and R. 

2t==time of complete vibration=7,/(R/q). 

2t—42 minutes, 12 seconds. 

Also solved by J. H. DRUMMOND. 


DIOPHANTINE ANALYSIS. 


69. Proposed by JOSIAH H. DRUMMOND, LL. D., Counselor at Law, Portland, Me. 


Two right angled triangles have the same base which isa mean proportional between 
the two perpendiculars: find a general solution, that will give integral values for all the 
sides of both triangles. 


I. Solution by the PROPOSER. 
Let r=the base, y==the perpendicular of one triangle, and z=that of the 


other triangle. Then #?=yz......(1), and a +y?=O...... (2), and #*+2*=ao 
Leen (3). Substituting yz for 7? in (2) and (38), we have zy+y?=O......(4), 
and zyt2?=O...... (5). Take y=mz and substituting in (4) and (5), and re- 
ducing, we have m+1==O=, say, p?; and m=p?—1. 

mim+1)=O0...... (6), substituting the value of m in (6), we have 
p?(p?—1)=O. Hence we have to make p*?—1—O=, say, (q—p)?. Hence 


p==(q?+1)/2q and m=[(qg?—1)/2q]?; and y==2[(q?—1)/2q]?.. t= (yz) = 
2[(q? —1)/2q] ; to obtain integral values take z—4q?, and we have «=2q9(q? —1), 
24g? and hypotenuse==2q(q? +1), and x=—2q(q?—1), y=(q?—1)? and hypote- 
nuse=(q? +1)(q?—1), in which q may be any number >1. 

If the value of q is an odd number, it is manifest that one fourth of each 
of the foregoing values will be integral, and we shall have smaller values. 


II. Solution by G. B. M. ZERR, A. M.,Ph. D., Professor of Mathematics and Science, Chester High School, 
Chester, Pa. 


Let p, h be the perpendiculars ; ¢, d the hypotenuses ; & the common base. 


Then p?+k?==c?, h? +k? =d?, ph=k?. 

Let p=a*+a*b, h=ab? +b3, 

J. hk? ==a? b?(at+b)?. 

", a? (a+b)?(a?+b2)-c?, b?(atb)? (a? +b*)=-d?. 

Let a-=m?—n?, b=2mn, n>n. 

*, p=(m*? —-n*?)? (mer—n? +2mn), 
h==4m? n? (m? —n? + 2m), 
k-=2mn(m? —n? )(m? —n? +2mn), 
=(m? —n* )(n? —n? +2mn)(m? +n?), 
d=2mn(in? —n? +2mn)(m? +72). 

Let m=—2, n=—1. 

J. p=68, h=-112, k=-84, e==105, d=120. 


III. Solution by M. A. GRUBER, A. M., War Department, Washington, D. C.; SYLVESTER ROBINS, North 
Branch Depot, N. Y., and CHARLES C. CROSS, Libertytown, Md. 


(a) Take 2mn, m?—n?®, and m?+n?*, the general expressions for the sides 
of right triangles. Now multiply these sides, respectively, by r(m?—n?) and 
2mnr and we obtain the respective sides of the two required triangles : 

(1) 2mnr(m? —n?), rim? —n2)?, r(m?—n?)(m2 +n?*), 

(2) 2mnr(m? —n?), r(Q2mn)*?, 2ZmnrUn? +n*), 
in which m, 2 and r may be any integers, m>n. 

Take n=r=1 and m=2. Then the sides of the two triangles are, respec- 
tively, 12. 9, 15, and 12, 16, 20 ; for 12? =9x 16. 

m=2, N=1, r=38, gives 36, 27, 45, and 36, 48, 60. 

m=r=d, n=2, gives 180, (5, 195, and 180, 482, 468. 

[GRUBER, Cross. |] 

(b) Multiply the sides of any integral right triangle by each leg, or the 
same number of times each leg, respectively, of the triangle, and the two results 
will be the respective sides of the two required triangles. 

Take the sides 8, 15, 17. Multiply, respectively, by the legs 8 and 15, 
and we obtain the triangles 120, 64, 136, and 120, 225, 255. 

Take the sides 5, 12, 18. Multiply, respectively, by 2x5 and 2~x 12, and 
we obtain the triangles 120, 50, 180, and 120, 288, 812. 


[Ropins, GRUBER. | 


IV. Solution by WILLIAM HOOVER, A. M., Ph. D.. Professor of Mathematics and Astronomy, Ohio State 
University, Athens, Ohio. 


Let 2mn, m?—n*, and m?+7?3 Qmn'n’, m’?—n'? and am’? +2’? be the pair 
of right triangles fulfilling the conditions 


2inn=Qi' ns... (1), 
and 42? 1? == 4in’? a’? = (in? 1? )(m’F—n'*) 2, (2). 
4in? a? 
Krom (2), m'?—n'? = >... (8 
men 
16m4n4 


Squaring (3), m'4--2m'? av"? +774 = nes 28 
- L” a 
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We have 4m’? n’? =4m? n?. 0000. (5). 
, Am? n? 
Adding (4) and (5), (m’? +n'?)? =4m?n2 (— “5 oe 1) 
(m*— 2? )* 
2ann(m? + 1? 
or m'2 4n'2 =— A ) Lecce (6). 


m* —n? 


m and n must be selected so as to make (3) and (6) integral. 


70. Proposed by CHARLES CARROLL CROSS, Libertytown, Md. 


Give methods for decomposing numbers into squares, cubes, or biquadrates, and 
show that 612008 is the sum of ten cube numbers, and that 844933 is the sum of eleven 
biquadrates in thirteen different ways. [From The Mathematical Magazine,Vol. I, No.10.] 


Comment by the PROPOSER. 


Dr. Artemas Martin has written me that he knows of no method of sepa- 
rating a given number into squares, cubes and other powers, except trial. 
I take the following numbers from The Mathematical Magazine. 
61 x 200? = 13 +2* + 43 + 63 + 153 + 46 4 60? + 2703 +500? + 7003. 
844933 = 274 4+ 204 + 164 + 1544-1244 1044844744844 24414, 
= 254 +244 4+ 1644154 4+8446445+444+54+4244+14, 
= 2544-2444 15441444 1234104 4-744+44+384424+14, 
=25* + 2244184 +154+1444+114+1044+64484+4+2441), 
= 254 +2144 184417441444 124 +1044 64 +54 +444 14, 
= 254 +2144 1844 164 4154+ 12441044944 64454+42!, 
= 254 +2144184+4+1544144 4 1344-124 +1044844 74423, 
= 254 + 204419441844 1444 104494 4-744 644444384, 
== 254+ 20++4 1944 164+ 144 + 13844114+104+94 +44 + 24, 
= 2444-9384 +18441544-14441244104+9% 46445143), 
= 24442144204 + 164+ 1544134 +1044 74464 +4441), 
= 944421442044 16441544124 +114484+7! 454424, 
=244 4+ 2144194 +1844 154 + 124+104 4 64 +5443442!4, 


MISCELLANEOUS. 


64. Proposed by G. B. M. ZERR, A. M., Ph. D., Professor of Mathematics and Science, Chester High School, 
Chester, Pa. 


How many bushels of wheat will a conical bin 8 feet in diameter at base and 12 feet 
high hold, if part of the bin is cut off by a plane parallel to the side and passing through 
the center of the base ? 


Solution by the PROPOSER. 
Let ABC be the cone, DF the plane. 
Let BD=c, tanDBC--cotFDC=n, DC=R. 
.v? +27 =-* (c—y)? is the equation to the cone. 
any is the equation to the plane. 
V—volume of cone cut off by plane. 
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The limits of are ny=a, and n(c--y)=2, ; of y, 0 and 4e. 
Le x, . 

va=2of- f VY [n®(ce—y)? ~—r* |dydx 
0 Lo 


te 1 2 2 2 2a] 1 Y 
= {g7n* (e—y)? —n? (c—y)?8in— (2,) 
0 c—Y 


—nyy/[n?(c—y)?—n2y?]} dy | 
—=tan?¢§ —3n2¢8=,).n* 03 (87—4) 


==), Rh? c(387—A4). 
But c==12, R=4. 
J. V=82r—1238, 
Volume of cone=37R?c=647. 
.. Required vol.—6427— (827-138) =327 +138 
-=143.1978 cubic feet, 
=115.07 bushels. 


Also solved by P. S. BERG and C. C. CROSS. 
{ Nore.—In the figure, the point E should coincide with D. Eb. F. | 


65. Proposed by F. P. MATZ, D. Sc., Ph. D., Professor of Mathematics and Astronomy, Irving College, 
Mechanicsburg, Pa. 


Show that the path of a projectile moving with a constant velocity is an inverted 
catenary of equal strength. 


No solution has yet been received. 


PROBLEMS FOR SOLUTION. 


ARITHMETIC. 


102. Proposed by ALOIS F. KOVARIK, Professor of Mathematics, Decorah Institute, Decorah, Iowa. 


A’s age is to B’s as 2:8. 20 years from now their ages will be to each other as 4:5. 
What are their ages, respectively ? 


103. Proposed by WALTER H. DRANF, Graduate Student, Harvard University, 65 Hammond Street, Cam- 
bridge, Mass. 


Find proceeds of a note discounted at a bank for 10 years at 1099. What is the mean- 
ing of the result ? 


g*y Solutions of these problems should be sent to B. F. Finkel not later than January 10. 


ALGEBRA. 


92. Proposed by ELMER SCHUYLER, High Bridge, N. J. 
Given 2? —yz==1 5 y® —az==2 5 2? —ry=—3. Find a, y, and z. 


93. Proposed by CHARLES CARROLL CROSS, Libertytown, Md. 


Given x*+ 4" =285, and y*—2”=14, to find the values of sand y. [From 
Bonnycastle’s Algebra, 1841.] 


xy Solutions of these problems should be sent to J. M. Colaw not later than January 10. 


GEOMETRY. 


108. Proposed by NELSON L. RORAY, Bridgeton, N. J. 


ABC is a triangle. O,, O,, O, centers of escribed circles. Prove al- 
titudes of triangle O0,0,0, are concurrent at center of inscribed circle. 


109. Proposed by CHARLES CARROLL CROSS, Libertytown, Md. 


Two circles, radii in ratio 3:1, centers A and O, respectively, are drawn 
tangent externally to each other, and internally to a given circle O, and on the 
same diameter ; O, and O,’ are drawn tangent internally to O and externally to 
A and O, ; O, and O,’ are drawn tangent internally to O and externally to A 
and O, ; O, and O,' are drawn tangent internally to O and externally to A and 
O,, A and O,', respectively ; and so on. Prove O,, O, O,'; 0;, A, O,’; O,, 
A, O,’ and O,,, O, O,' are collinear. [The letters apply to the centers of the 
circles. | 

110. Proposed by P. 8.-BERG, A. M., Principal of Schools, Larimore, N. D. 

If the three face angles of the vertical triedral angle of a tetraedron are 
right angles, and the lengths of the lateral edges are represented by a, b, and ec, 
and of the altitude by p, then 1/p?=1/a? +1/b?+1/c?. [Chauvenet’s Geometry. ] 


g*y Solutions of these problems should be sent to B. F. Finkel not later than January 10. 


CALCULUS. 


83. Proposed by J. SCHEFFER, A. M., Hagerstown, Md. 


From a given point, P, in the base .{8 of a triangle, to inscribe in the latter the min- 
imum triangle, if its angle at P is given. 


84. Proposed by C. HORNUNG, A. M., Professor of Mathematics, Heidelberg University, Tiffin, Ohio. 


Find the equation of the curve upon which a given ellipse must roll in order that 
one of its foci may describe a straight line. 


z*y Solutions of these problems sbould be sent to J. M. Colaw not later than January 10. 


MECHANICS. 


77. Proposed by ELMER SCHUYLER, High Bridge, N’ J. 


At what elevation must a shell be projected with a velocity of 400 feet that it may 
range 7500 feet on a plane which descends at an angle of 30°? 


78. Proposed by ALOIS F. KOVARIK, Professor of Mathematics, Decorah Institute, Decorah, Iowa. 


A cone and a cylinder having equal heights and equal circular bases are filled with 
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water; if they have equal holes in the bases, respectively , how many times as long will it 
take the cylinder to empty as the cone ? 


x*y Solutions of these problems should be sent to B. F. Finkel not later than January 10. 


DIOPHANTINE ANALYSIS. 


76. Proposed by G. B. M. ZERR, A. M., Ph. D., Professor of Mathematics and Science, Chester High School, 
Chester, Pa. 


It is required to find four positive numbers, such that if each be diminished by twice 
the cube of their sum the four remainders will be rational cubes. 
77. Proposed by JOHN M. COLAW, A. M., Monterey, Va. 


Find (1) three consecutive numbers whose sum is a cube, and (2) three consecutive 
numbers the sum of whose cubes is a cube. 


x" Solutions of these problems should be sent to J. M. Colaw not later than January 10. 


MISCELLANEOUS. 


70. Proposed by WALTER H. DRANE, Graduate Student, Harvard University, 65 Hammond Street, Cam- 
bridge, Mass. 


1 ( vt ; ; 
97)—1ly— en = 
Prove tan-1% 5 log aj , and thence that 7==(2/7)log(2). 


71. Proposed by GUY B. COLLIER, 1901 Union, 27 Middle Section of South College, Schenectady, N. Y. 
Find the locus of any point on the front sprocket of a bicycle during one revolution 
of the hind wheel (any gear may be assumed). 


#*y Solutions of these problems should be sent to J. M. Colaw not later than January 10. 


EDITORIALS. 


Dr. Halsted reports that the Sylvester Fund has just been finished with 
about £900. 


A copy each of the July number, Vol. II., and the July number, Vol. X., 
of the Analyst is wanted. Any one who can furnish these should write to the 
editor of the MonrTHty. 


A number of important articles will appear in the Monrury during the 
next year. Dr. Miller will continue to furnish original matter on the all-em- 
bracing subject of Groups; Dr. EK. O. Lovett will continue his series of articles on 
Lie’s Transformation Groups; Dr, Roe has sent in a valuable articleon Symmet- 
ric Functions, and Dr. Halsted has furnished a highly valuable account of the 
great Russian mathematician, Tchébychev. This biography will appear accom- 
panied by an admirable picture of Tehébychev. 
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Nos. 6 and 11, of Vol. II. of the MonrHty are exhausted. As we have 
yet a few orders for complete sets to fill, we shall be pleased to pay 40 cents apiece 
for copies of No. 6, Vol. II., and 30 cents apiece for copies of No. 11. There has 
been, of late, quite a demand for complete sets for College and University librar- 
ies. Whenever a snfficient number of orders are received to defray the expenses 
these numbers will be reprinted. Other numbers in other volumes of the 
MonTuty are nearly exhausted. Subscribers desiring numbers to complete their 
files should order them at once. 


In order to increase our subscription list for next year, we will allow each 
old subscriber who secures one new subscriber to remit us three dollars in full 
payment for one year’s subscription to the Montuty for both. 


BOOKS AND PERIODICALS. 


Lectures on Elementary Mathematics. By Joseph Louis Lagrange. Being 
a course of lectures delivered at the Ecole Normale, Paris, 1795. Translated 
from the French by Thomas J. McCormack. S8vo. Handsomely bound in Red 
Cloth. xvi+156 pages. Price, $1.00. Chicago: The Open Court Publishing 
Co. 

In bringing out this valuable translation, the translator deserves great praise. These 
lectures which were delivered in 1795 and which are now found in the 7th volume of La- 
grange’s collected works have never before been published in separate form either in 
French or English, though a translation in German by Niedermuller appeared in 1880. 
These lectures are the source from which many of the best discussions of elementary 
mathematics have been drawn, besides containing much of great value and interest not 
yet incorporated in the text books. These lectures have received the indorsement of De 
Morgan, and Duhaing places them in the front rank of elementary expositions, as an ex- 
emplar of their kind. 

The lectures discuss the theory of Continued Fractions, Logarithms, the Operations of 
Arithmetic, and fundamental principles generally. <A brief historu of Algebra is given and 
a full discussion of equations of the third and fourth degree, including the irreducible case. 
The two final lectures are devoted to the resolution of numerical equations, and to the 
usage of curves in the solution of problems. 

Teachers of elementary mathematics, who desire to improve their methods of in- 
struction, adding richness and vitality to the subject, should read this book. B. F. F. 


A Manual of Experiments vv Physics. Laboratory Instruction for Col- 
lege Classes. By Joseph 8. Ames, Ph. D.. Associate Professor of Physics in 
Johns Hopkins University, and William J. A. Bliss, Ph. D., Associate in Phys- 
ics in Johns Hopkins University. Svo. Cloth. 544 pages. New York: Harper 


& Brothers. 
To my mind, this is by far the best laboratory manual that has appeared. — B. F. F. 


Elements of the Differential Calculus. By James McMahon, A. M. (Dub- 
lin), Assistant Professor of Mathematics in Cornel] University, and Virgil Sny- 
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der, Ph. D. (Géttingen), Instructor in Mathematics in Cornell University. 8vo. 
Cloth. xiv+887 pages. Price, $2.00. New York, Cincinnati, and Chicago : 


American Book Co. 

This book is the second of the Cornell Mathematical Series, of which series, Lucien 
Augustus Wait, Senior Professor of Mathematics in Cornell University, is editor. 

The authors’ apology for writing the book is that no other book has just the scope of 
this one, many of the works being too brief, and omitting rigorous proofs as being too dif- 
ficult for the average student, while the more extensive treatises have too much fora 
student to master in the allotted time. 

The authors have been very explicit in dealing with the fundamental principles of 
the science, and their efforts to reduce these principles to such clear and concise state- 
ments as to be readily comprehended by the student, will be greatly appreciated. 

On page 59 we find the following method of differentiating loga.r: 


Let y=log,«. Then y+ 4y=—log,(a+ 42x). 


Ay (a+ 4x)—log, x 

a 
il a) 12 ( 2) 1 Jey @ At 
=<, loge (TE) = 5 lowe 14S) = lowe 142") 

d Y I li mM. X/ AX 1 

<i (4 “*) — 27 @ e @ © @ a e 

dx + | x log, € 


It is then stated in in a foot-note that this method is too brief to be rigorous, it assum- 
ing that v/J.v is a positive integer, which is equivalent to restricting jx to approach zero 
in a particular way. A rigorous and general proof is given in the Appendix, pvge 316, in 
which the above restriction is avoided. However, while the method of proof there given 
is rigorous, we believe the following to be equally so: 

Let y= log, a>1. Then ytJy—log,(c+4r), 


the upper signs corresponding and the lower signs corresponding. 
Ja 
‘, £4ty—log,(7c+dx)—log, r==logl it— *). 


jy 1 ( =~") 1 «@ ( ") 1 
oY +o) Jog ( 4 7") 2= = low, f 1+ 
Je 7 08 : av Try 88 : a x log ( : 


_ dy 1 iim. ( =" S®) 1 lim. U La’ \2e ( v a 
= tae 108d IE = jqezo logy] (1 +(e )( .) 


(+ 2,)(# 5-1 )(#S) + a+ (+41) (eo) 
+5-(+4:) = tx 1) = ,) + 3 =o = Tr 1) +t v 


=) E(e \a') 


1 lim. 1 dx 1 la da 
+, ete. J=+ Jo-- mes -( I> - ;. "V4 5 31 -( 1 —"\( =) +, ete. | 
1 1 
. log,| 141 +5, + 3F —-+, ete. ie ; loge é 


jx is independent of x. and can vs pvoneh QO in two ways only, viz., either from the left or 
from the right. 

The same method holds when a<1, in which case dy/d.r=(1/2)l0ga (1/e). 

The work is an excellent one and it together with the Integral Calculus of this series 
will maké a most valuable course in this subject. We very heartily recommend this work 
to the consideration of teachers desiring something new and at the same time good. 

B. F. F. 
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ALGEBRA (See Solutions and Problems). 

ARITHMETIC (See Solutions and Problems). 
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BOOKS, Reviewed, 32-34, 64-66, 97-98, 120-124, 159-160, 188-190, 219-220, 247-249, 283-284, 


308. 
School Algebra Complete, by Fletcher Durell and Edward Robins, 32; The 
Equations of Hydrodynamics, by Joseph Collier, 33; A New Astronomy, by 
D. P. Todd, 33; An Algebrate Arithmetic, by S. E. Coleman, 38; College Alge- 
bra, by Edward A. Bowser, 64; Elements of Calculus, by James M. Taylor, 64; 
EHlements of Determinants, by Paul H. Hanus, 64-65; Exercises in Choice and 
Chance, by William Allen Whitworth, 65; Through Quadratic Equations, by 
Jos. V. Collins, 65; Theoretical and Practical Graphics, by Frederick N. Will- 
son, 120; New Psychology, by John P. Gordy, 122; Mechanical Drawing, by J. 
C. Tracy, 122; Elementi di Geometria, by G. Lazzerie A Bassani, 123; Les- 
sons in Klementary Mechanics, by Sir Philip Magnus, 160; Elements of Trigono- 
metry with Tables, by Herbert C. Whitaker, 188; Prismoidal Formulae and 
Earthwork, by Thomas U. Taylor, 188; Lecture on the Geometry of Position, by 
Theodore Reye, 188; Elements of Plane and Spherical Trigonometry, by J. W. 
Nicholson, 219; Introduction to Algebra, by G. Chrystal, 219; Infinitesimal 
Analysis, by William Benjamin Smith, 220; Advanced Mechanics, Vol. I Dy- 
namics, by William Briggs, 247; Coordinate Geometry, by Briggs and Bryan, 
247; Mensuration and Spherical Geometry, by William Briggs, 248; Differential 
and Integral Calculus, by James M. Taylor, 248; Differential and Integral Cal- 
culus, by P. A. Lambert, 248; Text Book of Algebra, by George Egbert Fisher, 
248; Introduction to the Theory of Analytic Functions, by J. Harkness and F. 
Morley, 249; An Hlementary Course in Analytical Geometry, by J. H. Tanner 
and Joseph Allen, 249; Lectures on Klementary Mathematics, by Lagrange, 288 ; 
A Manual of Experiments in Physics, by Jos. 8. Ames and William J. A. Bliss, 
288 ; Elements of the Differential Calculus, by James McMahon, 288;a Treatise 
on Roofs and Bridges, with numerous exercises, by Edward A. Bowser, 308. 
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EDITORIALS, 30-32, 64, 159-160, 187-188, 219, 282-288, 305-308. 

ERRATA, 34, 66, 98, 126, 220, 250, 

GEOMETRY (See Solutions and Problems). 

MATHEMATICAL PAPERS— 
Burnham, A. C., On some Cases when the Quintic is Solvable by Elementary 
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Calderhead. James A., New and Old Proofs of the Pythagorean Theorem. . 
Dickson, L. E., A New Solution of the Cubic Equation...................... 
Halsted, George Bruce, Non-Euclidean Geometry: Historical and Exposi- 


COTY 2 cect ett eee e eee ene 1-2, 67-68, 127-128, 
The First Award of the Lobachevski Prize. ......... 0000000. ccc cece cece 
Translation of Monsanto’s Teorema............ 0.0 ccc tease eueens 


Heaton, Henry, Infinity, the Infinitesimal, and Zero........................ 
Landis, W. W., A Method of Defining the ENipse, Hyperbola, and Parabola 
as Conic Sections Le ne be nee eee eee ee beeen ee Genenas 
Lovett, Edgar Odell, Sophus Lie’s Transformation Groups .............. 2-9, 
Miller, Dr. G. A., Note on the Application of a Substitution Group in Spheri- 
cal Trigonometry Ln eee een eee teen tee eee nes 


99-101 
73-74 
38-39 


290-291 
39-41 
265-266 
224-226 


72-73 
75-82 


102-108 


310 


On Several Points in the Theory of Groups of a Finite Order.............. 
On the Groups which are Determined by a Given Group ................. 
Monsanto, J. M., Teorema, Translation by Dr. Halsted .................... 
Moulton, F. R., On the Best Method of Solving the Markings of Judges of 
CONteStS 2. ee eee be teen e ence teens 


Nicholson, J. W., Reply to Professor Fisk’s Criticism of a Certaln Feature 


of Nicholson’s Caleulus .......0..00 0000 eee beeen cent enes 
Roe, E. D., Jr., Note on-a Formula of Symmetric Functions................ 


Rothrock, David A., Point Invariants for the Finite Continuous Groups of 


the Plane... 2... ee cen ttt e ene eben es 
Yanney, B. F., New and Old Proofs of the Pythagorean Theorem .......... 
Zerr, G. B. M., Summation of Series... 0.0.00 0. ce tenes 
Convex Surface and Volume of Conical Ungulae.......................45. 

MISCELLANEOUS (See Solutions and Problem). 

NOTES, 62-64, 125-126. 
Note on the synchronous setting or rising of the cusps of a crescent moon, by 
S. Hart Wright, 27; The first award of the Lobachevski Prize, by George 
Bruce Halsted, 39-41; Note on second solution of problem 49, Mechanics, by 
Alfred Hume 51; A note from McLellan and Dewey’s Psychology of Number 
and from Lefevre’s Nuinber and Its Algebra, 57; A note on Euler’s attempts 
of finding triangles of commensurable sides and medians, 59; Notes on the 
Evanston meeting of the American Mathematical Society, by G. A. Miller, 
62-64; Note on the practical application of a substitution group in spherical 
trigonometry, by G. A. Miller, 102-103; Note on an extract from Dr. Lai- 
sant’s book, La Mathematique, by Dr. Alexander Macfarlane, 125-126; Note 
on Mr. J. F. Travis’s solution of problem 87, Arithmetic, 1389; Note on J. M. 
Boorman’s solution of problem 78, Algebra, by Josiah H. Drummond, 174; 
Note on solution of problem 69, Calculus, by Josiah Il. Drummond, 177: Note 
on Professor Zerr’s solution of problem 60, Diophantine Analysis, by Josiah 
H. Drummond, 182; Note by the editor, B. F. Finkel, as answer to a query, 
202; Note on a demonstration of problem 98, Geometry, by B. F. Finkel, 234; 
Reply to note of Dr. Drummond on problem 78, Algebra, by J. M. Boorman, 
270. 

PORTRAITS, Leonhard Euler, facing page 1; Réné Descartes, facing page 191. 

PERIODICALS, 34, 66, 97-98, 124-125, 160, 190, 220, 308. 


SOLUTIONS AND PROBLEMS. 
ARITHMETIC. 


A and B traveling at uniform and stated rate, B turning twice, to find B’s 
rate, NO. 87 2.06. ce eee ee eee eens 
A barn 20 feet square, standing in a pasture, horse tied by a rope of 50 feet 
tied to a corner, find area of land grazed over. No. 98...... Lene cee eee 
A chaise turning within a ring, to find the circumference. No. 85 Leen eee 
A man gained 3% on his money in July, lost 2% in August, what per cent. 
of his money July 1, is his money September 1. No.101........ ......... 
An interest-bearing note of $1000 with several indorsements, find amount 
due at astated time. No. 91 ........ ..0.0.02 06 0 fee cee een 
A owes $6000, bearing 6% interest, debt to be paid in 6 equal payments,with 
certain other conditions, to find amount of each payment. No. 90 .. .... 
A’s age is to B’s age as,2:38, etc. No. 102 .....0..... 00. eee 
Debt of $20 paid in 11 monthly installments of $2 each, to find rate per cent. 


NO. 98... ee eee ek bebe bene tees ....202, 
Find greatest namber of ineh balls placed in a box of given dimensions. No. 
oS 


Find principal of an interest-bearing note, payments being made at different 
stated times, the final amount and the date when due being given. No. 88 


196-199 


221-224 


265-268 


199-201 
161-164 


249-264 
73-74 
128-135 
164-170 


170-171 
11 


267-268 


138 


136-188 
291 


oll 


Find 24 triangles containing 3380 square yards. No. 84.................... 10, 82-85 
Income realized by U. 8. 4% bonds at 105, sold after 6 years at 104. No. 94 171-173 
In what time will $4000 amount to $1534.96, 6% interest, payable annually. 


NO. O77 eee been eee ee eens 202 
Number of acres in a square field, whose diagonal is 10 rods longer than the 

side. NO. 96 0000.60 ec nee beeen teen ees 201-202 
Stock bought at 4% discount, sold at 24%premium, brokerage in both cases, 

4%, net profit being $130, find investment. No. 100............-......0-- 267 
300 cats kill 300 rats in 300 minutes, how many eats will kill 100 rats in 100 

minutes. No. 99 00000... ccc ccc cee beeen nee ee 227 

ALGEBRA. 


A Savings and Loan Company loaned out a certain sum under some particu- 

lar terms. The question is whether the Company sustains any loss. No.88 268-270 
A starts around a circular island at a certain rate, B,C, and D start at dif- 

ferent times at given rates in opposite directions, to find size of island, 

when they meet, etc. No. 87.0.0... 0.6.50 66 cece nee eee . 229-230 
If, on the present electoral basis, all electoral votes of each state 4 are ‘cast 

solid for one or the other candidates, find all possible combinations for 273 


votes for winning candidate. No. 84.... 2.0... 0.0... cee eee eee eee a 203 
Of 2 persons, A gives to the others as much as each one has, so B, ©, ete. 
What had each at first. No.79 0.0000 ce eee 85-86 
; vas ) 1 1 O—|/9 
Prove identities 2—, 2—3+ 523 +- Papo and ar a +44 
; q +o..... NO. 76 oo ce beeen bbe tenes 14-17 
3.4 
a,” Ao! 
Show —————— 1 FE 
(@,—@,)(@,—,) .. (@y—An) (Gg—@,)(Ag—G3) .. (@g—Gn) 


+....is 0, if r<n—1, —1, if r—=n—1, and to 2a,, if r==n. No. 81 
105-106, 129-141 


Solution of two simultaneous equations by quadratics. No. 89..........:. 301 
Solve equation (6x? +4—3)? —48? (4415). No.77....0....00.204. 17 
1 2 
Sum 12.92.32 42 52 + 9232425262 0 No. 85............ . 208-205 
a? + yz==16, y? +0217, 2? + ry= 22. No. 86.0000 227-229 
a? + ay==10, y+ 7Y=15. NO. 78.000 ccc ees 49-45 
L+at=a(l4+ x4). No. 80 000. t teens 87 
yr? tyzter2=a®, 2 t+er+x2?=—)*, we +eyt+y? =c?. No. 82............ 106-107 
a® + y-=8, yF += 60. No. 88.0000. ence e ees 173-174 
GEOMETRY. 
Area grazed over »y a horse tethered to a post on the circumference of a 
eircle. No. 10B 0... ck cc ne need e ee eee eee 296 
Bisectors, if two are ‘equal, the triangle is isosceles. No. 85....-. 0.000 ee eee 108-109 
Bisectors of angles of opposite sides of inscribed quadrilateral cut sides at 
vertices of rhombus. No. 90 ........ 00.0.0. e teens 148 
To bisect a line without use of circle. No, 102..... ........... 0.000000 00. 295 


Circle touching another internally, and a third with a radius, a mean pro- 
portional between radii, through point of contact, intersection parallel. 

NO. 80.00 eee ene tet een e eee 18 
Circle tangent to three circles. No. 89 2.0.00... eee eee 142-1438 
Circle to be constructed, passing through two given points and touching a 

third. No. 98.000. nent nn beeen eee 234 


Circle, to find point in semi-circumference, sum of distances to be a maxi- 


mum. No. 104...... 0.0.0 ccc cece ence tenet e eens 297 
Collinear, center of circles being. No. 81 ...... .... cee cc eee eee 45-46 
Escribed circles, radius of circle through centers of inscribed and two es- 

cribed cireles equal to radius of circumscribed circle. No. 97 ............ 231-284 
Escribed circles, centers given, and centers of inscribed circles. Prove, etc. 

NO. 100 2... cent teen teen eee eees re 271-278 
Extremities of base of triangle joined to extremities of angle of squares 

erected on two sides. No. 82.0.0... 0... 0c cc cee eee tee ees 19-20 
Focus, four conics having common. NO. 86............. 00:0 cee tenes 109 
Frustum of cone, find volume of. No. 88 ........... 0... ce eee ee ce eee 109-110 
Tsosceles triangles described on three sides of triangle. No. 96............ 206-207 
Locus of point, when coordinates are, as given. No. 88 ..................0. 46 
Locus of vertices of triangle. No. 91 ....... 0.000. cece 174-175 
Locus of point, trisecting ares having common chords. No. 84.............. 87-89 
Locus of vertices of all right cones having same ellipse as base. No. 99.... 270-271 


Mountain, finding height of, angles of elevation and base being given No.93 175-176 
Parabola, at each point of which the rectangular hyperbola described of four 


pointic contact, locus of center equal parabola. No. 95 .................. 206 
Perimeter, to be aminimum. No. 87.......... 0.0 0c e ccc ee eens 141-142 
Quadrilateral, inscribed in circle. Prove AB.BC+AD.CD:AB.AD+4+-BC.CD 

=BD:AC. NO. 92 oo. eet e nett ee tee ney 175 
Tower, finding height of. No. 98 1.0.2.0... 00. cc cece en es 175-176 

CALCULUS. 

Augur hole, bored through cylinder, find volume removed. No. 68........, 20-28 
Differential equation, given, to prove certain relations. No. 68............ 110 
Differential equation of third order, to solve. No. 71.............. 145-146, 176 
Differential equation, given, to solve. No. 75 .. oo... cece cee 235-236 
Differential equation, given, to solve. “No. 76 ......... 0.00 cece cee eee 236-237 
Drawbridge, across which, when moving, aman walks. No. 67............ 89-91 
Elliptic fence, to which a horse is tethered. No. 69.............. 0.2.20... 111 
Integral, prove given, with conditions stated. No. 70...................0.4 143-145 
Integral, given, to solve. No. 73 0.0.0... ccc cece een 207-208 
Tllusory value when v=0. No. 78.1.0... 00.0.0 cece cnet eens 298 
Park, forming parabolic segment. No. 72......... 0.0... eee 177 
Pedal of bicycle, find equation of a point of. No. 77....... 0.0.0... 0.0. eee 237 
Rope, wound around a conical frustum, how far will a hawk fly unwinding 

it. NO. 66 2.0... ec be eee eee ee eben ett ees 47-48 
String, wound spirally around a cone, distance a duek must swim through, 

unwinding it. No. 65 ......... 0.6.0 foc ee eee eens 46-47 

MECHANICS. 
Ball, falling through center of earth, its motion similar to that of a pendu- 

lum. No. 72 2.0.0.0 coe cee ec eee e eben bebe b bebe ebb be Vee bnes 276-277 
Beam is suspended by ropes from a horizontal support, angles to be found 

made by the ropes and support. No. 68............0 0.0.00. 2 ccc cee 149-150 
Body, sliding from rest down a series of smooth inclined planes, final veloc- 

ity to be found. No. 654 ......... 0.0.0 fo ee ee 24 
Conical stick of timber, being depressed in a liquid of given density, amount 

of ascent to be found. No. 67 .......... 26. eee cee es 288-239 
Cow, jumping over the moon. N0o.56........0 (0 eens 91 
Cylindrical vessel, filled with water, resting on horizontal plane, find max- 

imum angle of elevation to which the plane must be raised. No. 64 ..... 209-218 


Distance from mid-point of a chord of parabola being constant. Locus of 
center of gravity of segments. No. 66............ 000.0000 eee eee 238 
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Disturbing force of Moon for any point on earth’s surface. No. 68.......... 239-240 
Elastic string, by which a body is suspended from a fixed point. Find 
depression of body, so that when let go, the point of suspension is 
reached. No. 61....... 2.0 0c. en nee tenn een eens 146-148 
Endless uniform chain, hanging over two small pegs, to show that in a state 
of equilibrium a certain given relation prevails between distances of the 
vertices ‘of the two catenaries, the length of the chain and angle of incli- 


Mation. No. 58.2.0... 0000. cee beeen eee eens 92-93 
Gold, a sphere of, whose density varies as square of distance from center, | 
how to be divided into three parts of equal value. No. 71................ 275-276 
Homogenuous sphere, having given angular velocity and contracting by 
cooling, find angular velocity when radius is reduced to one-half. No. 75 275 
Intersection of two planes, over which a chord slides, find equasion of path 
described by center of gravity. No.57.... .. eee teens 111-112 


Tsosceles triangle of vertical plane and horizontal base, supported at each 
end, representing 3 rods joined together. A load is suspended at one ver- 
tex, find angles between sides and base on condition, that sum of weights 


of rods is a minimum. No. 64 ........ 0.0.0.0 c ee eee ees 177-179 
Locus of center of gravity of all segments formed by chord in parabola. 

DA os 179 
Particle of mass moving, in circumference of ellipse in the constant rate, 

where it is held by attractive forcesin the foci. No. 62.................. 148-149 
Radius of a sphere of given specific gravity, which will rest in fluid varying 

density. No. 59 0.0... ce ee eee eee 112-1138 
Ratio of the two legs of a uniform and heavy right triangle, being suspended 

from center of inscribed circle. No. 60............ 000 eee eee 1138-114 
Spheres, three equally heavy, are placed on a rough ground and a fourth one 

on topof them. No. 55.0.0... . cece ce ce eee eee 24, 48-50 
Velocity, to find so that water may spill in swinging a pail with a rope. No.74 300 
Weight, supported by two props. No. 73 ....... 0.0.0... ee eee 300 


DIOPHANTINE ANALYSIS. 


Arrangements, greatest number of nine digits, all taken together, whose 3 
terminal figures shall be those of a square number under conditions set 


forth in the problems. No. 57........ 00.0.0. cece cee ees 93 
Base of right triangle being 105, find all perpendicular and hypotenusus to fit 

it, such that their values shall be integers. No. 58..... ................ 51-54 
Consecutive numbers, four, whose sum=square, and sum of whose squares= 

square. No. 61 0.0... 0. ec en net e een bees 215-216 
Cubic proper fractions, two, whose product=square proper fraction. No. 66. 215 
Decomposing number. give methods of, into squares, cubes, biquadratic. 

OAC a | 0 279-301 
Five numbers to be found, so that the product of any two +1=square...... 301 
Four square numbers in arithmetical progression. No. 62. ................ 180-181 
General value for p in 4 p+1=sum of 2 squares. No. 68.................... 240-243 
Infinite series of prime, integral, rational, scalene trtangles where sides of 

every term are consecutive numbers. No. 61......................04. ... 150-152 
Integars, number of equal, and prime to it, show, etc. No. 56.............. 26 
Magic squares, whose sum==3m. No. 55 0.0 1... cee 25-26 
Required to take from the proper key suitable material and construct a 

‘nest’? of 10 or 15 prime, integral, rational trapeziums. No. 74........ 181-182 


Six positive numbers to be found, such that if each be diminished by five- 

half times the fifth power of this sum, the six remainders will be rational 

fifth powers. No. 60..............0.0 Cece e eee eee Lees 114 
Sum of mth power of all numbers less than / and prime. No. 59. Leena 93-94 
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Show, that 1521 can be expressed in seven different ways as sum of three 

perfect squares. No. 75 1.0.0... 2.2 ce tees 214-215 
Two right triangles have same base which is mean proportional between the 

two perpendiculars, find general solution giving integral values for all the 


sides. No. 69...... 0.0.0.0 bee bene eee ene 277-279 
x8 +. y8 = 203 & 105489, find four positive integral values. No. 638... 0.2... 181 


AVERAGE AND PROBABILITY. 


Average area cut from a Circle, from a point on the surface of which 2 lines 

are drawn to the circumference. No. 58................ Jee. eee 114-115 
Average area of a triangle, in which is a given point and a random point,the 

line through both divides triangle into a trapezium and a triangle. No. 64 213-214 
Average veronnty © of a point in the circumference of a circle, rolling along a 

line. No. 59... 02.00. c eee ce nee bee . oo... se. 115-116 
Bag, containing ¢ any number of balls, which may be either black or white, 

one is drawn which is white, show that chance of drawing another white 


one is two-thirds. No. 62. ..... nb ne eee . 213 
Chance that center of gravity of a triangle lies inside a triangle for med by 3 
points taken at random within the triangle. No. 56...................... 54-55 


Chance that, when a chord is drawn through 2 points in a circle, and a sec- 
ond chord through 2 other points, the quadrilateral formed by extremeties 


of the two chords contains center of circle. NO. 57......0..0 00.0. ee eee 56-57 
Four points are taken at random within an ellipse, chance that they form a 
re-entrant quadrilateral. No. 60......0.... 0.000 2c eee 152-154 
MISCELLANEOUS. 
Caustic by reflexion. No. 59.... ...,....... eee 156-157, 182- 183, 303 
Chronometers, of three, one keeps true time, two others gain and lose, find 
true time, when hands of other two point out certain numbers. No. 68.... 244-245 


Conical bin of given dimensions is cut by a plane parallel to side and passing 
through center of base, how many bushels of wheat will it contain. No. 64 279-280 
Cusps of moon’s crescent: how long will they set synchronously, the latitude 


and declination of sun and moon being given. No. 54 and No. 56 .. 27-28, 116 
Multiply 64, is the problem legitimate, when both sysbols represent pure 

numbers. No. 55 2. 020.0200 2k ee eee ee 57-58 
North Latitude, the highest, in which the sun will shine in at the north 

window of a building at least once a year. No. 538 .... ...... . 26-28 


Particle is placed very near the center of a circle, round the circumference 
of which » equal repulsive forces are symmetrically arranged, each force 
varying inversely as the mth power of its distances from particle, show re- 


sulting force, ete. No. 57........ 0.6.06 eee . . 4... 116-118 
Path of projectile, moving with constant velocity | is an inverted ‘catenary of 

equal strength. No. 65.0 20.0.0 22 eee ee cee 302 
Product, the, of 27 numbers, each the sum of 4 squares, may be expressed as 

sum of 4 squares in (18)”~—1 different ways. No. 61 . De ees 184 
Shadow, the longest in winter at noon, of an upright - is < found to be seven 

times as long as the shortest summer shadow of same object. No. 58 ... 155-156 


Sun’s declination being given, in what latitude will it shine on north side of 

building during first half of forenoon, and on south side during the other 

half. No. 60... 0000... cece ne eee ee . 2 . .... 188-186 
Triangles, whose sides and median lines : are . commensurable. No. 42. . 58-59 
Tube of uniform cross section is bent into the form of a cycloid, equal quan- 

tities of fluids of different specific gravity are poured in at the two cusps, 

find distanee of upper levels of fluids from vertex. No, 62. ........ .. .. 248-244 
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TCHEBYCHEV. 


BY GEORGE BRUCE HALSTED. 


AFNUTI LVOVICH CHEBYSHEV in the notice which appeared in THE 
. AMERICAN MaTHEMATICAL Montuty, Vol. II., pp. 61-63, shortly after 
his death, was ranked as second only to Lobachévski among Russian 
mathematicians. In the memoir of Vasiliev which has just appeared the 
author says that if Russian mathematics may claim an honorable place in the 
modern science it is due to Lobachévski, to Ostrogradski, to Chebyshev. 

The biography of Sylvester in the Proceedings of the Royal Society says 
of Sylvester’s discourse on Conversion of Motion: ‘‘A synopsis only of the Roy- 
al Institution lecture was published. The manuscript of the lecture as actually 
delivered is in the possession of George Bruce Halsted, of the University of Tex- 
as. Extracts from it appear inthe Amerlcan Journal ‘Science’, of April 16, 1897, 
from which it appears that it was characterized by that eloquence, force, and 
poetical imagination with which students of Sylvester are familiar.’’ From this 
precious unpublished MS. of the great ‘‘king of thought’’ I give the following : 
‘‘My friend, Professor Tchebicheff, of the University of St. Petersburg (one of 
the greatest mathematicians of this or any previous age, the only man ever able 
to cope with the refractory character and erratic flow of prime numbers and to 
confine the stream of their progression within algebraic limits, building up, if I 
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may so say, banks on either side which that stream, devious and irregular as are 
its windings, can never overflow), had long occupied himself with the theory of 
Parallel Motions. When he paid his first visit to me in England, at Lincoln’s 
Inn Fields, about twenty years ago, his special object was to obtain sight of 
some of the old machines of Watt in order to ascertain if the parallel motions 
constructed by him followed strictly the description ordinarily given of them, or 
were adjusted in a manner to give more accurate results for a throw of the beam 
not indefinitely small, as the common theory virtually implies, but ranging with- 
in given limits. 

I believe he found that the intuitive mechanical sagacity of Watt had an- 
ticipated his own mathematical deductions. 

Since that time, among other researches of far greater importance, Tcheb- 
icheff has occupied himself with finding the best form of the 3-bar motion, of 
which Watt’s parallel motion is only a special case, and arrived at results which 
give greater accuracy than Watt’s at the same time that his arrangement is more 
compact, and, in some cases, more convenient of application. J may mention 
that in Tchebicheff’s arrangement, the two radial bars cross instead of being par- 
allel in the initial position ; and that while in Watt’s arrangement the parallel 
point (i. e. the part meant to move straight) describes a figure of 8, in 
Tchebicheff’s system it describes a very flat but open oval curve. 

As regards the problem of a perfect parallel motion, Tchebicheff had sat- 
isfied himself that the solution was impossible, and had elaborated what seemed 
to him almost a conclusive proof that such a machine was inconstructible in the 
nature of things,—almost but not quite ; for under the very special hypothesis of 
two points usually distinct chancing to come into coincidence (if that could hap- 
pen), he tells me that he foresaw that there was a bare possibility of his proof 
not holding water, and therefore with most praiseworthy caution, he held it back 
until he could succeed in patching up the supposed flaw. Still he made no se- 
cret of his inner conviction that the problem did not admit of solution ; nor did 
he stand alone among mathematicians of the highest rank in entertaining that 
belief. 

On his recent visit (the third I believe which he has paid) to England, in 
the course of last autumn, he again called upon me, and naturally, knowing how 
much the subject had occupied his thoughts, I inquired after his old love, and 
asked him how fared his proof of the impossibility of a Perfect Parallel Motion. 
‘Oh,’ replied my eminent guest, ‘itis done!’ ‘Done!’ said I, offering him my 
hand, ‘I may then congratulate you on having at last overcome the difficulty 
with which you have so long contended.’ ‘No,’ said he, with a somewhat down- 
cast air, ‘it has been done in France and again in Russia.’ ‘Somebody else, 
then, has obtained a proof of the problem being impossible.’ ‘No; the problem 
has been solved, so that of course it cannot be demonstrated to be impossible.’ 

He then showed me Peaucellier’s figure, which did indeed make me open 
my eyes, so simple—seeming to have so long eluded the gaze of the many sharp- 
sighted telescopic explorers watching to discover it flit over the wires! ‘Now, 
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Dr. Tchebicheff,’ said I, what do you think of the quadrature of the circle? 
Does not such a discovery shake our belief very much in what we call our intui- 
tive convictions about things being possible or impossible?’ ‘My feeling,’ was 
his answer, ‘about the quadrature of the circle is this, that if the Emporer were 
to give me my choice to be shot at the expiration of a given time if I did not pre- 
viously find out the quadrature, or else if I did not prove it to be impossible, I 
would elect to have to discover the quadrature.’ [This was in 1874.] 

He told me, too, how a pupil of his own, named Lipkin, a freshman at. 
the University of St. Petersburg, had rediscovered Peaucellier’s method in ig- 
norance of what Peaucellier had done, and how at his own special recommenda- 
tion, the Russian government had taken Lipkin in hand, and provided him with 
means to free himself from all anxiety for a livelihood, and to enable him to pur- 
sue his studies at the University with his mind at ease. 

The air of Russia seems to no less favorable to mathematical acumen than 
to a genius for fable and song. Lobacheffsky, the first to mitigate the severity 
of the Euclidean code and to beat down the bars of a supposed adamantine neces- 
sity, was born (a Russian of Russians) in the government of Nijni Novgorod ; 
Tchebicheff, the ‘prince and conquerer of prime numbers, (who, rightly appre- 
hending every fact as an actualized center, a ganglion of intellectual notions, 
seeks in realistic constructions and problems of every day life the source of his 
highest and subtlest mathematical inspirations), in the adjacent circumscription 
of Moscow, and our own Cayley, the central luminary of the mathematical firma- 
ment, was cradled amidst the snows of St. Petersburg. 

I happened to receive a visit from M. Manuel Garcia immediately after 
Tchebicheff left me. I showed M. Garcia, who is a zealous geometer, the draw- 
ing of the cell and mounting of Peaucellier’s instrument left by Tchebicheff. 
The next day to my surprise and gratification he brought me a working model of 
it in wood. When I took this instrument under my cloak and showed it after 
dinner to the Philosophical Club of the Royal Society it drew forth the most live- 
ly expressions of admiration from such men as Wheatstone. Tyndall, Sir C. Ly- 
ell, Dr. Carpenter, Mr. Busk, Sir B. Brodie, Mr. Playfair, and others. Soon 
after I exhibited the same model in the hall of the Athenaeum Club to my bril- 
liant friend Sir William Thompson of Glasgow, who nursed it as if it had been 
his own child, and when a motion was made to relieve him of it replied: ‘No! 
I have not had nearly enough of it—it is the most beautiful thing I have ever 
seen in my life.’ 

Had Peaucellier gone boldly to the Institute with his discovery, I feel 
fully persuaded from my personal knowledge of the men who adorn its lists, that 
he would not have had to wait nine years or to have depended on my accidental 
conference with Tchebicheff for his claims to have met with their first suitable 
recognition.’’ 

In a note, Sylvester says Tchebicheff told him he had succeeded in prov- 
ing the non-existence of a flve-bar linkwork capable of producing a perfect par- 
allel motion. Peaucellier’s required seven. But again the great Russian was 


288 


mistaken ; for fired and inspired by this very lecture, Harry Hart went home 
and discovered the five-bar perfect parallel motion now known ‘by his name, 
where for Peaucellier’s cell of six bars is substituted Hart’s contraparallelogram 
of four. 


ON A METHOD TO CONSTRUCT INTRANSITIVE SUBSTITU- 
TION GROUPS. 


By DR. G. A. “MILLER. 


An intransitive group contains two or more transitive constituents and 
may be constructed by establishing some isomorphism between these constituent 
groups. If it contains more than two transitive constituents we may combine 
them in any way into two constituents and construct the group by establishing 
some isomorphism between these constituents, where at least one of them is an 
intransitive group. For example, we can find all the possible groups of degree 
11 whose transitive constituents are of degrees 4, 4, 3 by establishing isomor- 
phisms between the intransitive groups of degree 8 which contain two transitive 
constituents of degree 4 and the transitive groups of degree three. We can also 
find all these groups by establishing isomorphisms between the intransitive 
groups of degree 7 whose systems of intransitivity are 4, 3 and the transitive 
groups of degree 4. 

Sometimes we can observe some important group properties from the nota- 
tion by which an intransive group is represented. For instance, if the group is 
not simply isomorphic to some one of its transitive constituents it must contain 
at least two self-conjugate subgroups, differing from identity, that do not have 
any common operator besides identity. Conversely, if a group contains two such 
self-conjugate subgroups it may be represented as an intransitive group which is 
not simply isomorphic to any one of its. transitive constituents. 

While the method of establishing some isomorphism between two constit- 
uent groups seems to be the best general method to construct intransitive groups 
yet it is sometimes desirable to employ others. To illustrate one of these 
we Shall employ it to find all the possible intransitive groups of degree 10 that 
contain five systems of intransitivity. 

The average number of elements in all the substitutions of such a group is 
10—5=-5* and a positive substitution must be of degree 4 or 8, while a negative 
substitution must be of degree 2, 6, or 10. There is evidently only one such 
group of order 2. If a group of order 4 contains only positive substitutions it 
must contain x substitutions of degree 4 and y of degree 8, wherex+y—8. Hence 


*Frobenius, Crelle, vol. 101, p. 2875 ef. Miller, Bulletin of the American Mathematical Society, vol. 2, 
1895, p. 75. 


289 


4¢4+8(8—2)=4.5; x=1, y=2. 


Since the substitution of degree 4 and one of the substitutions of degree 8 
must generate the required group of degree 10 they can have only one transposi- 
tion in common. Hence there is only one positive group of order 4. 

If a group of order 4 contains negative substitutions it must involve one 
positive substitution besides identity. If this is of degree 4 the two negative 
substitutions must involve 20—4—16 elements. Hence one of them must be of 
degree 6 and the other of degree 10. Since the one of degree 6 and that of degree 
4 must generate the entire group there is only one such group. If the positive 
substitution is of degree 8, the two negative substitutions must involve 20—8—12 
elements. There is clearly one group whose negative substitutions are composed 
of one transposition and one substitution of degree 10, and one whose negative 
substitutions contain three transpositions. Hence there are four groups of order 
4,—one of these contains only positive substitutions while the other three contain 
negative substitutions. 

If a group of order 8 contains only positive substitutions it must contain x 
substitutions of degree 4 and y of degree 8, where x+y=7. Hence 


4o+8(7—y)=8.5 5 c=—4. 


The substitutions of degree 4 must therefore generate the entire group. 
Since at least two of them must have a common transposition such a group must 
contain a subgroup of order 4 and degree 6. There is only one such group be- 
cause the remaining generating substitution of degree four must involve the 4 el- 
ements that are'not found in the given subgroup of order 4. 

We proceed to consider the groups of order 8 that include negative substi- 
tutions. The positive subgroup of order 4 must be of degree 6, 8,or10. If it is 
of degree 6 its substitutions must involve 12 elements. The four negative sub- 
stitutions of the group must therefore involve 40—12—28 elements. Since there 
must be one substitution of degree 10 there can be only one such group. If the 
given subgroup is of degree 8 the four negative substitutions of the group must 
include 40—16—24 elements. There is clearly one group that contains a single 
transposition and another that contains four substitutions of degree 6. 

Finally, if the given positive subgroup is of degree 10 the four negative 
substitutions must involve 40—20=-20 elements. Hence at least one of these 
substitutions must be a transposition. If this transposition is found in the sub- 
stitution of degree 4 the group will contain two transpositions ; if it is not con- 
tained in this substitution the group wil] contain only one transposition. We 
have now considered all the possible cases and found that there are six groups of 
order 8,—one of these is positive while the other five contain negative substitu- 


tions. 
The largest possible group of degree 10 that contains five systems of in- 


transitivity is of order 25=32. There is evidently only one group of this order. 
From this it follows directly that there is only one positive group of order 16 that 
contains the given systems of intransitivity. The three groups of this order that 
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contain negative substitutions may be found in exactly the same manner as those 
of order 8. Hence there are just 16 groups of degree 10 that contain five systems 
of intransitivity,—1 of order 2, 4 of order 4, 6 of order 8, 4 of order 16, and 1 of 
order 382. All those that have the same order represent the same abstract group. 


Cornell University, November, 1898. 


NON-EUCLIDEAN GEOMETRY: HISTORICAL AND 
EXPOSITORY. 


By GEORGE BRUCE HALSTED, A. M. (Princeton); Ph. D. (Johns Hopkins); Member of the London Mathematical 
Society ; and Professor of Mathematics in the University of Texas, Austin, Texas. 


[Continued from May Number. | 


Proposition XXXVI. If any strarght XF (Fig. 44) makes an acute angle 
with any ordinate LF [of the equisdistantial], the point X does not fall without the 
cavity of the curve, unless previously XF' has cut the curve in some point O. 

Proor. It is certain that the point X may be assumed in AF’ so near to 
the point F’, that the join LX previously cuts the curve 
in some point S: otherwise Xf’ either does not fall 
wholly without the cavity of the curve, and so we 
have our assertion ; or so it does not make with FL 
an acute angle, rather it would be to suppose that XL 
comes together with LF’ in one same straight. 

Accordingly from the point S let fall to the base 
AB the perpendicular SP. This will be (from P. 34) 
equal to LF. 

But SP is (from Eu. I, 18) less than LS. Wig. 44, 

Therefore also LF is less than LS, and therefore much less than LX. 
Hence in triangle LXF the angle at the point X will be acute, because less (from 
Eu. I, 18) than the angle Z/'X supposed acute. 

Now let fall to FX the perpendicular LT. This falls (because of Eu. I, 
17) toward the parts of each acute angle. Wherefore the point T will lie between 
the points X and #. Then from the point T let fall to the base AB the perpen- 
dicular TQ. 

LF (because of the right angle at 7’) will be greater than LT, and this (be- 
cause of the right angle at Q) will be greater than QT. Therefore LF will be far 
greater than QT. But hence, if in Q7 produced QK is taken equal to LF, the 
point K (from P. 34) will pertain to the present curve, and therefore the point JT 
falls within the cavity of this curve. 

Therefore the straight /’'7, which cuts two straights QK and Z7' in T, can 
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not attain to cutting DS produced in the point X, situated without the cavity of 
the present curve, unless previously the prolonged F'7' cuts in some point O the 
portion of this curve between the points S and K. 
Hoc antem erat demonstrandum. 
CoroLLAaRy. And hence flows manifestly, that between the tangent of this 
curve and the curve itself cannot be placed any straight [ray], whether on one or 
the other side of the tangent. which falls wholly without the cavity of the curve ; 
since a straight [ray] so located must make (from the preceding) an acute angle 
with the perpendicular let fall from the point of contact to the opposite base. 


[To be Continued. | 


DEPARTMENTS. 


SOLUTIONS OF PROBLEMS. 


ARITHMETIC. 
102. Proposed by ALOIS F. KOVARIK, Professor of Mathematics, Decorah Institute, Decorah, Iowa. 
A’s age is to B’s as 2:8. 20 years from now their ages will be to each other as 4:5. 
What are their ages, respectively ? 


I. Solution by J. OWEN MAHONEY, B. E., M. Sc., Master of Mathematics and Science, Carthage Graded 
and High School, Carthage, Texas. 


It is easily seen that A’s age : A’s age +20 years :: 2: 4, 
or A’s age : 20 years :: 2: 2. 

. A’s age=20 years. But B’s age} of A’s=30 years. 

II. Solution by G. B. M. ZERR, A. M., Ph. D., Professor of Mathematics and Science, Chester High School, 
Chester, Pa. 

In the first instance, A’s age=% B’s age. 

In the second instance, A’s age=¥# B’s age. 

. 3 B’s age+ 20 vears—4(B’s age +20 years). 

.. 2s B’s age—4 years. 

.. B’s age=30 years, A’s age=20 years. 
An algebraic solution was furnished by Charles C. Cross. 


Solutions of problems 98 and 99 were received from J. K. Ellwood, and solutions of problems 100 
and 101 were received from J. Scheffer too late for credit in last issue. 


ALGEBRA. 


89. Proposed by G. A. MILLER, Ph. D., Instructor in Mathematics, Cornell University, Ithaca, New York. 


Solve by quadratics, «?+y=7 .... (1), 
a+ty?=11...... (2). 
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I. Solutions by W. F. BRADBURY, A. M., Head Master Cambridge Latin School, Cambridge, Mass. 


The late Professor Quimby, cf Dartmouth College, pronounced equations 
of this form insoluble except by Descarte’s formula for bi-quadratics. 

Various ways of getting these values of x and y in these particular equa- 
tions I have seen. 

(a) If a and y are integral and positive, from (1) we know z? must be 1 or 
4; and from (2) we see that x2 cannot be 1. Hence 7?—4, and y=2 (not +2). 
Hence y=s. 

(b) Adding (1) and (2), multiplied by 4, and adding 2 to both members, 
we have 472 +47+1+4y? +4y+1=74, or (244+1)?+(2y4+1)?=74. 

Now if x and y are both integral then 74 is the sum of two perfect squares ; 
the only perfect squares whose sum is 74 are 25 and 49, and as y>z it follows 
that (22 +1)2—25, and (2y+1)?=49, or x=2, and y=3. The answers obtained 
from calling 24+1——5 and 2y+1——7 do not prove. 

(c) Multiply (1) by xz, then wy?+a?=I11ze..... (3). From (8) subtract 
(2), xy?—y=1lv—7...... (4). To (4) add twice (1), ry? +2y* —y4-2a=1124+15 
bees (5), or (a+ 2)y? —y=9e + 15, or y=, or (—dx—5)/(~+2), and w==2, or x? 
—7 + (3a +5)/(a+ 2). 

This 7? =7+(82+5)/(x+2) is a cubic equation which gives three other 
values for «. 


II. Solutions by M. E. GRABER, Student in Heidelberg University, Tiffin, 0; W. F. BRADBURY, A. M., 
Cambridge, Mass.; and P.S. BERG, A. M., Principal of Schools, Larimore, N. D. 


Equating values of x? from (1) and (2), 7—y=(11—y?)*...... (3), yt— 
22y? +y+114=—0..... (4). 

Factoring (y—-8)(y? —3y? — 1l8y + 38)—0. 

*, y—3=0 and y=8, and «==2. The three other values of y can be found 
by reducing y*? +3y? —138y+38=0. GRABER, BRADBURY, BERG. 

Let zy+1, and substitute for y in the latter disjuntive equation y? 4+ 3y? 
—13y+88=0, and we get z2—16z—23=0. Assume z—@)(r,)+ @?j7Q. 

ry try = 28, and P/(ry7,.) = 18. 7 To = *HES. 

*, po $[281/ (23? — 18384) ]=-4 [23+ f27/ (6803) ]. 

2 yd or —14+ @y[11}4+ p.i)/ (68038) ] + w? [114 —2,77/ (6803)] and x= 
2 or /{11—[—1 + wy (115 + 35116808) + ©? YO1,—4gty/ 68038)]}. 


P.S. BERe. 
III. Solution by A. H. BELL, Hillsboro, Ill., and W. F. BRADBURY, A. M. Cambridge, Mass. 
Write (1) 77 —4=3-—y...... (1). 
Write (2) 9—y* ==~7—2...... (2). 
(1) x (2), ete., (a? —4)(9—y?)—(a—2)(8—y)=0...... (3). 


.. We have factors x—2=0, +=2 ; 83—y=0, y=. 
The other values of « and y can be easily found. None of these methods 
can be applied to 2? +y=a and 7+y?=b. 
IV. Solution by SYLVESTER ROBINS, North Branch Depot, N. J. 
Every quantity which is twice a square, as 2, 8, 18, 382, 50, 72, 98, 128, 
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162, 200, etc., is the sum of two consecutive numbers plus their squares. This 
is readily seen from a? +(a+1)? +a+(a+1)=—2a? + 4a+ 2=—2(a+1)?. 

Consequently in #?+y+a+y?==/411==18, the greater of the two un- 
knowns is==y [4(18)]=-3, and the less is a unit smaller—2. 


V. Solution by COOPER D. SCHMITT, A. M., Professor of Mathematics, University of Tennessee, Knox- 
ville, Tenn. 
(a) Adding (1) and (2), «? +a+y?+y=18, or «? +2¢4+}4+y?+y4+}=184}4 
+h. (+g) tlyt hays "Pt 4. 
Whence ++14=4 or 3, y+3=4 or §, or x=2, y=, the other answer not 


being applicable. 


(b) From (1), y-8=4—2?; from (2), y2?—9=2—x, or y-3=" 75 
2—% My 2 a 1 
] eo Ae? or rt — — A vy Pi —4— 
Whence y 3 4—v*?, ora +3 4 yh ore y+3r 4(y +3)2 4 
2 1 1 1 


y 37 aya)" ~38Gy #3) B48) 
whence +=2, and hence y=3. 

(c) From (1), y=7—2. 

Substituting in (2), 7+ 49—14a? +¢4=11, or e*—14x? +44+88-=0. 

Factoring (w—2)(«* + 2¢? — 10x—19)=0, 
whence «=2 for one root. 

The cubic x? +2x?—10xr—19 have 3 real roots, two negative and one posi- 
tive. The positive root is between 3 and 4; the negative roots between —1 and 
—2, and —38 and —4. 

These are found by Horner’s method to be as follows : 

v,=8.184+, 2,=—-1.744, 4,=—3.27+. 


From these the corresponding value of y can be found. 
For a different solution see Fisher and Schwatt’s Algebra, page 5/6. 


VI. Solution by G. H. RICHARDS, Hillsboro, Ml. 
(2)-(1) wPrr=4ty—r=l4+y—n), (ytejy—r)=14ty—2) ....(8). 
2. y—e=1, y+ u=44ty—er....(4, 9). 
(4)+(5) gives 2y=54+y—7. yed—n, 
‘mae? wt. red, y= 8. 


VII. Solution by G. B. M. ZERR, A. M., Ph. D., Professor of Mathematics and Science, Chester High School, 
Chester, Pa. 


Let t=8—y. This value of 83—y in (1) and (2) gives 


w?=—4=t....(38), r—2=t4+y)....(4). 
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—« , tT _ 2 4 1 

B+y 484+y)?  —  B+y 9 4(B+y)?’ 
_ 1 os. 1 

23+y) ~ 28+ y)' 


ou 2, y=. 


From (1), y=7—2?. This in (2) gives 7*—14x? +74+38=0. 
", w=2 y=s 
r=3.18182 Yy=— 2.80516 
r= — 3.283816 y=—3.77914 
v==— 1.84816 y=3.5848 
v4—140? +44+38=(2? — D990 F B95) + 54344 6,661, ) approximately. 
*, a —OFGct+656=-0. 2? +5); 90 + Oo''o1 —0. 


", w==2 y=s 
== 3)3=3.1818  y==—2.8052 
a==— 38,2882 y==—8.7792 
y=-—1,8481 y=9.58438 


Also solved by W. H. DRANE. 


. VIII. Solution by J. M. BOORMAN, Consultative Mechanician and Counselor at Law, Woodmere, Long Isl- 
and, N. Y. 

‘‘Hmpirical’’ and ‘*Practical’’ (note page 174, problem 88) each find all 
the roots by quadratics. ‘‘Kmpirical’’ (page 173) is here (fr—=a). 

ot -Q dey 114) 32? =9.(1/,/114), p/114—=........ 10.677078 252031. 


Complete the square by squaring (11+ 4/114), which squared 
== 125+22),/114—469.895721,544682 


and adding to both sides 


We have 24—2[11+ , (11°—7)] 2? +469.8957, ete., =—...... 469.919136, 189971 
since 4.(1/y 1L14)==. 2. eee ce ce eee eee ees 0.028414, 645289 
Extracting square roots, 22—=...... 21.677078,252031 +$21.677618, 323745 


43 .354696,575776 and 2=-+6.584428 340849... .(3). 
True 2=-6.584428.340330,491744,944338, 239380, 16, ete... .(A). 


Error-0.000000,000518 + . 

To save labor, as (2) transposes to y? —9-=2—x, therefore y—3==[2/(y+3)] 
—[#(y+3)]. 0. yord + [207 +3)]—-[ey+3)]....CB). By (B)in (1) a? —[E/(y+8)]2 
+o, =7-8-—[1/(y+38)]2+ 0, =4- rly +3) ]2 + O,....(C). Extracting the 
square root and solving for x, 7= HOG+3))£, [1 /y4+ 3)| fae (—2)....(D)! 

"ge [1/(y+8)]—-2....C8) 35 4,==2....(F). By CF) in (1) y,=3, .. 8 
from (A) 18 Y%q==8.554428 , 38403830, 491744, 944338, 239380, 161894, 6 
and tq~=— 1 848126, 526964, 408553, 588300, 209036, 266178, 2+ 
vy bay, -eS (1/2) =-0.151878,47+ ....(4) and (4)—2--—1.848126,5+. 

(fH) in (1) gives y? +[1(y+3)]—18, whence y? + 3y? —138y=88....(() has 
the three non-obvious roots. .°. w° +2%*—107=—19....CH) by parity. But yy 
and «, are known by 2 and S. Therefore easily by quadratics : 
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t—=8.1381312,518250,572965, 804300, 733409, 211483,7+ 
y=— 2.805118,086952 , 744853 ,053572,398087 ,3897376,0=- 
Uy {= — 8.283185, 991 286, 169412, 266000, 514872,745305, b= 
Y 14 = —38,779310,253377, 746891, 890765,841292 764578, 6 
*93 = QeS?—QySH==—af....(J) by y==F ,Sx+3(S?+,2)....(K) in CZ). 
. 0 =p, Sa—T—4(S?, 2) give by quadratics all x’s and y’s with no fur- 
ther aid. 


GEOMETRY. 


102. Proposed by B. F. FINKEL, A. M., M. Sc., Professor of Mathematics and Physics, Drury College, 
Springfield, Mo. 


Ohne Benutzung des Cirkels eine Strecke AC zu halbiren, wenn eine Parallele der 
Geraden AC gegeben ist. [Reye’s Geometrie der Lage, Part I, page 191}. 


I. Solution by C. HORNUNG, Professor of Mathematics, Heidelberg University, Tiffin, Ohio. 


Wir ziehen durch irgend einen Punkt LZ auserhalb 
der gegebenen Parallele die Linien AL und CL welche 
die Parallele in resp. K und M schneiden. Dann ziehen 
wir die Linien AM und CK die sich im Punkte N 
schneiden. So bestimmt die Diagonale LN des Vierecks 
KLMN den gesuchten Halbirungspunkt B der Strecke 
AC. Denn der vierte von B harmonisch getrennte 
Punkt, in welchem die zweite Diagonale KM des Vierecks 
die Gerade ABC schneidet, liegt uendlich fern. 


II. Solution by the PROPOSER. 

GIvEN the line AC and the line KM parallel to it, 

To BisEct AC without using the circle. 

ConstrucTION. 1. Through A draw any two lines intersecting the paral- 
lel line in the points & and M. 

2. Draw the lines CK and CM, CK intersecting AM in N and CM inter- 
secting Ak in ZL. 

3. Draw the diagonal, LDN, of the 4-side, LMNK, and its intersection B 
with AC will be the required point of bisection. 

The points A, B, C, and the point at infinity, 7. e. the intersection of AC 
and MK, constitute a harmonic range of points and the point at infinity is har- 
monically separated from B by the points A and C. 


This problem was also solved by G. B. M. ZERR, C. C. CROSS, J. SCHEFFER, A. F. KOVARIK, 
M.A. GRUBER, NELSON L. RORAY, ELMER SCHUYLER, and JOHN MANIE. 


103. Proposed by FREMONT CRANE, Sand Coulee, Mont. 


A horse is tethered with a rope which is attached to a stake B on the edge of a cir- 
cular pond containing one acre. How long must the rope be to allow the horse to graze 
over one acre? [From Home Study Magazine, problem 249]. 
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I. Solution by G. B. M. ZERR, A. M., Ph. D., Professor of Mathematics and Science, Chester High School, 
Chester, Pa.; COOPER D. SCHMITT, A. M., Professor of Mathematics, University of Tennessee, Knoxville, Tenn.; 
P. S. BERG, B. Sc., Principal of Schools, Larimore, N. D.; WALTER H. DRANE, Graduate Student, Harvard Uni- 
versity, and M. A. GRABER, Tiffin, Ohio. 


Let B be the point where the horse is tethered, A and C the points on the 
edge of the given pond, to which the horse can graze, O the center of the pond. 
Let AO==r-—4,/(10/7), the radius of the pond, and 
LABO=6. 

.. AB=length required=2rcos@. Also the area 
common to the pond and the circle upon which the horse 
can grazer? (2+ 26cos26—sin24), 

.. The area upon which the horse can graze out- 
side the pond is 4zr?cos?d—7* (w+ 24cos26—sin24)= 
mr?, .*, 20—tan2d=—27. 

1. G=51° 16’ 24", .*, AC=2rcosh=8.92926 rods. 


II. Solution by A. H. BELL, Hillsboro, IIl. 


Let 10a—1 acre, be the area of the pond, 106 the area grazed over, f= 
y/(10a/7) be its radius, and AB=r=—2Rsiné be the length of rope, where 26—= 
ZAOB. Then r?=4kR?sin®? 6=20a(1—-cos26)/z...... (1). 

2 sector ABD—2 segment AB—10b, or r?(7+26)—2R?(26—sin26)=20b. ..(2). 

Substituting (1) in (2) and letting cos26—2 and 20b7/20a==c, we get 26 
=m —c—mex+ 1/(1—4*), or 

26u==3a—c—me+1— 3x2? —44/2.4—828 /2.4.6— ete... .(8). 
By trigonometry, 
2bx=(3m)u— a? —7* /1.2.3—8748/1.2.8.4.5.6— ete... .(4). 

(4)—(5) and transposing, 

(w#—c)+1l=y==(87/2)r— gx? —27*/2.38.4—75 /4? 5— ete....(9). 

Assume cos26=a=ay + by? +cy? + dy*++ etc....(6). 

Substituting (6) in (5) and equating the coefficients of like powers of y, we 
have a=2/37, b=4/2773, c=16/24375, d=(804 1277) /(21877"), ete. 

Hence, cos2@==(2y/37) + (4y? /27 73) + (1643 /24875) + [(80 +127? )y* | /(2187 77 7) 
+ete. But c=7, and y=1. 

cos2A==.212207 + .004778 + .000215 + .000080 4+... . = .21728. 

Hence 26=-77° 27’ 12°. 

From (1) r==2Rsin#=8.92 rods. 


III. Solution by CHARLES C. CROSS, Libertytown, Md. 


Let a=length of rope, b=diameteér of pond, and 4—area over which the 
horse can graze. Then (a?/6b)(4a+32b)=A. [See Vol. IV, No. 1, of Montutry]. 
But by the problem b==2,’(A/z). 
Substituting and reducing, we have, 
a® +31 (w7A)a® —38y)/ (A8 /)==0. 
Restoring numbers, a? +38,62a? —3425.514—0, 
whence a==8.9383-4- rods. 
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104. Proposed by SAMUEL E. HARWOOD, M. A., Protessor of Mathematics, Southern Illinois State Normal 
University, Carbondale, II]. | 


To find a point in a semi-circumference such that the sum of its distances from the 
extremities of the diameter shallbeamaximum. [From Wentworth’s Plane Geometry, Ex. 
387. | 


I. Solution by J. F. COWAN, Carbondale, I]. 


Through C, the middle point of the semi-circumference, draw AD, making 
CD=CA==-CB, Then BD is perpendicular to AB. Ex. 46, Wentworth. 
Through K, any other point in the semi-circumference, draw AN, making 
KN=KB, 
Draw NB, producing it to meet AM at right 
angles. 
LACB=/CBD+ ZCDB. 
Exterior angle of triangle BCD. 
LAKB=/KNB+ ZKBN. 
Exterior angle of triangle KBN. 
LACB= / AKB. 
Right triangles. 
Triangles CDB and KNB are isosceles. 
By construction. 
~. LODB=ZKNB. «. AABDand AAMN are similar. 
AM<AB. Base<hypotenuse of triangle. 
“. AN<AD. Homologous lines of similar triangles. 
~. AK+KB<ZAC+CD. C is the point. Q. E. F. 


Mr. Cowan is a student of Southern Illinois State Normal University, and the above demonstration 
was sent to us by Prof. 8. E. Harwood of the Department of Mathematics of that University. 

A similar demonstration was given by P. S. BERG, J. M. COLAW, H. F. STRATTON,WALTER H. 
DRANE, ALOIS F. KOVARIK, and ELMER SCHUYLER. 


II. Solution by J. 0. MAHONEY, B.E., M. Sc., Master and Instructor in Mathematics and Science,Carthage 
Graded and High School, Carthage, Tex.; J. SCHEFFER, A. M., Hagerstown, Md.; CHARLES C. CROSS, Liberty- 
town, Md.; P. S. BERG, B. Sc., Principal of Schools, Larimore, N. D.; G. B. M. ZERR,A. M., Ph. D., Professor of 
Mathematics and Science, Chester High School, Chester, Pa. 


From the center # of the semi-circle ACB draw RC perpendicular to AB, 
then C is the point required. 

Proof: ACB is the maximum inscribed triangle. 

AKB is any other inscribed triangle. 

AC24+CB?=AhK?4+ KB". 

2AC.CB>2AK.NB. 

AC? 4+ CB? 4+2AC CBD AK? +K 5B? +2AK.KB, or AC+CBSDAK++KB. 


III. Solution by F. W. BRADBURY, A. M., Head Master, Cambridge Latin School, Cambridge, Mass. 

Let C be the middle point of the semi-cireumference ACB, whose diameter 
is AB. Draw AC, BC; and CO perpendicular to AB. Then AC+ BC is a max- 
imum. AC>AQO, its projection on AB. 

As the point C moves along the arc ACB, CO becomes less, and the line 
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AC becomes nearer equal to its projection on AR. Just so BC, when C is at A 
(or C) AC+BC=the sum of their projections on AB, or AO+ OB. 

That is, as C moves from the middle of the arc ACB, AC+ BC becomes 
less. .°, A4B+BC is a maximum when C is at the middle of the are ACB. 


IV. Solution by B. F. YANNEY, A. M., Professor of Mathematics, Mount Union College, Alliance, Ohio. 

The required point is the mid-point of the semi- 
circumference. 

Proof. Let Q be any other point in the semi-cir- 
cumference than point I’. 

Produce AP and BQ until they meet, as at C. 

Now AAPD= a BPC, each being 4 right triangle, 
and having a leg and an acute angle of the one=to a leg 
and a homologous acute acute of the other. 


. PC=PD. 
But AC>AQ, and DB>QBR. Hence AP+PD4+DB>AQ4+ QB, or AP+ 
PB>AQ+ QB. Q. E. D. 


Other solutions were furnished by NELSON L. RORAY, CHARLES C. CROSS, M. A. GRABER, J. 
M. COLAW, and COOPER D. SCHMITT. Professors Cross, Colaw, and Yanney each furnished two so- 
lutions. 


CALCULUS. 


78. Proposed by COOPER D. SCHMITT, A. M., Professor of Mathematics, University of Tennessee, Knox- 
ville, Tenn. 


; tanz\! * , , 
Investigate value of (cane where x is 0 and » has consecutive values 1, 
a 
2,3,4, ...... Is there any law governing the different results? When n=1, 
result is 1; when n==2, result is e ; n==8, gives o, etc. 


II. Solution by the PROPOSER. 


tanz\! * , ; ; , 
Let y= { ~ , making n-=1, in the given expression. 
v 


log(tans /2) 


Then logy= which is of the form 0 0. 


ysec*a—tane 


”» » 
. an rsec~e%—tane . tane 
By the calculus this= . = ~ | since. | —1. 
ta MN a x0 v a0 
v 


The numerator of this expression is the fundamental form which will oc- 
cur in all the different values given to n. 
Continuing the evaluating process we have 
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ysec?a—tane 


P2esec? xtane 


~ = =sec*atans: | —(), 
ve x0 2x x0 xv 2-0 


Hence y=-e°—=1. 
Let n—2, and we have as before, 


ysee? x—tane sec? gtanx sec4a7 + 28sec" rtan?x” 
7 Dy3 — Qa, _ oO =. 
an x-0 Ou x -0 v x =0 


Hence y=e} . 


> 


Let n--38. and we have 


rsec?a4—tane sec? xtane 1 sectx + 2sec? atan2x 
— : --—- — ; FO rs ner ete ©) 
ort x-0 Gx? 220 12% x0 
Then y= * --- 9H 
Let n==4, 5, 6...... and we have 
ysec?x—tanex xsec?¢—tane gsec*a4—tanr 
Ay ’ barb ry, sere nentl I... 


The numerator will remain as in the former cases, but the denominator 
will have increasing powers of x. Hence the result will always be oo. 
y 


III. Note by Dr. E. D. ROE. Jr., Norwood, Mass. 


In connection with this problem attention might perhaps be called to the 
fact the indeterminate form 1” may often be more advantageously dealt with by 
referring it directly to the foundation of the form, viz, to 


iy ( 1é 
c=) ite) ~ 


where € is any expression whatever that =0, than by the usual method given in 
the books. Thus in the given example, 


tanx ve 
eM a4" (14e), 


JA e) 


where € is a convergent series and therefore =O, as r=0. 


(‘ane = l 14.2 ( l4e i lore 
ve Oo 


within the limits of convergence and certainly for small values of «. Therefore 


Ns 
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3 1+€ ; 
. Leen a) ao Lim. 1+€ 
ny (ae an ny [ 14 (146 )}" (1+-€) [Be 2, %=0 35 n—2 


v 
a 
== n 3% na) . 
x=:0 


This has the advantage of being a direct, closed expression, which shows 
at once the particular results, 1, e? , 0, when n equals 1, 2, 2+7, where 7 is any 
positive integer, and also the general law for any value of n, of whatever charac- 
ter it may be. 


MECHANICS. 
73. Proposed by J. K. ELLWOOD, A. M., Principal of Colfax School, Pittsburg, Pa. 


A sixteen foot plank weighs thirty-two pounds and is supported by two props, four 
feet and two feet from the ends. What weight is supported by each prop ? 


Solution by C. HORNUNG, A. M., Professor of Mathematics, Heidelberg University, Tiffin, Ohio; P.S. BERG, 

B. Sc., Principal of Schools. Larimore. N. D.; J. SCHEFFER, A. M., Hagerstown, Md.; CHARLES C. CROSS, Lib- 

ertytown, Md.; ELMER SCHUYLER, High Bridge, N. J.; A. H. BELL, Hillsboro, Ill; CHARLES E. MEYERS, Can- 
ton, O.,and M. A. GRUBER, A. M., War Department, Washington, D. C. 

Let «==the number of pounds supported by the prop four feet from the 


end. Then taking moments around the other point of support, we have: 
(6+ 4)c==6 x 32, or x==19.2 pounds. 


The other prop supports 52—19.2—12.8 pounds. 
Also solved by G. B. M. ZERR. 


74. Proposed by B. F. FINKEL, A. M., M.Sc., Professor of Mathematics and Physics, Drury College, Spring- 
field. Mo. 


In the experiment of swinging in a vertical circle a glass containing water, and sus- 
pended by means of a string, if the string be two feet long, what must be the velocity at 
the lowest point if the experiment is to succeed? [From Ziwet’s Theoretical Mechanics, 
Part IIT., p. 96.] 


Solution by the PROPOSER. 


Let M=-the mass of the glass and water, f=the centrifugal force, r==2 feet 
-=radius. Then f=Mv?/r. 

At the highest point, in orderthat the experiment may be successful f=Mq. 

*, Mv? /r==Mq, whence v==1rg. 

The velocity, v,, due to gravity in passing from the highest to the lowest 
point is v,=]“(2gs), where s =2r. 

Hence, the velocity, v,, at the lowest point is, 

Vi] (w? +07 )==y (rg + 2g8)=-] (821.6) =17.94 feet per second, 

g being equal to 32.16. 


Also solved with slightly different results by G. B. M. ZERR, and CHARLES E. MEYERS. 
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DIOPHANTINE ANALYSIS. 
70. Proposed by CHARLES CARROLL CROSS, Libertytown, Md. 


Give methods for decomposing numbers into squares, cubes, or biquadates and 
show that 612003 is the sum of ten cube numbers and that 844933 is the sum of eleven 
biquadrates in thirteen different ways. [From The Mathematical Magazine, Vol. II, No. 10.] 


Solution by the PROPOSER. 


Let s,-=sum of products taking 1 number at atime ................ (1), 
S,—=sum of products taking 2 numbers at a time................ (2), 
s,==sum of products taking 8 numbers at a time................ (3), 
¢—sum of products taking n numbers at a time Soon ecees (n). 
Then atb+c+d......M= 8, coe cee ee eee ee eee eee: (b,), 
(1)(b,)—2(2) gives 
a?+b?+c?+d? ..... N72 H==8 PP —QSy Lo ec ee eee eee eee eee eee (b.), 
(1)(b,)—[(2)(b; )—3(8)] gives 
a*+b?+ci+d3..... n?=s 3 —38,8.4+88,.......0006. Cite eee ee eee eee (b.), 
(1)(b,)—[(2)(b, )— (8) (6, )—4(4)] gives 
at++b4++c++d4..... n4—=s t$— 48,25. +48, 8. +28, $48, 20. cee eee ee eee (b,), 
(1)(64) -[(2)(63)—(8)(,) —(4)(6, )—5()] gives 
a’ +b5+¢5+d5...... ni==s,5—5s 38, +5885 +58, 857 + 58,8,—9898, +98, ..(D5), 
etc. ete. . ete. 


[In (b,) let s; =a, 8s, =—ay, 8,=2ry?, s,=y?(w*—y?), and s,=sy*, then 
ab+b'+c¢5+d5+e5+f5—=(4+y)>. This answers Dr. Drummond’s note on page 
182, Vol. V., of the Monruty. | 


71. Proposed by A. H. BELL, Hillsboro, Ill. 
Find five numbers such that the product of any two plus 1 will equal a square. 


I. Partial Solution by CHARLES C. CROSS, Libertytown, Md. 


We readily find four numbers to be (n—1), (v+1), 4n, and 4n(4n?—1). 
Let n=2, 3, 4, and so on, and we get 


1, 3, 8, 120, also 1, 8, 15, 528, 

2, 4, 12, 420, 2, 12, 24, 2880, 

3, 9, 16, 1008, 0, 16, 39, 6440, 

4, 6, 20, 1980, 4, 20, 42, 13572, 
etc., etc. etc., etc. 


From which we get a more general formula for four numbers and find it to 
be, m, n?—1+(m—1)(n—1)?, nOmn+2), mm? n—2mn+ mn? +4n—2)? +(m?na— 
9mnt+ mn? +4n—2). 
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If there can be found a value for n that will render (1—1)(128n2 —8n—8) 
(256n® —256n¥ + 68n? —2n—1)+(256n6 — 288n4 — 323 + 65n? +2n4+1)?=0 then 
the five numbers are (n—1), (rn +1). 4n, 4n(4n?—1), and [(256n6 — 256n4 + 63n? 
— 2n—1)(128n3 —8n—8)]/(256n* — 288n4 —32n3 + 65n? +2n+1)?; but life is too 
short to attempt this. 


Dr. Zerr says, ‘‘I have not been able to find the five numbers.”’ 


If you get no answers to problem 71, I can give Legendre’s (improved), 
and it is a fractional answer for the fifth number. Mr. Wilkes has found four 
numbers, as follows: n—1,n+1, 4n, 16n?—4n. Taking these for four of them 
then I can prove that if there is another integral number it must end in 0. 

I have investigated, up to numbers having over five thousand digits, with- 
out finding any to answer. A. H. BEL. 


I have given considerable time to problem 71, but as yet have failed to 
obtain five numbers. I have found general values for three such numbers, viz., 
m, n(mn+2), and (n+1)[(n+1)m+2]. I have also found partial general values 
for four such numbers, viz., m, m2, 4(m1), and 16(m-£1)? —4(m1); but one 
of the sets of four numbers that I obtained by inspection, can not be obtained by 
this formula. The set is 1, 8, 15, 528. M. A. GRUBER. 


MISCELLANEOUS. 


63. Proposed by F. P. MATZ, D. Sc., Ph. D., Professor of Mathematics and Astronomy, Irving College, Me- 
chanicsburg, Pa. 


Show that the path of a projectile moving with a constant velocity is an inverted 
eatenary of equal strength. 


Solution by GEORGE R. DEAN, Professor of Mathematics, University of Missouri School of Mines and Metal- 
lurgy, Rolla, Mo. 


The differential equations are, obviously, 


d’y ds 
diz. “dt 
dy da eo 1 gt—k 
lf ——— —— ————= 1/ ere — 2 ‘ (ae S 1 
Whence, 71 gt +k, qo (gt—k)?, «+k ; Cos — 
Loa. d —cosg(at k’ 
By division, eae 7 cosy (a+ f ) ==—cotg(e+h’), 
de 4° ¢?—¢® cos’ g(a+k') 
d 
or, cot = gle +h’), 


Differentiation gives 
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This is the differential equation of the catenary of uniform strength. 
See Routh’s Statics, page 3829, or Minchin’s Statics, page 315. 


64. Proposed by G. B. M. ZERR, A. M., Ph. D., Professor of Mathematics and Science, Chester High School, 
Chester, Pa. 


Find the caustic by reflection of an hyperbola, the bright point being the center. 


Solution by the PROPOSER. 


Let RPQ be a reflected ray, Q a point of the caustic where APQ touches 
the caustic, & the corresponding point on the secondary 
caustic. Then RQ is the radius of curvature of the second- 
ary caustic, that is, AQ—2p, where p is the radius of curv- 
ature of the locus of y, the foot of the perpendicular from 
the center C on the tangent at P. Let 0 be the perpendic- 
ular from C on the tangent at y to the first pedal, then dr 
==p® (Willhamson’s Differential Calculus, Art. 188, page 
228, Sixth Edition). 


toe do dr _ pap. 2 (2 2 
Differentiating, "Ip t 0 dp ==2p. But p= 453 and since p? (7? — a? + 
b2)—=a2b? from the hyperbola. 
rdr a? bh? r p> a®b? ab? r 
== —-—ye — , =2, or ——- = ——2. 
dp p3 p r ptr pr? p 


Let (m, n) be the codrdinates of FR, 7 the eccentric angle of P, (a, y) the 
cooérdinates of Q. Then 


Qh emt 
QP —— w—asecs — 


y—btanys 2o—r 


In triangle CPR, Cy=Ry, CP=RhP=r. 


r—m ytn 2p? r? 2r? 


" v—asecy y—btanyp — azb? a®#—r? —b?" 
y 


*, aa? — b? —8r? )==m(a? —b? —r?)—2r2 asec. 
y(a? —b? —8r?) +n(a? —b*? —r?) + 2r? btany—0. 
Now m*® +n?==4p”, (m—asecy)? +(n-+btany)?=r*. 


2ab* secy 2a? btany 
2. M== 1 
a®?tan2y + b?sec®y’ a*® tan? y+ b*sec?y 


But m(a? — b? —r?)==—m(r? — a? + b?)=— ma? tan? y+ b* sec? y) = —2ab?secy. 
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. (a? —b? —8r? )=—2asecy)(r2 +b? )—=— asec? f(a? + b?). 
ya? —b? —3r? )=— 2dtanp(r? —a?)=— 2btan®y(a? +52). 
By division, sin==(y/b)? / (a/a)? . 
Eliminating 7% between the last two equations, 
[(2/a)? — (y/b)? |\(a? —b* —3r?)3 = [2(a? +b?)]5. 
. [(2/a)? — (y/b)3 ]? (a? —b® —8r?)=2(a? + b?). 
a? (a/a)i + b?(y/b)3 
(x/a)* — (y/b)! 


. [(v/a)® — (y/b)8 ]* {(a? —b* )[(e/a)? — (y/b)# ]—3[ a? (a/ay? + d°(y/b)5 Tf, 
| =2(a? +b?). 
or [(v/a)? — (y/b)? }* [Cy/b)? (4a? —b*)—(ar/a)3 (a? + 3b?) | =a? +07, the caustic 


required, . 


Now r?=a’sec? + b? tan? == 


PROBLEMS FOR SOLUTION. 


ARITHMETIC. 


104. Proposed by ALOIS F. KOVARIK, Instructor in Mathematics and Physics, Decorah Institute,Decorah, 
Iowa. 
If I should buy goods at a price 20% higher than I did buy them, and sell the goods 
for the same amount that I did sell them, I would gain 25% less than I did gain. What 
per cent. did I gain? (Solve by Arithmetic). 


105. Proposed by ALOIS F. KOVARIK, Instructor in Mathematics and Physics, Decorah Institute,Decorah, 
Iowa. ; 

A teacher looks at his watch when leaving school at noon. When he comes back he 
finds that the hour hand and the minute hand had just changed places (that they had 
when he left the school). What time was it when he left, and what time when he came 
back to school? (Solve by Arithmetic). 


x*,y Solutions of these problems should be sent to B. F. Finkel not later than February 10. 


GEOMETRY. 


111. Proposed by GEORGE R. DEAN, Professor of Mathematics, University of Missouri School of Mines and 
Metallurgy, Rolla, Mo. 
Given that the area of a triangle is equal to half the product of two sides and the 
sine of the included angle, prove that sin(«+y)=sinrcosy--cos¢siny. 
112. Proposed by WILLIAM HOOVER, A. M., Ph. D., Professor of Mathematics and Astronomy, Ohio State 
University, Athens, Ohio. 
The tangent planes at A, B,C, D to the sphere circumscribing the tetrahedron 
ABCD form a tétrahedron abcd; prove that Aa, Bb, Cc, Dd will meet in a point if BC.AD 
=CA.BD=AB.CD. 
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113. Proposed by T. W. PALMER, Professor of Mathematics, University of Alabama, University, Alabama. 


Given three concentric circles. Draw a straight line from the inner to the outer cir- 
cumference that shall be bisected by the middle circumference. 


x" Solutions of these problems should be sent to B. F. Finkel not later than February 10. 


MECHANICS. 


79. Proposed by WALTER H. DRANE, Graduate Student, Harvard University, Cambridge, Mass. 


The four wheels of a street car are rigidly fixed to their axles so that axles and 
wheels turn together. Is it more advantageous to apply the brakes to the front or to the 
rear wheels, supposing the brakes to block the wheels in each case ? 


80. Proposed by B. F. FINKEL, A. M., M.Sc., Professor of Mathematics and Physics, Drury College, Spring- 
field, Mo. 


A circular board is placed on a smooth horizontal plane and a boy runs with uniform 
speed around on the board close to its edge. Find the motion of the center of the board. 


81. Proposed by JAMES S. STEVENS, Professor of Physics, The University of Maine, Orono, Me. 


Two iron spheres whose weights are a and J and a is greater than 0, are suspended 
over a frictionless pulley so that they move in a liquid medium of density 3. Assume that 
the density of the iron is 6’, what would be the spaces passed over (downward by a and up- 
ward by 0) in the first four seconds, if the spheres start from rest? 


x" Solutions of these problems should be sent to B. F. Finkel not later than February 10. 


EDITORIALS. 


We take this opportunity to express our thanks to our valued contributor, 
Prof. J. Scheffer, for preparing the index to this volume of the Monruaty. 


Prof. Edgar W. Bass, author of Elements of Differential Calculus, and Pro- 
fessor of Mathematics in the United States Military Academy at West Point for 
the past twenty years, has been placed on the retired list. 


This issue concludes the fifth volume of the Monruiy. The benefit the 
Monrtuty has.done for the progress and advancement of mathematics during the 
past year must be told by others, but from the many enthusiastic testimonials we 
have received during the course of the year, the inference is that itis quite material. 
A number of important articles by some of our foremost mathematicians have ap- 
peared during the year. These articles are of the highest interest and value, 
dealing as they do with the more recent discoveries in mathematics. It is to be 
hoped that a larger number of contributors in the new flelds of mathematical in- 
vestigation will be added to those who are now carrying on this work ; for we 
believe that no other mathematical journal in this country offers such a great op- 
portunity to reach the large body of teachers of mathematics as does the MONTHLY. 
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For example, The American Journal of Mathematics has a very limited 
constituency in this country, the reason being that it deals with only the highest 
subjects of mathematics and the treatment of these subjects are too abstruse and 
recondite to be read by any but the most advanced students of mathematics. The 
Annals of Mathematics being of a slightly less advanced character appeals to a 
larger body of readers, and therefore exerts a wider influence on the development 
of mathematics among us. 

Five years ago, it seemed that the time had arrived when another mathe- 
matical journal could be started, which would draw to its support all persons in- 
terested in the unraveling of intricate problems in the various branches of math- 
ematical as well as those who had gone far beyond this stage into the field of 
original research. It was believed then, and five years experience in the work 
has confirmed the belief, that a journal devoting about half its space to the solu- 
tion of problems, and the other half to mathematical papers by acknowledged 
authorities in the various lines of original investigation, would be of great value. 
In a few cases we have published some papers from considerations other than 
scientific. We admit that such considerations are unfortunate, but in the editing 
of a scientific magazine, there are not unfrequently problems proposed more dif- 
ficult of solution than merely deciding as to the merits of any particular article 
for publication. The editor of the Monruty has had many of these to solve. 
However, the appearance of unscientific articles is very rapidly diminishing, and 
we hope that none will appear in the future. 

An apology fur a department of Problems and Solutions in the MontHty 
may be found in Professor Elliott’s address before the London Mathematical 
Society on November 10. Among other things, he says, ‘“‘Secondary work 
is necessary that the transition from narrow to widened views of Mathematical 
opportunity be effected surely and without discouragement. The passion among 
us for examination into elegant incidentals, which shows itself in the fascination 
exercised by problem making and solving, must be reckoned with, and in my 
opinion not discouraged. Unambitious work of definitely educational intention 
in subjects now made known to the select few by ambitious treatises is needed. 

Unassuming partial and introductory bcoks of didactic character on mod- 
ern subjects are wanted.’?> We make mention of this, because our best nathema- 
ticians have treated too lightly the importance of well chosen problems as means 
to stimulate the inquirer to press his investigations into the vaster regions be. 
yond the stage of mere problem solving. If those who are sitting in the dazzling 
light of truth would only condescend to hand down some of the truths so very 
clear to them ina form easily translated by those sitting in darkness, vast improve- 
ment in mathematical teaching would quickly follow. Only quite recently has 
there been a move in this direction. Men of acknowledged ability are now be- 
ginning to see that the way to improve the teaching of mathematics is to improve 
the works in the elementary branches. To this work, Professor Klein is now 
devoting much of his time, and it is to be hoped that many of the great teachers 
and creators of modern mathematics may follow his example. 
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There seems to be room for one more mathematical journal in this coun- 
try. It is a journal particularly adapted to the wants of that large body of 
teachers of mathematics in our High Schools. What sort of a journal this body 
of workers want we are unable to say, but true it is that very few of them read 
any of the mathematical journals ‘now published in this country. Not more 
than half adozen are found on our list of subscribers while we believe that not 
so many are found on the lists of the American Journal of Mathematics and The 
Annais of Mathematics together. There isnot one reason but a number of reasons 
why this condition exists, a discussion of which would lead us entirely beyond 
the limits of a mere note. But one reason is that the great majority of the posi- 
tions in our high schools are filled without any special reference to the qualifica- 
tion of the applicant to teach mathematics, it being a prevalent opinion that any 
one who has the multiplication table well at hand is quite competent to teach 
mathematics, and thus many of our high school positions are filled by persons 
who are as absolutely incompetent to teach mathematics as is a person who only 
knows the Greek alphabet to teach Greek. We are not saying that teachers of 
mathematics in our high schools do not read any literature on the subject they 
teach. Many of them read quite a good deal, but if some of this reading were 
devoted to some good, live mathematical journal instead of reading the extended 
discussions of the ‘‘idiotic’’ Grube Method and kindred methods found in the or- 
dinary educational journals, it would be better for the teacher and infinitely bet- 
ter for his pupils. Hence, if these positions were filled by persons who are in love 
with their subject, a journal of the scope of the MontHLy might meet their wants. 

If every college and university would follow the principle established by 
one of our largest universities, viz., to fill mathematical positions with first-class 
teachers of mathematics. a very necessary improvement would follow in a very 
short time. Not infrequently are mathematical positions filled by persons who, 
while in college, took an extended course in Jatin, or Greek, or History, and their 
work in mathematics not extending beyond trigonometry. This is always done 
to the great detriment of mathematics both as a science and as an art. 

While such conditions exist, it is desirable that every opportunity avail- 
able should be siezed to make improvements in the teaching of mathematics, by, 
as much as possible, filling positions in mathematics with good teochers of math- 
eimatics, and by improving the methods of presenting the fundamental principles 
of the science in our elementary text-books. 

The Montuty offers at present the best opportunity to disseminate sound 
doctrine in the elementary branches, and if some of our best mathematicians 
would take up this work. great and lasting good would result. 

We take this opportunity to thank Dr. Miller for the good work he is do- 
ing in discussing the Group Theory ; to Dr. Halsted for his continued articles on 
Non- Euclidean Geometry ; to Dr. Roe for his articles on Symmetric Functions ; 
and to all others who have contributed articles, problems, and solutions. We 
shall rely on your continued support during the coming year, and by united ef- 
fort much may be accomplished to create a larger interest in mathematics. 
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Kfforts are being made to make the MonTHLY a permanent factor in the 
development and progress of mathematics in the United States, either by endow- 
ing it so that it may remain where it is now or by transferring it to some univer- 
sity where ample provision will be made for its perpetual maintenance. 


BOOKS AND PERIODICALS. 


A Treatise on Roofs and Bridges with Numerous Exercises. By Edward A. 
Bowser, LL. D., Professor of Mathematics and Engineering in Rutgers College. 
8vo. Cloth. 195 pages. New York: D. Van Nostrand Co. 

This little work is in line with the other works written by Dr. Bowser. Logical or- 
der, simplicity of treatment even with a difficult subject are the prominent features of the 
work. The principles and methods employed in finding the forces in Roofs and Bridges 
are clearly explained. The whole subject is discussed and developed in accordance with 
the best methods used in the modern practice of Roof and Bridge construction. 

B.F. F. 

The American Monthly Review of Reviews. An International Illustrated 
Monthly Magazine. Edited by Dr. Albert Shaw. Price, $2.50 per year in ad- 
vance. Single numbers, 25 cents. The American Monthly Review of Reviews 
Co., 18 Astor Place, New York. 

The question of the bearings of our federal Constitution on the government of newly 
acquired territories, about which so much haze seems to have gathered in the popular 
mind, is very clearly and exhaustively treated in the American Monthly Review of Reviews 
for January by Professor Harry Pratt Judson, of the University of Chicago. Professor 
Judson reaches the conclusion that the Constitution presents no difficulties whatever to 
our acquisition and control] of such territories as the Philipines, for example. 

BL. EF. 

The Cosmopolitan. An International Illustrated Monthly Magazine. Kd- 

ited by John Brisben Walker. Price, $1.00 per year in advance. Single num- 


ber, 10 cents. Irvington-on-the-Hudson. 

Julian Ralph, who has been for some years in England, writes for the December Cus- 
mopolitan a very clever analysis of what seems to him the English ideas of a gentleman: 
and Mr. John Brisben Walker attempts to consider the American ideals. We are in the 
formative stage of American manners, and too much stress can scarcely be given to the 
dangers of introducing those ideas which are least admirable in th character of our English 
cousins. B.F. F. 
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